Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 49 (2003)

Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ON THE ENTROPY OF HOLOMORPHIC MAPS
Autor: GROMOV, Mikhail

Kapitel: 81. Notation and definitions

DOI: https://doi.org/10.5169/seals-66687

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 15.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66687
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

218 M. GROMOV

me to write this paper. I also appreciate the hospitality of IHES, which made
possible my involvement in this story. I-am especially thankful to Dennis
Sullivan, who took pains to read the paper and to clean it up of multiple
EeITors.

STRUCTURE OF THE PAPER. We start with a geometric outlook on topolog-
ical entropy and reduce our inequality (0.1) to standard facts about minimal
varieties. We discuss next the real algebraic analogue of (0.1) and a general-
ization to maps. We conclude with an estimate of the entropy involving the
mean curvature.

§1. NOTATION AND DEFINITIONS

For a space X we denote by X* the product X x X x ... x X (k factors).
A graph T over X is by definition an arbitrary set I' C X*. When X is finite
this is the usual definition of an oriented graph (with loops). The graph of a
map X — X gives another example.

For a graph I' we denote by I, C X* the set of Strings (Xi, ..., X, ..., Xk),
x; € X, where each pair (x;,_;,x;) € X* is contained in T.

When X is endowed with a metric, we call e-cubes products in X* of
balls from X of radius ¢. For a set ¥ C X* we denote by Cap, Y the minimal
number of e-cubes needed to cover Y.

, ENTROPY

- Set h(I') = limsup,_, -}glog Cap_ Iy, and A(I) = lime0h.(I), for
I CX>.

When f is an endomorphism X — X, we define its entropy h(f) as the
entropy of its graph I;. If the space X is compact, the definition does not
depend on the choice of the metric [2]. Observe that the entropy of a general
graph I' is equal to the entropy of the shift in I'ox C X*°: I', is the space
of doubly infinite strings (x;)i=... —1,0,1,... With the product topology, and the
shift maps (x;) to (x;41). For finite X, we come to the usual definition of the
Markov shift.

VOLUME

From now on, X is a Riemannian manifold and n = dimT, T Cc X2.
We denote by Vol I'y the n-dimensional volume of I} C Xk ie. the
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n-dimensional Hausdorff measure with respect to the Riemann product metric
in X*. Set |
lov I" = lim sup z log Vol 17 .

k—o0
For an f we set lov f = lov I'y. This is a smooth invariant of f (it does not
depend on the choice of the Riemann metric).
Our invariant “lov” is sometimes more accessible than entropy and for a
holomorphic f we are going to prove that

(1.0) h(f) < lov f .

DENSITY

Denote by Dens.(I'x,v), for v € It C X*, the n-dimensional measure
of the intersection of I'; with the ball (in the Riemannian product metric)
of radius e centered at ~y. Set Dens.(I'y) = infyer, Dens(I'x,7y), and then
lodn, I"' = liminf;_, %log Dens, I'y, and finally

lodnI" = lim lodn. I".

e—0

Observe that Vol > Cap,, Dens, and hence that

(1.1) (V) <lovI —lodnI.

§2. ESTIMATES OF DENSITY

Consider a Riemannian manifold W (it will be X* in the sequel) and an
n-dimensional subvariety V C W. We suppose that the boundary of V (if
there is such) does not intersect the ball B, C W of radius € > 0 centered
at a point vy € V. We suppose also that the injectivity radius of W at v
is at least €, 1.e. the exponential map T,,(W) — W is injective in the e-ball
in T,,(W).

DENSITY OF A MINIMAL VARIETY

If the sectional curvature in B¢ is not greater than K and V is minimal,
then

(2.0) Vol (VNB.,) >C>0,

where the constant C depends on n, K, and €, but does not depend on dim W.
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