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364 J. BOCHNAK AND T. JACKSON

must be equivalent to one of a finite number of forms r/;. Now let g be
the least common denominator of the coefficients of 74;. If we could have
S'(x1,x2,...,x,_1,0) equivalent to r; for an infinite number of possible
values of ayp, with 0 < a; < 1, there would be two allowable values, say
B and v, with 0 < |8 —~| < —2% Then considering f'(0,1,0,...,0), we see
that f'(xy,x2,...,x,-1,0) represents k— 3 for a, = (3 and represents k—~?
for ap = . However

[k~ 8% — (k= 7D)| = |8 — 7| < zilﬁ-ml <1

q q
contradicting the fact that distinct values of rh; are never closer than é.
Similar considerations of /(0,0,1,...,0),...,7(0,0,...,1,0) show that there
are only a finite number of allowable values of as,.. ,a,_; for each r;h;.
Finally, to show that the number of allowable values of «, in (8) is
finite, consider the indefinite (n — 1)-ary sections f'(x;,xa,...,%,—2,0,x,),
S x0, o X2, X0, X)) and F (X1, X2, ..., Xn—2, 2Xn, X,). At least one of
these, called (x;,x2,...,x,-2,%,) say, has a non-zero determinant (whose

value depends only on k and the coefficients of ¢'). So, taking e, =
3 |D(f)|l/" |D(¢)|_1/’hl > 0, ¢ will represent a small positive value

v < & || = e D)

unless it is equivalent to a multiple of one of a finite number of forms.
Since N(v) =1, there will again only be one allowable multiple for each of
the finite number of forms. As before, we can also see that for each of the
finite number of possibilities for ay,...,a,_1,k, ¢’ there will only be a finite
number of allowable values of «,.

It follows that the number of forms f € &, for which (6) fails (for a given
€ > 0) is finite. So the theorem holds for n—ary forms.

REFERENCES

[1]  CASSELS, J. W.S. An Introduction to Diophantine Approximation. Camb. Univ.
Press, Cambridge, 1957.

[2] —— An Introduction to the Geometry of Numbers. Springer, Berlin, 1971.

[3] CAsseLs, J.W.S. and H.P.E. SWINNERTON-DYER. On the product of three
homogeneous linear forms and indefinite ternary quadratic forms. Phil.
Trans. Roy. Soc. London 248 (1955), 73-96.

[4] DANI, S.G. and G. MARGULIS. Values of quadratic forms at integral points:
an elementary approach. L’Enseign. Math. (2) 36 (1990), 143-174.



[5]
[6]
(7]
(8]
[9]
[10]
[11]
[12]

[13]
[14]

ON INTEGRAL SOLUTIONS OF QUADRATIC INEQUALITIES 365

DAVENPORT, H. On indefinite ternary quadratic forms. Proc. London Math.
Soc. (2) 51 (1950), 145-160.

JACKSON, T.H. Small positive values of indefinite binary quadratic forms.
J. London Math. Soc. 43 (1968), 730-738.

——— Small positive values of indefinite quadratic forms. J. London Math. Soc.
(2) 1 (1969), 643-659.

OPPENHEIM, A. One-sided inequalities for quadratic forms : II quaternary forms.
Proc. London Math. Soc. (3) 3 (1953), 418-429.

—— Values of quadratic forms (I), (I). Quart. J. Math. Oxford Ser. (2) 4
(1953), 54-66.

VENKOV, B.A. On the extremal problem of Markov for indefinite ternary
quadratic forms. Izv. Akad. Nauk SSSR 9 (1945), 429-494.

VULAKH, L.Y. On minima of indefinite rational quadratic forms. J. Number
Theory 21 (1985), 275-285.

WATSON, G.L. One-sided inequalities for integral quadratic forms. Quart. J.
Math. Oxford Ser. (2) 9 (1958), 99-108.

—— Integral Quadratic Forms. Camb. Univ. Press, Cambridge, 1960.

—— Asymmetric inequalities for indefinite quadratic forms. Proc. London
Math. Soc. (3) 18 (1968), 95-113.

(Recu le 20 avril 2004)

J. Bochnak

Mathematics Department
Vrije Universiteit

De Boelelaan 1081a
NL-1081 HV Amsterdam
The Netherlands

e-mail : bochnak@cs.vu.nl

T. Jackson

Mathematics Department
University of York
Heslington

GB-York YO10 5DD
England

e-mail : thjl @york.ac.uk



Leere Seite
Blank page
Page vide



	...

