Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 49 (2003)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: NOTE ON THE HOPF-STIEFEL FUNCTION
Autor: Eliahou, Shalom / Kervaire, Michel

DOl: https://doi.org/10.5169/seals-66683

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 01.04.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66683
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

3
1
i
1
|
!
|
R
i

L’Enseignement Mathématique, t. 49 (2003), p. 11 7—122

A NOTE ON THE HOPF-STIEFEL FUNCTION

by Shalom ELIAHOU *) and Michel KERVAIRE

INTRODUCTION

In the preceding paper of this volume [P], Alain Plagne gives a formula
for the (generalized) Hopf-Stiefel function f3,.

Given a prime number p, and two positive integers r, s, recall that §,(r, s)
is defined as the smallest integer n such that (x4 y)" € (x",y%), where (x,y°)
is the ideal generated by x" and y° in the polynomial ring F,[x,y].

Plagne’s theorem reads

THEOREM 1. Let r,s be positive integers, then [,(r,s) is given by the
Sformula

o wem((Fl )

In [P], this formula is derived as a corollary of a theorem on Additive
Number Theory, Theorem 4, which is the main result of the paper.

Here, we give another proof of Theorem 1 using a purely arithmetical
argument.

Recall from [EK, p.22], where §,(r,s) was introduced, that this function
can be described in terms of the p-adic expansions of » — 1 and s — 1 as
follows.

*) During the preparation of this paper, the first author has partially benefited from a research
contract with the Fonds National Suisse pour la Recherche Scientifique.
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THEOREM 2. Let r—1 = Y o ap and s—1 = Y..5,bip' be the
respective p-adic expansions of r —1 and s — 1, with 0 < a;,b; < p —1
for all i.

Define the integer k as the largest index for which ay + by > p, if any
exists. Otherwise, that is if a;+b; <p—1 for all i >0, set k= —1.

Then, (,(r,s) is determined by

r—1 s—1
o weom (LR )

Although the point of Plagne’s paper is to stress the relationship of his
formula with Additive Number Theory, it is interesting to note that (1) also
admits a direct proof using the above Theorem 2.

This is the content of the next section. In Section 2, we provide a simple
proof of Theorem 2.

1. DERIVING THEOREM 1 FROM THEOREM 2

It is very easy to understand the relationship of the floor-function |£], or
integral part of &, appearing in Theorem 2, with the ceiling-function [£], the
smallest integer at least as big as ¢, used in formula (1).

The main object of this section will be to locate the minimum over ¢ > 0
of the expression ([ﬁ] + L—fz“ — 1) p° and to show that this minimum is
attained at / = k+ 1 with k as defined in Theorem 2.

For every index ¢ > 0, we have

L+ Y eap _ 1+5 50 -Dp
P’ - p’ N
Since r =1+ .5 ap', it follows that

v .
FAIS Sy

i>0

0< 1.

-1 £—1 ;
.. ~ap _(=Dp' £_
Similarly, we have 0 < Z’;% P < Z‘=°pe = £ pgl <1, and

1 ,
3) [r J — Zai-i-ﬁpl-

;
p i>0
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e 5]
ence, | — | = )
p* p*

Applying the same formulas to s, we have [ﬁw == t%} + 1. Hence,
—1

(211 (5 152

for every 4.

It remains to locate the minimum of the expression (L}—Q] + [;—4] - 1) P

as a function of 7.

If a;+b; <p—1 for every i > 0, then (l';)%" + (;ﬂ — 1) pe is a weakly

increasing function of ¢ > 0. Indeed, the equation
r s i
[71 + (—J -1= Z(ai+e + biro)p' +1
p p >0

yields for ¢ < ¢

(el - 0) - (5l 151 -)7

=1+ (@e +bue)p)P" — U+ (e + birop)p’
i>0 i>0

=p* —p' = > (@+b)p =p" —p' = Y p—Dp'=0.

e<i<t! 0<i<t!
;—J _ 1) ot s

attained at £ = 0 and ming>q {(bﬂ + [p%;‘ — 1) pe} = r+s—1, as desired.

If there exists an index k > O such that a;+b;, > p and 0 < a;+b; < p—1
for k < i, then the above calculation shows that (Lﬁ] + [;}%1 — 1)p* is a
weakly increasing function of ¢ for k+1 < /.

On the other hand, for / < k, we have

(el -0 ([ + ] 1)

=p' =P+ Y @ bp 2 pt - P P =pf > 0.
0<i<k

Thus, in the case where k = —1, the minimum of ([}7%1 + [

Therefore, even though the function (L&w + L&] — l) p’ need not be

monotonously decreasing in the interval 0 < £ < k, and it actually is not in
general, it still does take its minimum at £ =k+ 1.
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Consequently, in both cases k = —1 and k > 0, we have

([ + |5 )7 = ([ ] [ ] 1)

Now, Theorem 2 tells us that

—1 —1
(5 2] )=

and Theorem 1 follows.

2. PROOF OF THEOREM 2

As noted in equation (3) of Section 1, L”,ZFIIJ = Zizk L1 a;pi =D

Similarly, | $5h| = 04, bir .
By definition of k, we have a; +b; < p —1 for i > k+ 1 and thus the
right hand side of the equation

r—1 s—1 .
[pk+1J i [pk+1J B Z (a; + by) p' =+

i>k+1

S|

is the p-adic expansion of the left hand side.
For the purpose of the proof of Theorem 2, set

-1 —1
@ w= (|5 |+ S ) o = @

i>k+1

We proceed to show that w + p**! is the smallest integer n such that
(x+y)" belongs to the ideal (x",y") = x"F,[x,y]+y’F,[x,y] in the polynomial
ring F,[x,y]. That is w + p*! = B,(r, s).

We first calculate (x 4+ y)* in the quotient algebra of Fp[x y] modulo
(x",¥*). We have from (4)

i2k+1 ¢;=0
We claim that

i i\ _api by i+ Di\ 4w
(5) (x+y)’wE H (a+ )xalpybzp — H (Cl+ )xuy 7

a a
i>k+1 ! i>k+1 !

i

modulo (¥",y), where u =35, ap’ and v =735, b




|
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Indeed, since a; + b; < p—1 for i > k+ 1 by definition of k, the
expressions ¢ = Y ., cip' and d = > iska1(@ +bi — c)p' are the p-adic
expansions of ¢ and d respectively.

If for a given c, there is an index i > k+ 1 for which ¢; 1s nqt equal to
a;, denote by £ the largest i such that c, # ay.

If cp <ap and ¢; = a; for { > ¢+ 1, this implies ay + by — ¢, > by and
a; +b; —c; =b; for i > ¢+ 1. Therefore we have

d> Y (a+bi—c)p +p'+) bp'2pt+) bp' >s.
k+1<i<—1 i>0 i>0
Thus in this case the monomial x“y? belongs to the ideal (x",y").
If, on the contrary, ¢, > ay and ¢; = a; for i > ¢+ 1, this implies
c=> apt> > apt+pt+D ap >
i>k+1 H-1<i<t—1 i>0
Thus (x +y)* is indeed given by formula (5) modulo (x",y").

Now, observe that the product of binomial coefficients v = [ ;4 (“F%)
is non-zero in F, and we can write (x +y)” =~ -x*y" modulo (x",y").

It is now easy to finish up the proof of the theorem:

k+1

e I G i C o = G I L D

However, p*t! +u = 1 + Zf:()(p — D'+ Y@t > 14+ -1 =r.
Similarly, p**! +v > s. -

Summarizing, (x +yy’ ¥ € (x",y") and thus

—1 —1
(] [t )z en

1
k+1 . . '
. AT =y (Y YT Ty,
j=0
. k+1_ ket an k+1_ .. .
using (x +y)y ~l= @—xi_{__) =y {(=1y¥y" =1 in F,lx, y].

It is immediate to see that, calculating modulo (x",y*), and with the notation

k k . .
up = .._qa; and vy = Zi:O b;, we can restrict the summation over j to the
interval p*t! — 1 — vy <j<ug:

J=ug
(et =y ( > (—1>’xjypk+l_j_l)xuy”.

j=pHtt—1—v
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Moreover, the monomials appearing on the right hand side are distinct,
have non-zero coefficient £ and form a non-empty subset of an K,-basis
of F,[x,y1/(x",y*). Indeed, on the one hand, Pl —1—vy <upy in view of
the inequalities

k
uo+vo =Y (ai+b)p’ > (ax + be)p* and ac + b > p,
i=0
and on the other hand j4+u < ug+u = r—1 and p**' —j—14+v < vo+v = s—1.
If k= —1, then ugp = v9 = 0 and the above conclusion still holds.
Summarizing :

—1 ~1
() ] e

and this completes the proof of Theorem 2.
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