Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 48 (2002)
Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ON THE CLASSIFICATION OF CERTAIN PIECEWISE LINEAR AND

DIFFERENTIABLE MANIFOLDS IN DIMENSION EIGHT AND
AUTOMORPHISMS OF $\sharp_{i=1}"b (S"2 \times S"5)$

Autor: Schmitt, Alexander
Kapitel: 3.6 Links of 3-spheres in $\sharp_{i=1}"b (S"2 \times S"5)$
DOI: https://doi.org/10.5169/seals-66077

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66077
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

|

|

274 _ A. SCHMITT

3.5 PONTRJAGIN CLASSES AND m3(SO(4))

Vector bundles of rank 4 over $* are classified by elements in m3(SO(4)).
In our setting, such vector bundles will appear as normal bundles. We recall,
therefore, the description of that group and relate it to Pontrjagin classes and
self intersection numbers.

First, look at the natural map w3(SO(4)) — w3 (SO(4) / SO(3)) = m3(S?).
This map has a splitting ([32], §22.6) which induces an isomorphism

m3(SO(4)) = m3(SO(3)) ® T3(S°).

Let a3 be the generator for m3(SO(3)) = Z from [32], §22.3, and (5 :=
[idg] € m3(S?), so that we obtain the isomorphism Z & Z — m(SO4)),
(k1, kp) — kyaz + k03 . Finally, the kernel of the map m3(SO(4)) — m3(SO)
to the stable homotopy group is generated by —a3+2085 ([32], §23.6), whence
[23], (20.9), implies

PROPOSITION 3.13. Let E be the vector bundle over S* defined by the
element kios + ko83 € m3(SO4)). Then

p1(E) = £(2ki + 4k,) .

COROLLARY 3.14. Let f: 8* — M be a differentiable embedding of
S* into the differentiable 8-manifold M. Let E := f*Ty/Tss be the normal
bundle. Then the self intersection number s of f(S*) in M satisfies

2s = pi(E) mod 4.

Proof. If E is given by the element kjas+ky03 € m3(SO(4)), then s = k;
([171, (5.4), p.72). Since pi(E) = £(2k, + 4k;), the claim follows. L]

3.6 LINKS OF 3-SPHERES IN #7_ (5% x §°)

If X is a closed E-manifold of dimension 8 with w(X) = 0, then
W, = #2_,(5? x D%), b = by(X), by Lemma 3.5. Thus, W, is determined by
a framed link of 3-spheres in W, = #2_,(S? x $°). Therefore, we will now
classify such links.

So, let W := #2_,(S? x $°) be a b-fold connected sum. We can choose
b disjoint 2-spheres S?, i=1,...,b, embedded in W and representing the
natural basis of Hy(W,Z). One checks that the homotopy type of W is given
up to dimension 4 by the b-fold wedge product S?V---V S2. Suppose we are
given a link of 4’ three-dimensional spheres, i.e., we are given b’ differentiable
embeddings g;: > — W, i=1,...,b', with g(5?) N gi(S®) = @ for i #j.
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By the transversality theorem ([17], IV.(2.4)), one sees that we may assume
S? N gi($?) = @ for all i and j.

By Corollary 3.9, the ambient isotopy class of the embedding gk 1S
determined by the element ¢ = [gi] € m3(Wy), Wi = W\Uj?ék gj(S3),
k=1,...,b'. We clearly have (compare [8]) ‘

(W) = m3($2V - VSV S V.-V S

]
~\~

bx b’ —=1)x

so that the Hilton-Milnor theorem yields
b

W) =P mSH e P 7S o Pms(s).

i=1 1<i<j<b j#k

Hence, we write ¢y as a tuple of integers:

oe= (I i=1,...,b; K 1<i<j<b; M\, j#k).

ijs
Observe that, for j # k, @i is mapped under the natural homomorphism
w3(We) — Hy(Wi, Z) — H3 (W \ g(5),Z) (= Z)

to the image of the fundamental class of $* under gj.. Thus, ) is just the
‘usual’ linking number of the spheres g;(S?) and g;(S®) in W (compare [8]).

3.7 LINKS OF 5-SPHERES IN S%

Let ]—"CEL(COO) be as before, and let CZI;L(COO) be the group of isotopy classes
of piecewise linear (smooth) embeddings of b disjoint copies of S5 into S®.
For b =1, these groups are studied in [10], [19], and [20]. A brief summary
with references of results in the case b > 1 is contained in Section 2.6 of
[11]. We will review some of this material below.

PROPOSITION 3.15. We have FCS~ = FCP“~17,.

Proof. Since ms(SO(3)) = Z,, the standard embedding of S° into S®
with its two possible framings provides an injection of Z, into fCll)L(COO). By
Zeeman’s unknotting theorem 3.10, the map Z;, — FC.~ is an isomorphism.
As remarked in Section 2.6 of [11], FC - is isomorphic to F1J, the group
of h-cobordism classes of framed submanifolds of $® which are homotopy
5-spheres. Moreover, by [10] and [19], there is an exact sequence

o 9 — FCYT s FY— 9 — -

As the groups ¥ and 9¥° of exotic 5- and 6-spheres are trivial [17], our
claim is settled. [
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