
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 47 (2001)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE POSITIVE CONE OF SPHERES AND SOME PRODUCTS OF
SPHERES

Autor: MATTHEY, Michel / SUTER, Ulrich

Kapitel: 9. The positive cone of some products of even-dimensional spheres

DOI: https://doi.org/10.5169/seals-65432

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 20.11.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-65432
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


THE POSITIVE CONE OF SPHERES 153

9. The positive cone of some products of even-dimensional spheres

In this section, using known results from the theory of homotopy groups

of spheres, we compute the positive cone of S4 x S4, S4 x S6, S6 x S6 and

S6 x S8. This computation will in particular show that the positive cone and

the 7-cone do not coincide for S4 x S4. Keeping notations as in Section 7,

we describe the positive cone in terms of the geometric dimension function.

A) We start with the case of S4 x S4.

THEOREM 9.1. The geometric dimension on K(S4xS4) is given as follows :

for x axi + bx2 + Ix\X2 G K(S4 x S4), one has

'0 if a— b — l — 0

2 if a 0, b — 1 0

g-dim(x) < 2 if b 0, I — ab/6, I even

3 if b 0, I ab/6, I odd

4 if I ab/6

Proof Theorem 8.2 reduces the problem to the computation of the

function s s(ab), i.e. to calculating g-dim(x) for the particular stable classes

x axi + bx2 + (ab/6)x\X2 (where ab is a multiple of 6), or equivalently
the order of [xl3 X2] in both groups 7rj(BU(3)) and ir1{BU{2)) (with a little
abuse of notation, we denote both Whitehead products by the same symbol).
By Samelson [Sam], one has

W7(5J7(2)) S 7r6(t/(2)) TT6(S£/(2)) TT6(53) ^ Z/12,
precisely generated by [x\,xf\. This shows that for these particular values

of x, g-dim(x) 2 if and only if ab is a multiple of 12. This completes the

proof.

Remark 9.2.

i) Borel and Hirzebruch in [BoHi] (p. 355), applying Bott's results of
[Bottl], have proved that

*2n+i(BU(n)) 7T2n(SU(n)) S Z/nl (n > 2),

hence ttj(BU(3)) Z/6. Moreover, Corollary 8.3 shows that the order of
[xi, x2] in wj(BU(3)) is 6 ; it is consequently a generator.

ii) As already alluded to, we have just proved that S4 x S4 has its positive
cone strictly contained in its 7-cone, although it is a torsion-free space.
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B) As for S4 x S4, classical results from the theory of homotopy groups
of the unitary groups allow one to compute the positive cone of S4 x S6. In
this case, it coincides with the 7-cone.

Theorem 9.3. For the product S4 xS6, one has

K+(S4 x S6) KC(S4 x S6) K7(S4 x S6).

The latter is described in Theorem 7.1.

Proof. By Lundell's tables [Lun] (see also [Mim]) and by Remark i)
above, one has

7t9(5C/(3)) ^ Z/12 and tt9(BU(4)) Z/24

Corollary 8.3 shows that [x\1 X2] is of order 12 in tt9(BU(4)). By naturality
of the Whitehead product, the homomorphism y* tt9 (/), induced by
the map j: BU(3) —> BU(4), takes the product [xu x2] G tt9(BU(3)) to
[xu x2] G tt9(BU(4)). This implies that [xu x2] is of order 12 in tt9(BU(3))
too, and that [ax1, bx2] vanishes in tt9(BU(3)) precisely when it is zero in
it9(BU{4)). Together with Theorem 8.2, this completes the proof.

Remark 9.4. This proof shows in particular that [x\, x2] is a generator
of 7t9(BU(3)) Z/12 and that the map j*: tt9(BU(3)) —* tt9(BU(4)) is
injective.

C) By similar methods, we now show that the positive cone and the

7-cone coincide for S6 x S6 and then for S6 x Ss.

THEOREM 9.5. For the product S6 xS6, one has

K+(S6 x S6) KC(S6 x S6) K7(S6 x S6).

The latter is given by Theorem 7.1.

Proof. By Lundell's tables [Lun] (see also [Mim]), one has

irn(BU(3)) ^ Z/30 and tth(BU(5)) Z/120.

Corollary 8.3 shows that [x\, x2] is of order 30 in 7rn(BU(5)). By naturality,
the map y* 7rn(j), induced by j: BU{3) —» BU(5), takes the Whitehead
product [xux2] G 7rn(BU(3)) to [xu x2] G nn{BU(5)). This implies that
[x\,x2] is of order 30 in nn(BU(3)) too, and that [0x1,^2] vanishes
in 7Tu(BU(3)) precisely when it is zero in 7rn(BU(5)). Together with
Theorem 8.2, this completes the proof.
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Remark 9.6.

i) This shows that [x{, x2] generates ttu(BU(3)) Z/30 and that the map

j* : nn(BU(3)) —> nn(BU(5)) is injective.

ii) We were also able to prove this theorem without appealing to results

on homotopy groups of BU(n). Using spectral sequence arguments, we have

computed the first few stages of the Moore-Postnikov tower of the map

BSU(3) —> BSU{5). This computation, being extremely lengthy, is not given

here (see [Matt]).

Now we move on to the product S6 x S8.

THEOREM 9.7. For the product S6 x58, one has

K+(S6 x S8) - KC(S6 x S8) K7(S6 x S8).

The latter is described in Theorem 7.1.

Proof. By Lundell's tables [Lun] (see also [Mim]), one has

7rö(£t/(4)) SS Z/60 and nn(BU(fi)) Z/720

Corollary 8.3 shows that [x\, x2] is of order 60 in n\3(BU(6)). By naturality,
the map jm — ti\2(/), induced by j: BU(4) —» BU(6), takes the Whitehead

product [xux2] e tti3(BU(4)) to [xu x2] C ti\3{BU(6)). This implies that

[x\, x2] is of order 60 in iri3(BU(4)) too, and that [axu bx2] vanishes

in ti\3(BU(4)) precisely when it is zero in ti\3{BU{6)). Together with
Theorem 8.2, this completes the proof.

Remark 9.8. The proof shows that [x{l x2] is a generator of the group
TT\3(BU(4)) Z/60 and that the map j* : wn(BU(4f) —> 3{BU{6)) is

injective.

10. "Gaps in cohomology" and the 7-cone

In the present section, we are interested in spaces having a "gap in
cohomology", more precisely we look at spaces obtained by attaching a

single large-dimensional cell to a finite CW-complex Y. For such spaces,
the integral cohomology is zero between the dimension of Y and the top-
dimensional class. The products Sn x Sm are typical examples (see Section 8).
For this kind of spaces, the c-cone obviously cannot give information in the
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