Zeitschrift:
Herausgeber:
Band:

Heft:

Artikel:

Autor:
Kapitel:
DOI:

L'Enseignement Mathématique

Commission Internationale de I'Enseignement Mathématique
48 (2002)

3-4: L'ENSEIGNEMENT MATHEMATIQUE

ON THE RATIONAL FORMS OF NILPOTENT LIE ALGEBRAS AND
LATTICES IN NILPOTENT LIE GROUPS

Semenov, Yu. S.
2.2 Example of a free nilpotent algebra
https://doi.org/10.5169/seals-66073

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich fir deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numeérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En régle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal natice.

Download PDF: 19.05.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-66073
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en

196 YU. S. SEMENOV

skew-symmetric d x d matrix M = (u;) with respect to the basis By, ..., By
(mod [h, h]). Namely, [B;, Bj] = p;jBs+1. Over Q one can choose a canonical
symplectic basis Bj,...,B; (mod [h,h]) so that the matrix M representing

w has [ blocks of type
0 1
-1 0

standing on the diagonal, the other entries being trivial. The rank of w is
equal to 2/ and 2/ =d — m. In the basis By,...,B;z+; (we omit the ‘hats’)
of §

[B1,B2] = [B3,B4] = - - - = [By—1, Byl = By,

all the other brackets being trivial. This completes the proof.

2.2 EXAMPLE OF A FREE NILPOTENT ALGEBRA

Let f.(n,R) be the free nilpotent Lie algebra of class ¢ on n generators.
Then f.(n,R) has a unique rational form f.(n,Q) up to isomorphism (cf.
Theorem 2).

Indeed, let h = (x1,...,X,,...) be a rational form of f.(n,R). We may
suppose that xi,...,x, span (modulo the derived subalgebra) h/[h,H] = Q".
Consequently, b is generated by {xi,...,x,} as a Lie algebra. There exists
an epimorphism 7: f.(n,Q) — h because f.(rn,Q) is free. It must be an
isomorphism since the dimension of f equals the dimension (not depending on
the ground field) of a free nilpotent Lie algebra of class ¢ on n generators.

2.3 MORE EXAMPLES

The purpose of this subsection is to sketch two more examples of Lie
algebras with a unique rational form up to isomorphism.

Let g;, # € R, be a family of real 6-dimensional Lie algebras with a basis
{x1,...,x6} such that

[X],XZ] = X3, [x17x3] = IXs ) [x17x5] = X6 ,

[x2, %3] = x4, [xp,xa]l =x5, [x3,%X4] = x6,

other brackets being trivial. One can show that

1. Cfg, = (Xe41,.--,%), k= 2,...,5, where C*g, are the terms of the
lower central series of g;.

2. The centralizer € of C*g;, thatis, € = {c € g, | [c, C*g;] = 0} is spanned
by X2y...,X6-
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