Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 48 (2002)
Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: THE NONAMENABILITY OF SCHREIER GRAPHS FOR INFINITE

INDEX QUASICONVEX SUBGROUPS OF HYPERBOLIC GROUPS
Autor: Kapovich, llya
Kapitel: 4. Quasiconvex subgroups of hyperbolic groups
DOI: https://doi.org/10.5169/seals-66081

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66081
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

THE NONAMENABILITY OF SCHREIER GRAPHS 367

4. QUASICONVEX SUBGROUPS OF HYPERBOLIC GROUPS

Detailed background information on quasiconvex subgroups of hyperbolic
groups can be found in [1, 4, 20, 31, 38, 34, 32, 51, 54, 68] and other sources.

CONVENTION 4.1. Suppose G is a finitely generated group with a fixed
finite generating set A. Let X = I'(G,A) be the Cayley graph of G with
respect to A. We will denote the word-metric corresponding to A on X by
dy. Also, for ¢ € G we will denote |g|, := da(1,9). For a word w in
the alphabet A UA~! we will denote by w the element of G represented
by w.

DEFINITION 4.2 (Quasiconvexity). For € > 0 a subset Z of a metric space
(X,d) is e-quasiconvex if, for any z;,z, € Z and any geodesic [z;,z2] 1n X,
the segment [z1,z,] is contained in the closed e-neighborhood of Z. A subset
Z C X 1is quasiconvex if it is e-quasiconvex for some e > 0.

If G is a finitely generated group and A is a finite generating set of G,
a subgroup H < G is quasiconvex in G with respect to A if H C I'(G,A) i1s
a quasiconvex subset.

It turns out [20, 32, 4, 31] that for subgroups of word-hyperbolic groups
quasiconvexity is independent of the choice of a finite generating set for
the ambient group. Thus a subgroup H of a hyperbolic group G is termed
quasiconvex 1f H C I'(G,A) is quasiconvex for some finite generating set A
of G.

We summarize some well-known basic facts regarding quasiconvex sub-
groups and provide some sample references:

PROPOSITION 4.3. Let G be a word-hyperbolic group with a finite
generating set A. Let X = I(G,A) be the Cayley graph of G with the
word-metric ds induced by A. Then:

1. If H < G is a subgroup, then either H is virtually cyclic (in which case H
is called elementary) or H contains a free subgroup F of rank two which
is quasiconvex in G (in this case H is said to be nonelementary) [20, 32].
2. Every cyclic subgroup of G is quasiconvex in G [1, 20, 32].

3. If H < G is quasiconvex then H is finitely presentable and word-
hyperbolic [1, 20, 32].
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4. Suppose H < G is generated by a finite set Q inducing the word-metric
do on H. Then H is quasiconvex in G if and only if there is a C > 0
such that for any hy,h, € H

do(hi, hy) < Cdy(hy, hy)

(see [20, 32, 4, 31]).

5. The set L of all A-geodesic words is a regular language that provides a
bi-automatic structure for G. Moreover, a subgroup H < G is quasiconvex
if and only if H is L-rational, that is the set Ly ={w e L |w € H} is
a regular language [31].

6. If H,H, < G are quasiconvex, then H N H, < G is quasiconvex [68].

7. [51, 46] Let C < B < G where B is quasiconvex in G (and hence B
is hyperbolic) and C is quasiconvex in B. Then C is quasiconvex in
G [51, 46].

8. Let C < B < G where C is quasiconvex in G and. where B is word-
hyperbolic. Then C is quasiconvex in B [51, 46]: |

9. Suppose H < G is an infinite quasiconvex Subgroup. Then H has finite
index in its commensurator Commg(H) (see [51]), where Commg(H). .=
{geG|[H g 'HgNH] < 0o and [g"'Hg : g 'HgN H] < oc}.

Part 1 of the above proposition implies that a nonelementary subgroup of
a hyperbolic group is nonamenable.

5. PROOF OF THE MAIN RESULT

Let G be a noﬁelementary word-hyperbolic group with a finite generating
set A. Let X =I(G,A) be the Cayley graph of G with the word metric dy .
Let 6 > 1 be an integer such that the space (I'(G,A),da) is 6-hyperb01fc. Let
H < G be a quasiconvex subgroup of infinite index in G. These conventions,
unless specified otherwise, will be fixed for the remainder of the paper.

We shall need the following useful fact:

LEMMA 5.1. There exists an integer constant K = K(G,H,A) > 0 with
the following properties.

Assume g € G is shortest with respect to dy in the coset class Hg. Then
for any h € H we have (g,h); < K (and hence (g,H); < K).
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