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shows that x commutes with xyx~ly~x in the tile path group. Then Theorem

6.1(a) shows that tt(T) Z/9Z. This means that the tile homotopy group

only detects area, modulo 9.

On the other hand, we can easily show that if T tiles a rectangle, then

both sides must be even. Consider the ways that a tile can touch the edge of
a rectangle.

We see that the first two possibilities cannot occur, so each tile that touches

the edge does so along an even length. Therefore, each edge of the rectangle
has even length. In fact, it is not much harder to show that if T tiles an

m x n rectangle, then both m and n are multiples of 6. A straightforward
argument shows that every tiling of a quadrant by T is a union of 6 x 6

squares, which implies the result.

Here we give some more tiling restrictions we have found using the tile
homotopy technique. In each case, there are signed tilings that show that the
result cannot be obtained by tile homology methods, and there are tilings
that show that the result is non-vacuous. Further details will be published
elsewhere.

THEOREM 7.1. Let T { }, where all orientations are allowed.

(a) If T tiles an mx n rectangle, then either m or n is a multiple of 4.
(b) A 1x6 rectangle has a signed tiling by T.

x X

Figure 6.9

Tiles along an edge of a rectangle
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Theorem where all orientations are

allowed.

(a) If T tiles an mx n rectangle, then mn is a multiple of 4.
(b) A 1x6 rectangle has a signed tiling by T.
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Theorem 7.3. Let T - {q }, where rotations are permitted, but

reflections are not.

(a) If T tiles an m x n rectangle, then mn is even.

(b) A 1x5 rectangle has a signed tiling by T.

Remark 7.4. It is easy to show that if T tiles a rectangle, then both
sides are multiples of 5. Also, Yuri Aksyonov [1] has given a clever geometric

proof that one side must be a multiple of 10.

Bp. }, where allTheorem 7.5. Let T {[
orientations are allowed.

(a) If T tiles an m x n rectangle, then one of m or n is a multiple of 4.

(b) A 1 x 2 rectangle has a signed tiling by T.

Theorem 7.6. Let

r { }>

where all orientations are allowed.

(a) If T tiles an m x n rectangle, then one of m or n is a multiple of 4.

(b) A 1 x 2 rectangle has a signed tiling by T.

Theorem 7.7. Let T {

il
EE' I ^LT1' +p' EHE'EjZLI

—""I}, where all orientations are allowed.

(a) If T tiles an m x n rectangle, then mn is a multiple of 4.

(b) A 1x2 rectangle has a signed tiling by T.

E}, where all orientationsTheorem 7.8. Let T {pj p, 1 ; : :

are allowed.

(a) If T tiles an mx n rectangle, then one of m or n is a multiple of 6.

(b) A 2x2 square has a signed tiling by T.
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THEOREM 7.9. Let T — {p - I—! " r ~!—I}^ where all orientations are

allowed.

(a) If T tiles an m x n rectangle, then either m is a multiple of 3 or n

is a multiple of 6.

(b) A lxl square has a signed tiling by T.

Theorem 7.10. Let T { pj~~p
'I •: j i j j j }, where

all orientations are allowed.

(a) If T tiles an mx n rectangle, then one of m or n is a multiple of 8.

(b) A lxl square has a signed tiling by T.

Theorem 7.11. Let T Il ; ; ; H, pj }, where all

orientations are allowed.

(a) If T tiles an mx n rectangle, then one of m or n is a multiple of 5.

(b) A 1 x 1 square has a signed tiling by T.

THEOREM 7.12. Let T 11 ; ,~1i —1—pj—where all orientations

are allowed.

(a) If T tiles an m x n rectangle, then one of m or n is a multiple of 4.

(b) A 1x2 rectangle has a signed tiling by T.

Theorem 7.13. Let T { I i I, | j |, }, where all
orientations are allowed.

(a) If T tiles an m x n rectangle, then mn is a multiple of 4.

(b) A 1x2 rectangle has a signed tiling by T.

Theorem 7.14. Let T {|-j | I ; I, pj p1 }, where all
orientations are allowed.

(a) If T tiles an mxn rectangle, then one of m or n is a multiple of 6.

(b) A lxl square has a signed tiling by T.
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Theorem 7.15. Let{I ; ; ; : ; I, j}, where

all orientations are allowed.

(a) If T tiles an mx n rectangle, then one of m or n is a multiple of 6.

(b)A 2x3 rectangle has a signed tiling by T.

THEOREM 7.16. Let T — { / \ / \ / \ /\}> where all orientations are

allowed.

(a) If T tiles a triangle of side n, then n is a multiple of 8.

(b) A triangle of side 4 has a signed tiling by T.

Remark 7.17. That T tiles any triangle is quite interesting. Karl Scherer

[15, 2.6 D] has found a tiling of a side 32 triangle by T.

Acknowledgment. I thank Torsten Sillke for some interesting discussions.

REFERENCES

[1] Aksyonov, Yu. E-mail communication to Torsten Sillke. March 1999

(http://www.mathematik.uni-bielefeld.de/~sillke/PENTA/qu5-y-right).
[2] Berlekamp, E. R., J. H. Conway and R. K. Guy. Winning Ways for Your

Mathematical Plays, vol.2. Academic Press, London, 1982.

[3] BLACK, M. Critical Thinking. Prentice-Hall, New York, 1946.

[4] Conway, J. H. and J. C. Lagarias. Tiling with polyominoes and combinatorial
group theory. J. Combin. Theory Ser. A, 53 (1990), 183-208.

[5] The GAP Group. GAP - Groups, Algorithms and Programming, version 4.3,
2002 (http://www.gap-system.org).

[6] Garey, M.R. and D.S. JOHNSON. Computers and Intractability. Freeman, San

Francisco, 1979.

[7] GOLOMB, S.W. Checker boards and polyominoes. Amer. Math. Monthly 61

(1954), 675-682.

[8] Covering a rectangle with L-tetrominoes, Problem El543. American
Mathematical Monthly 69 (1962), 920.
Solution by D.A. KLARNER: Amer. Math. Monthly 70 (1963), 760-761.

[9] Hall, M. Jr. The Theory of Groups. Chelsea, New York, 1976.

[10] Klarner, D.A. Packing a rectangle with congruent A-ominoes. J. Combin.
Theory 7 (1969), 107-115.

[11] LANGMAN, H. Play Mathematics. Hafner, New York, 1962.


	7. Appendix: further examples

