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Thus the new u for 7,4, is even. Since the connectivity diagram for 7,4, in
this case, as shown in Figure 36, has compatible standard and palindrome cuts,
this result for the parity of u is one step in the verification of the induction
hypothesis. Each of the six cases is handled in this same way. We omit the
remaining details and assert that the values of u obtained in each case are
correct with respect to the connection structure. This completes the proof of
Case 2.

Since Cases 1 and 2 encompass all the different possibilities for the
standard and palindrome cuts, this completes the proof of the Oriented Schubert
Theorem. [

we obtain

7. STRONGLY INVERTIBLE LINKS

An oriented knot or link is invertible if it is oriented isotopic to the
link obtained from it by reversing the orientation of each component. We
have seen (Lemma 2) that rational knots and links are invertible. A link
L of two components is said to be strongly invertible if L is ambient
isotopic to itself with the orientation of only one component reversed. In
Figure 37 we illustrate the link L = N([[2],[1],[2]]). This is a strongly
invertible link as is apparent by a 180° vertical rotation. This link is well-
known as the Whitehead link, a link with linking number zero. Note that
since [[2],[1],[2]] has fraction equal to 2+ 1/(1 + 1/2) = 8/3 this link is
non-trivial via the classification of rational knots and links. Note also that
3-3=1+41-8.

N([2], [1], [2]) =W

the Whitehead Link
F(W) =2+1/(1+1/2) = 8/3
3:3=1+1-8

FIGURE 37
The Whitehead link is strongly invertible
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In general we have the following

THEOREM 7. Let L = N(T) be an oriented rational link with associated
tangle fraction F(T) = p/q of parity e/o, with p and q relatively prime
and |p| > |q|. Then L is strongly invertible if and only if ¢ =1+ up with
u an odd integer. It follows that strongly invertible links are all numerators

of rational tangles of the form [[ai], [az], ..., [acl, [a], [acl, . .., [az2], [a1]] for
any integers daj, ..., d, Q..

7

Proof. In T the upper two end arcs close to form one component of L
and the lower two end arcs close to form the other component of L. Let
T' denote the tangle obtained from the oriented tangle T by reversing the
orientation of the component containing the lower two arcs and let N(T') = L'.
(If T" denotes the tangle obtained from the oriented tangle T by reversing
the orientation of the component containing the upper two arcs we have seen
that by a vertical 180° rotation the link N(T") is isotopic to the link N(7").
So, for proving Theorem 7 it suffices to consider only the case above.)

Note that 7 and 7’ are incompatible. Thus to apply Theorem 3 we need
to perform a bottom twist on 7’. Since T and 7’ have the same fraction
p/q, after applying the twist we need to compare the fractions p/g and
p/(p + q). Since g is not congruent to (p + ¢g) modulo 2p, we need to
determine when ¢(p + g) is congruent to 1 modulo 2p. This will happen
exactly when gp+¢*> = 1 +2Kp for some integer K. The last equation is the
same as saying that ¢> = 1 +up with u = 2K —¢ odd, since ¢ is odd. Now it
follows from the Palindrome Theorem for continued fractions that ¢ = 1 4+up
with u odd and p even if and only if the fraction p/q with |p| > |g| has a
palindromic continued fraction expansion with an odd number of terms (the
proof is the same in form as the corresponding argument given in the proof
of Theorem 5). That is, it has a continued fraction in the form

lai,ay,...,4,, Q, 4y, y_1,...,00,041].

It is then easy to see that the corresponding rational link is ambient isotopic
to itself through a vertical 180° rotation. Hence it is strongly invertible. It
follows from this that all strongly invertible rational links are ambient isotopic
to themselves through a 180° rotation just as in the example of the Whitehead
link given above. This completes the proof of the Theorem. [

REMARK 7. Excluding the possibility 7 = [oco], as F(T) = 1/0 does not
have the parity e/o, we may assume ¢ # 0. And since ¢ is odd (in order
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that the rational tangle has two components), the integer u = 2K — g in the
equation ¢> = 1 + up cannot be zero. It follows then that the links of the
type N([2n]), for n € Z, n # 0, with tangle fraction 2n/1 are not invertible
(recall the example'in Figure 30). Note that, for n =0 we have T = [0] and
F(T) = 0/1, and in this case Theorem 7 is confirmed, since 12 =1+ u0,
for any u odd. See Figure 38 for another example of a strongly invertible
link. In this case the link is L = N([[3],[11,[11,[11,[3]]) with F(L) =40/11.

Note that 11> = 1 + 3 - 40, fitting the conclusion of Theorem 7.

L = N({3], [11, [1], (11, [3]])

FIGURE 38

An example of a strongly invertible link

ACKNOWLEDGEMENTS. A part of this work and the work in [15] was done
at Gottingen Universitat. Both authors acknowledge with gratitude the research
facilities offered there. It also gives us pleasure to acknowledge a list of places
and meetings where we worked on these matters. These are: Gottingen, Santa
Fe, Chicago, Austin, Toulouse, Korea, Athens, Marne-la-Vallée, Siegen, Las
Vegas, Marseille, Berkeley, Dresden, Potsdam NY.

REFERENCES

[1] BANKWITZ, C. und H.G. SCHUMANN. Uber Viergeflechte. Abh. Math. Sem.
Univ. Hamburg 10 (1934), 263-284.

[2]  BLEILER, S. and J. MORIAH. Heegaard splittings and branched coverings of
B*. Math. Ann. 281 (1988), 531-543.

[3]1  BRODY, E.J. The topological classification of the lens spaces. Ann. of Math.
(2) 71 (1960), 163-184.

[4]  BURDE, G. Verschlingungsinvarianten von Knoten und Verkettungen mit zwei
Brucken. Math. Z. 145 (1975), 235-242.




	7. Strongly invertible links

