
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 48 (2002)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE HILBERT METRIC AND GROMOV HYPERBOLICITY

Autor: Karlsson, Anders / NOSKOV, Guennadi A.

Kapitel: 2. Hyperbolicity of Hilbert's metric

DOI: https://doi.org/10.5169/seals-66068

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 24.11.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-66068
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


78 A. KARLSSON AND G. A. NOSKOV

is compact. Hence there is a constant ceo > 0 such that

(1.4) Go < ce(x,y, u) < 7r — ceo

for every (x,y, v) G S. By the definition of the tangent cone and compactness
there is an e > 0 such that for any y, z G dD, 0 < yz < £ there is an element

v G UTy(dD) for which

(1.5) 0 < Zy(yz,v)< a0/2.

The estimates (1.4) and (1.5) imply the existence of C > 0 and the other

inequality in (1.3) is trivial.

As an immediate consequence of Propositions 1.1 and 1.4 we have :

COROLLARY 1.5 (cf. [Be99]). Let D be a bounded convex domain such

that any line segment in dD has length less than 5' < 8. Then the intersecting
chords property holds for any two chords each of length greater than 8.

2. Hyperbolicity of Hilbert's metric

Let (7, d) be a metric space. Given two points z, w G Y, let

(z I w)y ^(d(z,y)+ d(w,y)- w))

be their Gromov product relative to y. We think of y as a fixed base point.
The metric space Y is Gromov hyperbolic (or 8-hyperbolic) if there is a

constant 8 > 0 such that the inequality

(x I z)y > min{(x | w)y, (w | z)^} - 8

holds for any four points *,y,z, w in Y. As is known, it is enough to show

such an inequality for a fixed y (the 8 changes by a factor of 2); see [BH99]
for a proof of this and we also refer to this book for a general exposition
of this important notion of hyperbolicity. By expanding the terms the above

inequality is equivalent to

(2.1) d(x, z) + d(y, w) < max{<i(x, y) + d(z, w), d(y, z) + d(x, u;)} + 28
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THEOREM 2.1. Let D be a bounded convex domain in Rn satisfying
the intersection chords property. Then the metric space (Z), h) is Gromov

hyperbolic.

Proof. Suppose that the intersecting chords property holds with a constant
M. Let y be a fixed reference point and consider any other three points x,z, w
in D. Set A(u,v) h{u,v) + h(w,y) — h(u,w) — h(v,y) for any two points

u,v. By (2.1) we need to show that there is a constant 5 independent of
x, z, w such that

(2.2) min{A(x, z), A(z, x)} < 25.

Figure 3

Four points

Using the definition of h and the notation in Fig. 3, we have (by rearranging
the terms of the product)

AC x,z)log(W ^yL)
\xx"z.z!' ww"xw' wx' J

log
xx1 • xz" yy' yw" wy"

yxx" xw' yy" yz' zz" zy' ww" wx'

Hence, by using ^ < M^andsimilar inequalities for the other fractions,

A(x,z)<M'+2iog(^ytal"Y)
\xw' yz' zy' wx' J

Now, y is fixed and zy',wy" are bounded from above and below respectively,
so that

A(x, z) < M" + 2 log
xz" zx"

xw' • wx'
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So (2.2) is equivalent to the boundedness of

min I XZ" ZX" ZX" XZ" \\ xw' • wx' ' zw'" - wz!" J

from above. By symmetry we may assume without loss of generality that
zz" < xx". Now we have two cases :

Case 1 : xw > xx" or zw > xx".
If xw > zic (so in particular xu> > xx" then

xz" - zx"
^ (xz + zz"){zx + xx")

xw' • wx' ~~ {xw)1

<
{xw + WZ + zz")(zw + WX + xx") ^

(3xw)2
^ ^

{xw)2 ~ {xw)2 ~

When zw > xw, we estimate the other fraction instead (obtained by
interchanging x and z) in the same way.

CASE 2 : xw < xx" and zw < xx".
Considering chords at x we have

xz" zx"
<

xx! - zx"
^

xx7 (xtc + wz + xx7/)
^

xw' • wx' ~~ xx" • wx' ~~ wx' xx"

since xx" • xz" < M{xx' • xw').

Remark 2.2. Since the n -dimensional ball Bn obviously satisfies the

assumption in Corollary 1.2 with C 1, Theorem 2.1 contains the standard

fact that {Bn,h), which is Klein's model of the n-dimensional hyperbolic

space, is Gromov hyperbolic.

Remark 2.3. The above proof does not appeal to compactness and

therefore goes through in infinite dimensions provided that y lies at positive
distance from the boundary. In particular, it proves that the unit ball in a Hilbert

space with the Hilbert metric, which is the infinite dimensional hyperbolic

space, is Gromov hyperbolic. Note however that ICP is not affinely invariant

in infinite dimensions. (Kaimanovich brought this remark to our attention.)
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