Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 49 (2003)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ATIYAH'S $L"2$-INDEX THEOREM
Autor: Chatterji, Indira / Mislin, Guido

Kapitel: 3. Hilbert modules

DOI: https://doi.org/10.5169/seals-66679

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 12.02.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66679
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

88 I. CHATTERJI AND G. MISLIN

3. HILBERT MODULES

Recall that for H < G and X an H-space, the induced G-space is
GxgX=(GxX)/H

where H acts on G x X via h-(g,x) = (gh~ !, hx) and the left G-action on
G Xy X is given by g - [k,x] = [gk,x] (where [k,x] denotes the class of the
pair (k,x) € Gx X in G xyz X). For A C (*>(H)" a Hilbert H-module one
defines Indfl(A), the induced Hilbert G-module, as follows:

Indg(A)z{f:G%A, flghy=h""f(g), > |lf(7)||2<00}-

YyEG/H

On Indg(A) the action of G is given as follows:

(N =fy"'w),  y,peG and f e IndS(A).

For M an H -free, cocompact Riemannian manifold and D an H -equivariant
pseudo-differential operator on M, one can express the lift D of D to
M = G xy M as follows. Fix a set R of representatives for G/H and write
7w M — M for the projection; a section 5§ € C°(M,n*E) is a collection

§ = {E;‘}rER ?

where s, € COO(M E) is the zero section for all but finitely many r’s, and
5([g, m]) = s,(hm), if [r,hm] = [g,m] € G xg M. Now the lift D of D to

M = G xy M satisfies
D5 = {5’5,} .
reR

LEMMA 3.1. Let M be a closed Riemannian manifold, D a pseudo-
differential operator on M and M a regular cover of M with countable
transformation group H. Consider an inclusion H < G and form the regular
cover M = G xyg M of M. Then for the lifts D of D to M and D of D
to M,

Indexg(D) = Indexg(D) .

Proof. It is enough to see that S5 = Indg(Sva). Indeed, it is well-known
(see [9]) that for a Hilbert H-module A one has

dimy(A) = dimg(Ind$(A)) .
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For R a fixed set of representatives for G/H, the map
or: Indjj(S5) — Sp
f = {f(r)}rER

is well-defined by H-equivariance of the elements of S5 and one checks
that it defines a G-equivariant isometric bijection. Similarly for the adjoint
operators.

The following example is a particular case of the previous lemma.

EXAMPLE 3.2. Let us look at the case M = M x G. A section
s € CfO(M,W*E) is an element § = {Sg}geG where s, € C*(M,E) and
sq = 0 for all but finitely many g¢’s. Note that L*(M,7*E) can be identified
with 2(G) ® L*(M,E). Now

D5 = {Dsy} o € C°(M,n*F)

and hence Sz may be identified with 2(G) @ Sp = 2(G)?, where
d = dimc(Sp). In this identification the projection P onto S becomes the
identity in My(N(G)) and thus

d
dimg(S5) = ) _ (e,e) = d = dimc(Sp) .

i=1

A similar argument for D* shows that in this case not only does the L?-Index
of D coincide with the Index of D, but also the individual terms of the
difference correspond to each other. This 1s not the case in general, see
Example 2.2.

4. ON K-HOMOLOGY

Many ideas of this section go back to the seminal article by Baum and
Connes [3], which has been circulating for many years and has only recently
been published.

An elliptic pseudo-differential operator D on the closed manifold M can
also be used to define an element [D] € K¢(M), the K-homology of M,
and according to Baum and Douglas [4], all elements of Ky(M) are of
the form [D]. The index defined in Section 2 extends to a well-defined
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