Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 50 (2004)

Heft: 1-2: L'enseignement mathématique

Artikel: Lattices, 12-Betti numbers, deficiency, and knot groups
Autor: Eckmann, Beno

Bibliographie

DOI: https://doi.org/10.5169/seals-2643

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 22.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-2643
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

136 B. ECKMANN

Since the torus knot groups are the only knot groups with non-trivial center
the groups of all other knots cannot be lattices in R x PSL>(R).

9.2. So we now consider knots which are not torus knots; their groups
can be lattices in PSL,(C) only. As for PSL,(C), it is the isometry group
of hyperbolic 3-space H?. The knot complement C is a Haken 3-manifold
with zero-Euler characteristic. It is atoroidal precisely i the respective knot
does not have a companion; we use here “companion” in the sense of non-
trivial companion. Indeed the boundary torus of a regular neighborhood of
a companion would be a non-boundary-parallel incompressible surface in C.
Thus by Thurston’s Hyperbolization Theorem the interior of the complement
of a knot without companion can be given a hyperbolic structure with finite
volume coming from H?/G. In other words that knot group G is a lattice
in PSL,(C) and the interior of C can be identified with the open manifold
H’/G.

Concerning the notion of companion see [Ro, p. 111]. For concepts related
to the Hyperbolization Theorem and to properties of 3-manifolds we refer
to [K].

9.3. If the knot has a companion then the knot complement is not atoroidal
and its interior does not admit a hyperbolic structure [K, Cor.4.63]. It follows
that G cannot be a lattice in (the only remaining possibility) PSL>(C). We
sketch the proof: If G is such a lattice then H? /G is a K(G, 1)-manifold as
well, thus homotopy equivalent to C. The homotopy equivalence can be turned
into a diffeomorphism mapping H?/G to the interior of the knot complement
C which thus would receive a hyperbolic structure with finite volume.

THEOREM 9.1. Torus knot groups are lattices in RxXPSL,(R). As for other
groups of knots, those of knots without companion are lattices in PSL,(C),
and those of knots with companion are not lattices in any connected Lie group.
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