
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 47 (2001)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: ON AN ASSERTION IN RIEMANN'S HABILITATIONSVORTRAG

Autor: Di SCALA, Antonio J.

Bibliographie

DOI: https://doi.org/10.5169/seals-65428

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 25.11.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-65428
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


62 A. J. DI SCALA

5. Concluding comments

In order to solve the local equivalence problem (i.e. when two metrics

gi, g2 on a differentiable manifold Mn differ (locally) by a diffeo-
morphism), Riemann tried to compute n0-^- Diff(Mn)-equivariant functions
(i.e. K(g2)(p) K(gi)(f(p)) for all / G Diff(M"), p G Mn, g2 =/*gi). The
Gaussian curvature K is such a function when n — 2. To do this, Riemann

expanded the metric in normal coordinates and defined a map Q from Mn,
the space of Riemannian metrics on Mn, to C°°(G2(MW)), where G2(Mn)
is the two-Grassmannian bundle over Mn. In other words, Q(g)(7Tp) is the

sectional curvature of the 2-plane ttp at p G Mn with respect to the metric g.
Then he said that "... if the curvature is given in surface directions at

every point, then the metric relations of the manifold may be determined..."
[Sp2, p. 144]. More precisely, Riemann took nindependent sections tr#
of the bundle G2(Mn) and he defined the nfunctions by composing with

Q (i.e. a map from Mn to {Cco(Mn)}n~21 Perhaps the expression of Q

in coordinates, the two-dimensional flat case and the counting argument led
Riemann to the wrong conclusion that Q can be recovered from evaluation in

independent 2-planes. It is hard to believe that he did not observe that
this map is not actually a Diff(Mn)-equivariant morphism, as follows from the

fact that a generic diffeomorphism does not preserve the 7r# (i.e. /*7T/y ^ 7r^)
when n > 2.

Remark 5.1. A way of defining nü~y- Diff(Mrt)-equivariant functions
from Mn to C°°(M") such that:

(i) if n 2 then the function is the Gauss curvature K ;

(ii) if the functions vanish identically then the metric g is flat;
is as follows. Regarding the curvature tensor R as a symmetric endomorphism
of the second exterior product bundle f\2(Mn) one can take the characteristic

polynomial xrQO °f Then the coefficients of Xr(X) are the required n1^
functions.
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