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Consequently, in both cases k = —1 and k > 0, we have

([ + |5 )7 = ([ ] [ ] 1)

Now, Theorem 2 tells us that

—1 —1
(5 2] )=

and Theorem 1 follows.

2. PROOF OF THEOREM 2

As noted in equation (3) of Section 1, L”,ZFIIJ = Zizk L1 a;pi =D

Similarly, | $5h| = 04, bir .
By definition of k, we have a; +b; < p —1 for i > k+ 1 and thus the
right hand side of the equation

r—1 s—1 .
[pk+1J i [pk+1J B Z (a; + by) p' =+

i>k+1

S|

is the p-adic expansion of the left hand side.
For the purpose of the proof of Theorem 2, set

-1 —1
@ w= (|5 |+ S ) o = @

i>k+1

We proceed to show that w + p**! is the smallest integer n such that
(x+y)" belongs to the ideal (x",y") = x"F,[x,y]+y’F,[x,y] in the polynomial
ring F,[x,y]. That is w + p*! = B,(r, s).

We first calculate (x 4+ y)* in the quotient algebra of Fp[x y] modulo
(x",¥*). We have from (4)

i2k+1 ¢;=0
We claim that

i i\ _api by i+ Di\ 4w
(5) (x+y)’wE H (a+ )xalpybzp — H (Cl+ )xuy 7

a a
i>k+1 ! i>k+1 !

i

modulo (¥",y), where u =35, ap’ and v =735, b
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Indeed, since a; + b; < p—1 for i > k+ 1 by definition of k, the
expressions ¢ = Y ., cip' and d = > iska1(@ +bi — c)p' are the p-adic
expansions of ¢ and d respectively.

If for a given c, there is an index i > k+ 1 for which ¢; 1s nqt equal to
a;, denote by £ the largest i such that c, # ay.

If cp <ap and ¢; = a; for { > ¢+ 1, this implies ay + by — ¢, > by and
a; +b; —c; =b; for i > ¢+ 1. Therefore we have

d> Y (a+bi—c)p +p'+) bp'2pt+) bp' >s.
k+1<i<—1 i>0 i>0
Thus in this case the monomial x“y? belongs to the ideal (x",y").
If, on the contrary, ¢, > ay and ¢; = a; for i > ¢+ 1, this implies
c=> apt> > apt+pt+D ap >
i>k+1 H-1<i<t—1 i>0
Thus (x +y)* is indeed given by formula (5) modulo (x",y").

Now, observe that the product of binomial coefficients v = [ ;4 (“F%)
is non-zero in F, and we can write (x +y)” =~ -x*y" modulo (x",y").

It is now easy to finish up the proof of the theorem:

k+1

e I G i C o = G I L D

However, p*t! +u = 1 + Zf:()(p — D'+ Y@t > 14+ -1 =r.
Similarly, p**! +v > s. -

Summarizing, (x +yy’ ¥ € (x",y") and thus

—1 —1
(] [t )z en

1
k+1 . . '
. AT =y (Y YT Ty,
j=0
. k+1_ ket an k+1_ .. .
using (x +y)y ~l= @—xi_{__) =y {(=1y¥y" =1 in F,lx, y].

It is immediate to see that, calculating modulo (x",y*), and with the notation

k k . .
up = .._qa; and vy = Zi:O b;, we can restrict the summation over j to the
interval p*t! — 1 — vy <j<ug:

J=ug
(et =y ( > (—1>’xjypk+l_j_l)xuy”.

j=pHtt—1—v
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Moreover, the monomials appearing on the right hand side are distinct,
have non-zero coefficient £ and form a non-empty subset of an K,-basis
of F,[x,y1/(x",y*). Indeed, on the one hand, Pl —1—vy <upy in view of
the inequalities

k
uo+vo =Y (ai+b)p’ > (ax + be)p* and ac + b > p,
i=0
and on the other hand j4+u < ug+u = r—1 and p**' —j—14+v < vo+v = s—1.
If k= —1, then ugp = v9 = 0 and the above conclusion still holds.
Summarizing :

—1 ~1
() ] e

and this completes the proof of Theorem 2.
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