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We may apply the theorem of Gloden [2, p.24] to the three-parameter ideal
non-symmetric solution obtained above to derive a solution of the system of
equations

5 5
(2.16) Soar=>b, r=1,2346,
i=1 i=1

in terms of polynomials of degree six in three parameters. We, however, restrict
ourselves to applying this theorem to the simpler solution (2.15), and obtain
the following solution of the system of equations (2.16):

ay =9p° +5p* —3p+5, by = —6p> — 10p* — 8p,

a = —6p> — 15 +2p—5, by=—6p>+15p°+2p+5,
(2.17) az = —6p° + 10p* — 8p, by = 9p® — Sp* —3p -5,

ar=9p> —5p* +7Tp+5, by =9p° +5p* +Tp -5,

as = —6p> +5p* +2p — 5, bs = —6p> —5p* +2p+5.
When p = -2, this leads to the following solution of the system of

equations (2.16):
(—101) + (=41 + (=21)" +59" + 104" = (—91)" + (=71)" + 24"+ 29" + 109"

where r =1,2,3,4,6.

We note that additional parametric non-symmetric solutions of the Tarry-
Escott problem of degree four may be obtained by taking a;, b;, as in (2.6),
and instead of imposing the condition ag = bg, we reduce one term on either
side by solving (2.8) together with another condition such as a4 = bg or
as = bg. Solutions obtained in this manner are of degrees 6,7 or 8 in terms
of three parameters.

3. IDEAL NON-SYMMETRIC SOLUTIONS
OF THE TARRY-ESCOTT PROBLEM OF DEGREE FIVE

To obtain ideal non-symmetric solutions of the Tarry-Escott problem of
degree five, we have to obtain a solution of the system of equations

6 6
(3.1) dar=> b, r=1,234,5.
i=1 i=1
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We will choose ay,az,ds,as,ds, dg and bl, bz, b3, b4, b5, b6 as in (26) when
(3.1) holds identically for r = 1,2,4. For r = 3, equation (3.1) reduces to
(2.8) while for r =5 it reduces to the equation:

(3.2) mni(my + nyxpyi(xg + y)md 4+ myng + 0 + x1y1 + ¥9)

= many(my + na)xaya (X + y2) (M5 4 mony + m3)(x3 + X2 +y3) .

It therefore suffices to solve equation (2.8) together with the following
equation : |

(3:3) (m} + muny + (G + xiy1 +37) = (M5 + many + m3)(3 + x5y + ¥3)
We take xi, yi, my, my, ny such that

x = +1—Dn,

yi =+ 1%y,
(3.4) my = xy + ty2,

my = +1t— Dxy+ (t+ 1)y,

ny, = (——tz —ng .

Substituting these values of xi, y{, my, mp, ny in (2.8) and solving for ny,
we get

_(t4 +28 4+ — D+ +28 + 2+t 4+ Dy,

3.5 =
(3:5) " P+ —1—1

)

and now (3.4) gives

P42+ P -+ 4204+ P + P+ Dy,

N 2 —1 '

On substituting the values of nj, n, given by (3.5) and (3.6), and the values
of x1, y1, mi, my given by (3.4) in equation (3.3), we get the equation:

(3.6) ny

(2 + (2 + Dy (& + 1 = Dxz + (¢ + Dy2)(( + 1 = Dy + (£ + D)y2)

X (E+202° +52 +38 =2 —t+ Dy + (£ — 68 — 82 —4t— Dy,) =0.
Equating any of the first four factors on the left-hand side of this equation
to zero leads either to trivial solutions or to known symmetric solutions of

the Tarry-Escott problem of degree five. However, on equating the last factor
to zero, we get

X =1 —68 —8%—4r—1,

3.7
(-7 ya=—Q2F +5* 438 — > —t+ 1),
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and now, using the relations (3.4), (3.5) and (3.6), we get the values of
X1, Y1, mi, my, ny,ny. The values of xi, y1, X2, y2, My, Mz, ny, Ny, MAy Nnow
be substituted in (2.6) to get a non-symmetric solution of the Tarry-Escott
problem of degree five. After removing the common factors, this solution may
be written as follows: |

ay = —3'1 — 20610 — 582 — 9478 — 1061" — 100¢° — 40¢°
+ 50¢* 4 508 4 2¢* — 5¢,

4y = 31" 16610 + 387 + 7178 + 12817 + 149(° + 56¢°
— 37 =228 + 5 4+t -3,

a3 = 4110 4 208 + 2315 — 2217 — 491° — 16¢°
— 1344 — 288 — TP+ 4t +3,

ay = 8110+ 52/ + 1278 + 1481 + 85(° + 22/
=148 =23 — 41+ 3,

as = 3610+ 14410 + 16° — 2943 — 98¢7 — 8915 + 4¢° + 55¢°
+ 408 + 1382 — 7t — 3,

as = 31" — 22410 — 687 — 9815 — 5017 + 415 — 261
— 561 — 268 4 102 + 11¢,

by = 210 + 137 + 585 4+ 151¢7 4 190¢° + 79¢
— 445" — 41P — 265 — 1,

by = 3t — 19410 — 5677 — 1163 — 16417 — 104:° + 347
+ 7664 + 288 + 4 —t -3,

by = 3t + 17410 + 437 + 5818 + 13¢7 — 861% — 1137
— 324+ 1382 =27 + 2t + 3,

by = 10¢'0 + 597 + 14088 + 167¢" + 98:° — 1°
— 58¢* — 317 + 148> + Tt

bs = =3t — 23410 — 671 — 888 — 25¢" 4 681° + 717
+ 146 — 132 — 1662 — 2t + 3,

be = 31" + 13110 + 8 — 5218 — 142¢" — 166:° — 707
+ 441 4 4478 4+ 26 — 5t — 3.

(3.8)

Here ¢ is an arbitrary rational parameter and integer solutions of (3.1) are
obtained by multiplying any rational numerical solution by a suitable constant.
The a;, b; obtained above satisfy the relation Z?Zlai = 26 b; = 0.

i=1
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It therefore follows from the theorem of Gloden [2, p.24] that these a;, b;
must also satisfy the relation

This is also verified by direct computation. Hence the a;, b; given by (3.8)
constitute a solution of the following system of equations:

6 6
doap=>Y b, r=1,2,3,457.
i=1 i=1

As a numerical example, when ¢t = —3, we get, after removal of common
factors and suitable re-arrangement, the following solution

(—19323) + (—18689) + 3117" + 5111" + 14212" + 15572
— (—20023)" 4 (—17828)" -+ 1017" + 9787" + 10236" + 16811"

where r=1,2,3,4,5,7.
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