Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 49 (2003)

Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ON THE CLASSIFICATION OF RATIONAL KNOTS
Autor: Kauffman, Louis H. / Lambropoulou, Sofia

Kapitel: 4. Rational knots and their mirror images

DOI: https://doi.org/10.5169/seals-66693

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 15.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66693
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

392 L.H. KAUFFMAN AND S. LAMBROPOULOU

rational knots. This constitutes a unique use of topological mathematics as a
theoretical underpinning for a problem in molecular biology.

4. RATIONAL KNOTS AND THEIR MIRROR IMAGES

In this section we give an application of Theorem 2. An unoriented knot
or link K 1is said to be achiral if it is topologically equivalent to its mirror
image —K. If a link is not equivalent to its mirror image then it is said
be chiral. One then can speak of the chirality of a given knot or link,
meaning whether it is chiral or achiral. Chirality plays an important role in
the applications of knot theory to chemistry and molecular biology. In [8] the
authors find an explicit formula for the number of achiral rational knots among
all rational knots with n crossings. It is interesting to use the classification
of rational knots and links to determine their chirality. Indeed, we have the
following well-known result (for example see [35] and [16], p.24, Exercise
2.1.4; compare also with [31]):

THEOREM 5. Let K = N(T) be an unoriented rational knot or link,
presented as the numerator of a rational tangle T. Suppose that F(T) =
p/q with p and q relatively prime. Then K is achiral if and only if
g¢> = —1 mod p. It follows that the tangle T has to be of the form

[[al]a[aZ]a"'7[ak]7[ak]a'“;[aQ]a[al]] fO}" any im‘egers agy ..., k.

Note that in this description we are using a representation of the tangle
with an even number of terms. The leftmost twists [a;] are horizontal, thus
lp| > |g|. The rightmost starting twists are then vertical.

Proof. With —T the mirror image of the tangle 7, we have that
—~K =N(-T) and F(-T) =p/(—q). If K is isotopic to —K, it follows from
the classification theorem for rational knots that either g(—g) =1 mod p or
g = —q mod p. Without loss of generality we can assume that 0 < g < p.
Hence 2qg is not divisible by p and therefore it is not the case that g = —¢q
mod p. Hence g*> = —1 mod p.

Conversely, if ¢> = —1 mod p, then it follows from the Palindrome
Theorem that the continued fraction expansion of p/q has to be palindromic
with an even number of terms. To see this, let p/q = [c1,...,¢c,] with n
even, and let p'/q’ = [cy,...,c1]. The Palindrome theorem tells us that
p’ = p and that ¢’ = —1 mod p. Thus we have that both g and ¢ satisfy
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the equation gx = —1 mod p and both ¢ and g are between 1 and p — 1.
Since this equation has a unique solution in this range, we conclude that
g = ¢q'. It follows at once that the continued fraction sequence for p/q is

symmetric.
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FIGURE 29

An achiral rational link

It is then easy to see that the corresponding rational knot or link K = N(T)
is equivalent to its mirror image. One rotates K by 180° in the plane and
swings an arc, as Figure 29 illustrates. The point is that the crossings of the
second row of the tangle T, that are seemingly crossings of opposite type
than the crossings of the upper row, become after the turn crossings of the
upper row, and so the types of crossings are switched. This completes the
proof. [

5. ON CONNECTIVITY

We shall now introduce the notion of connectivity and we shall relate it
to the fraction of unoriented rational tangles. We shall say that an unoriented
rational tangle has connectivity type [0] if the NW end arc is connected to
the NE end arc and the SW end arc is connected to the SE end arc. These are
the same connections as in the tangle [0]. Similarly, we say that the tangle
has connectivity type [oo] or [1] if the end arc connections are the same as
in the tangles [oo] and [41] (or equivalently [—1]) respectively. The basic
connectivity patterns of rational tangles are exemplified by the tangles [0],
[cc] and [+41]. We can represent them iconically by

[0] = =
[c0] = ><
[1] = x
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