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L'Enseignement Mathématique, t. 47 (2001), p. 329-407

GROUPS ACTING ON THE CIRCLE

by Étienne Ghys

1. Introduction

The classical theory of dynamical systems studies the orbit structure of a

homeomorphism or of a flow on a manifold, i.e. of actions of the group Z
or R. This theory can be generalized to actions of an arbitrary group F on a

manifold. These notes propose a survey of some results concerning the case
where the group F is quite arbitrary and the manifold is the circle or the real
line.

This paper covers a very small part of the theory. We decided to discuss

only the topological aspect; this is a pity since the theory of groups of
smooth diffeomorphisms is so rich For instance, we would have liked to
discuss the so called "level theory" around Sacksteder's theorem or problems
related to structural stability. Even in the restricted domain of topological
dynamics, these notes are incomplete; we should have discussed at least the
remarkable classification of convergence groups due to Tukia, Casson-Jungreis,
Gabai [15, 24]... The author hopes that in the near future he will be able to
write a reasonably complete survey on this area.

Our main goal is to provide a motivation for our paper on actions of
higher rank lattices on the circle [26]. Section 3 describes some important
examples of group actions on the circle. Section 4 reviews some of the main
topological and algebraic properties of the group of homeomorphisms of the
circle. In Sections 5 and 6 we describe the interplay between the classical
rotation number and the cohomological invariant given by the Euler class.
Finally, in Section 7 we discuss recent results concerning actions of lattices
on the circle. Subsection 7.2 is essentially an extract from [26].

A first version of these notes was prepared for the 13th ELAM in Lima,
in June 1999.

I would like to thank John Crisp, Bruno Sévennec and Dave Witte for
interesting comments on this text.
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2. Some classical definitions

We begin with some very general definitions concerning group actions.

For an introduction to this subject, we refer to [42].

Let r be any group and X be any topological space. An action of T on X
is a homomorphism <j> from T to the group Homeo(X) of homeomorphisms
of X. An element 7 G T and a point x G X produce the point 7-x <$(7)(x).

Conversely a map

(7, x) g r x X t—> 7 • x G X
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comes from an action if for every 7, the point 7 •% depends continuously

on x and if for every 71,72 we have 71 • (72 • x) (7172) • x and e.x x
(e denotes the identity element in T).

Two actions <f>\ and of T on X\ and X2 are conjugate if there exists

a homeomorphism h from X\ to X2 such that for every 7 G T, one has

<h (7) h<t>\(n)hrl.

An action f is faithful if it is injective, i.e. if non trivial elements in the

group act non trivially on the space. This is a minor assumption since we can

always consider the associated faithful action of the quotient group T/ ker(</>).

The orbit of a point x is the set ö(x) {f(j)(x) | 7 G T} C X. The main

object of topological dynamics is to study the topological properties of the

partition of X into orbits. An action is transitive if there is only one orbit.
We say in this case that X is homogeneous under the action of T. Of course,
these transitive actions are quite trivial from the topological dynamics point
of view but this does not mean that the geometrical study of homogeneous

spaces is not interesting
The stabilizer of the point x is the subgroup

Stab(x) {7 G T I <j>(7)(x) x} C T.

There is a natural bijection between the quotient T/ Stab(x) and the orbit
ö(x). Note that the stabilizers of two points in the same orbit are conjugate
subgroups in T. An action is free if the stabilizer of every point is trivial, i.e.

if the action of a non trivial element of T has no fixed point.
In some cases, T might be a topological group. In these cases, we frequently

consider continuous actions such that 7• x is a continuous function on TxX.
The orbit map bijection from T/ Stab(x) to 0(x) is continuous but is usually
not a homeomorphism when G(x) is equipped with the induced topology
from X. The easiest non trivial example is the case where F R, i.e. of
a topological flow : if the stabilizer of a point x is trivial, the orbit 0{x) is
the image of a continuous bijection R — 0(x) C X but in many cases this
orbit might be recurrent (for instance dense in X) and this bijection is not a

homeomorphism. There is however a special case in which this map is indeed
a homeomorphism and we use this fact constantly (and sometimes implicitely)
in these notes. Consider a Lie group G acting continuously and transitively
on a manifold M and denote by H the stabilizer of a point. Then H is a
closed subgroup of G, hence a closed Lie subgroup, and the quotient space
G/H is naturally a smooth manifold. In this case, the orbit map from G/H
to M is a homeomorphism.
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3. TWO BASIC EXAMPLES

Up to homeomorphism, the circle is the only compact connected 1 -dimensional

manifold: this is probably the reason why we meet so many circles
in mathematics... We can think of the circle S1 in many ways. We can first
consider it as the unit circle in R2 but we can also see it as the abstract
1-dimensional manifold which is the quotient of the real line R by the
subgroup of integers Z. From this point of view, S1 can be thought of as

being an abelian group, isomorphic to SO(2, R) or to the 1 -dimensional torus.
The circle can also be considered as the real projective line RP1 consisting
of lines in R2 going through the origin (identified with R U {oo} by taking
the slope of a line).

"
R

(S
I

R/Zo
Figure 1

RP1

RP1

Going from one point of view to another is easy, the identifications being
given by:

t G R/Z I >(cos(27rt),sin(2-7rt)) G S1 c R2

t G R/Z I >tan(7Tt)GR U {00} RP1

S G RP1 H-> T~r~l) G S1
•

I + s1 1 +
In this first section, we would like to give two very basic examples of

groups acting on the circle which will play a central role in these lecture
notes. The properties of these examples will be detailed in this text and we
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could say that a major theme of research would be to show that many groups
acting on the circle can be reduced to them.

3.1 The projective group

The linear group GL(2, R) consists of 2 x 2 real invertible matrices. Its
center is the group of scalar matrices and the quotient of GL(2, R) by this
center is denoted by PGL(2,R) and called the projective group. There is a
natural (projective) action of PGL(2,R) on the circle (seen as RP1). Indeed,
GL(2, R) acts linearly on R2 and induces an action on the set of lines in
R2 going through the origin, which is RP1 by definition. A formula for the
action is given by:

([^],x)ePGL(2,R)xRP1 ^ ^±2 gRPi.
I

c a cx T u
I We use a (square) bracket to denote the equivalence class modulo scalar
I matrices. Note that the group PGL(2, R) has two connected components given
J by the sign of the determinant. The component of the identity is isomorphic
j to PSL(2, R), which is the quotient of the unimodular group SL(2,R) by its

j; center which consists of ±Id. The action of an element of PGL(2,R) on the
i circle preserves or reverses orientation according to the sign of its determinant.
p An important feature of this action is that it extends to the disc. The
I real projective line RP1 sits naturally inside the complex projective line
j! CP1 ~ C U {oo} which is the Riemann sphere. In the same way, the real
j'i projective group PGL(2,R) is a subgroup of the complex projective group
j, PGL(2, C) which acts on the Riemann sphere by Mœbius transformations.
{j

OO

Figure 2

Hence we get an action of PGL(2,R) on the Riemann sphere CP1
preserving the circle RP1. The complement of this circle in this sphere consists
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of two discs which are preserved or permuted by an element of PGL(2,R)
according to the sign of the determinant. In the obvious coordinates, the circle
RP1 is the real axis in CP1 C U {00} plus the point at infinity. Denote by
TL C C C CP1 the upper half space, i.e. the set of complex numbers z with
positive imaginary part : this is one of the two components of the complement
of RP1 in CP1. We get an action of PSL(2, R) on H which extends the

action of PSL(2, R) on the boundary RP1. This extension is holomorphic and

is actually an isometric action when we equip H with its Poincaré metric
(see for instance [67]).

The group PSL(2,R) and the rotation group SO(3,R) are the only simple
Lie groups of real dimension 3 and there is no non trivial simple Lie group of
lower dimension [58]. This may explain why several versions of these groups
occur in mathematics. We give one of them, showing a different aspect of the

action of PSL(2,R) on the circle.
Consider the quadratic form Q x2+x2—x2 on R3. Its group of isometries

is denoted by 0(2,1). This group has four connected components (see for
example [54]) and it turns out that the component of the identity is isomorphic
to PSL(2,R). A simple way to check this fact is to consider the action of
GL(2, R) on the space M(2, R) of 2 x 2 matrices given by conjugation :

(A,M) GL(2, R) x M(2, R) AMA~l.

Note that this action factors through an action of PGL(2, R) since the center

acts of course trivially. We can moreover restrict this action to the invariant
3 -dimensional vector space E consisting of matrices whose trace is 0. Finally,
we observe that the determinant of M provides an invariant quadratic form on
E. It is easy to check that the signature of this quadratic form is (—,—,+) so

that, using suitable coordinates, we get an injection of PGL(2,R) in 0(2,1).
This injection gives the promised identification between PSL(2,R) and the

connected component of the identity in 0(2,1). Figure 3 shows The orbits of
this linear action on E.

Since 0(2,1) acts linearly on R3, it acts projectively on the projective
plane RP2 consisting of lines in R3. The zero locus of Q in R3 is a cone
which projects to a conic C in RP2 invariant under 0(2,1). As any non

degenerate conic in the projective plane can be rationally parametrized by
RP1, we get an action of 0(2,1) on the circle RP1. The reader will easily
check that we get, up to conjugacy and identifications, the same action of
PSL(2, R) on RP1 that we described earlier.

The conic C bounds two domains in RP2. One of them is homeomorphic
to a disc and is the projection of the set of points for which Q < 0 : it
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is called its interior and is denoted by D. The exterior is homeomorphic to
a Mœbius band. Hence we can think of the circle C ~ RP1 ~ S1 as the

boundary of a disc D c RP2 on which PGL(2, R) acts projectively. We have
extended the action of PGL(2, R) on the circle to an action on the disc. This
is the Klein model.

Of course, the two extensions of the action of PSL(2, R) on a disc are
conjugate, even though they don't quite look the same. The first one is
conformai in one complex variable and the second one is projective in two
real variables. There are several ways of describing a conjugacy between
these two actions [67]. The following one is nice and not so well known.
Consider the linear action of PSL(2,R) on the 3-dimensional vector space
of polynomials of the second degree 2 + bXY + 2by linear change of
coordinates. The discriminant b2 - 4ac defines an invariant quadratic form of
signature (+,+,-). Hence, we can identify this linear action with the linear
action of the identity component of 0(2,1) that we considered above. Now
any polynomial in the negative cone of the discriminant defines a polynomial
aX2 + bX + c with two complex conjugate roots. Hence, we can define a

map from the disc D to the upper half plane H sending the line through
the polynomial to the unique root in H. This map is obviously a conjugation

I
between the two actions of PSL(2,R) on V and H. Note however that
the two actions of PSL(2, R) on RP2 and CP1 that we constructed are not
conjugate since RP2 and CP1 are not homeomorphic

\\ The action of PSL(2,R) on the circle that we described is well known
and there is not much to say about its dynamics since it has only one orbit
In order to get examples which are interesting from the dynamical point of
view, we should restrict it to suitable subgroups of PSL(2, R). We mention the
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fuchsian groups which are by definition the discrete subgroups of PSL(2,R).
These groups come from many parts of mathematics, in particular from number
theory. For instance, the modular group PSL(2, Z) is fundamental in the study
of quadratic forms in two variables over the integers and its action on RP1
or on 7~i is one of the main tools to understand it. Gauss began, its analysis
m his famous Disquisitiones and the modular group might be the first non-
commutative group to have been been studied in the history of mathematics.
As another example, consider a quadratic form in three variables with integral
coefficients and signature (+, +, —) ; the group of its isometries with integer
coefficients is of course a fuchsian group. This was another motivation for
Poincaré when he studied these groups [60]. We also want to emphasize that
not only the discrete groups of PSL(2, R) might be interesting, even from
the number theoretical point of view. Examples can be given by taking a
number field k embedded in R and looking at the ring of integers Ö in this
field (for instance Z[v/2] in Q(\/2)). The group PSL(2, O) of elements of
PSL(2, R) with entries in Ö is a very important one (even though it is dense
in PSL(2, R) if k is not the field of rational numbers).

3.2 PlECEWISE LINEAR GROUPS

Our second example is a much bigger group : the group of piecewise linear
homeomorphisms of the circle S*, considered here as R/Z. A homeomorphism
/ of the real line R is called piecewise linear if there is an increasing sequence
of real numbers xt parametrized by i e Z such that lim±00x; d=oo and
such that the restriction off to each interval [xhxi+i] coincides with an affine
map. If such a homeomorphism satisfies f(x + 1) f(x) + 1 for all x, then it
induces a homeomorphism of the circle S1 - R/Z. Such a homeomorphism of
S1 is called a piecewise linear homeomorphism of the circle. Note that, by our
definition, we are only considering orientation preserving homeomorphisms of
the circle. The collection of these homeomorphisms is a group denoted by
PL+(S1).

Again, this group is acting transitively on the circle so there is not much
to say about its orbits... However PL+(S!) contains some very interesting
subgroups which will provide good examples of some dynamical phenomena
on the circle. We shall mention only one of them.

The Thompson group, denoted by G, is a countable subgroup of PL+(S1)
which has been studied quite a lot recently and deserves more attention. Some
of its properties will be mentioned in these notes, in particular as a source
of (counter)-examples. To define it, we consider first the group G consisting
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of piecewise linear homeomorphisms / of R which have the following four

properties.

• The sequence jq can be chosen in such a way that and f(xi) consist

of dyadic rational numbers (i.e. of the form p2q, p,q G Z).

• The set of dyadic rational numbers is preserved by /.
• The derivatives of the restrictions of / to ]x;,xî+i[ are powers of 2 (i.e.

of the form 2q, q G Z).

• One has f(x + 1) =f(x) + 1 for all x.

The elements of G induce homeomorphisms of the circle S1 ~ R/Z.
The collection of these homeomorphisms is the Thompson group G. Figure
4 shows the graphs of two typical elements of G.

Among the nice properties of G, we mention first the fact that G is
an infinite finitely presented simple group. This was the main motivation for
Thompson: indeed G was the first example of such a group (recall that a

group is called simple if it contains no proper normal subgroup).
We also mention a connection with the modular group PSL(2, Z) acting on

RP1. Consider the group of homeomorphisms of RP1 which are piecewise-
PSL(2, Z), i.e. for which one can partition RP1 as a finite union of intervals
with rational endpoints in such a way that on each of these intervals, the
homeomorphism coincides with an element of PSL(2, Z). It turns out that
there is a homeomorphism h from R/Z to RP1 mapping the dyadic points
in R/Z to the rational points of QP1 and conjugating the Thompson group
G with this group of piecewise-PSL(2, Z)

Somehow, we could say that G sits inside PL+CS1) like a fuchsian group
sits inside PSL(2, R). For more information concerning this group, see [13, 28].
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4. The group of homeomorphisms of the circle

We denote by Homeo_)_(S1) the group of orientation preserving
homeomorphisms of the circle S1. In this section, we want to describe the main
properties of this group.

Denote by Homeo_f_(S1) thejgroup of homeomorphisms / of the real
line R which satisfy /(x + 1) /(x) + 1 for all x, i.e. which commute with
integral translations. Every element of Homeo_)_(S1) defines a homeomorphism
of the circle which is orientation preserving, so that we get a homomorphism
p from Homeo+CS1) to Homeo_|_(S1). The kernel of p consists of integral
translations of the real line. Moreover p is onto: any orientation preserving
homeomorphism of the circle lifts to a homeomorphism of its universal
covering space, which is the line R, commuting with integral translations. In
other words, we have an exact sequence:

0 —> Z —> Homeo+CS1) Homeo+CS1) -> 1.

We say that Homeo+CS1) is a central extension of Homeo+ÇS1).

Equipped with the topology of uniform convergence, these groups are
naturally topological groups.

We would like to turn these groups into infinite dimensional Lie groups.
It is not so easy to do so for many reasons. One of the difficulties is that
it is not true that an element of Homeo+CS1) close to the identity lies
on a 1-parameter subgroup (see 5.10). For an excellent survey on infinite
dimensional Lie groups, we refer to [53]. In any case, it is customary to think
of these homeomorphism groups as "some kind of infinite dimensional Lie
groups". For a recent study of the "Lie algebra" of Homeo+CS1), see [47].

Even though Homeo+CS1) is not quite a Lie group, it shares many
properties with finite dimensional Lie groups. More precisely, we shall try
to show that Homeo+CS1) is a kind of infinite dimensional analogue of
PSL(2,R).

Lie groups admit a maximal compact subgroup K, unique up to conjugacy,
and the embedding of K in the Lie group is a homotopy equivalence (see
for instance [58]). In case of PSL(2,R), the maximal compact subgroup
is SO(2, R)/{±Id} ùt R/Z and the quotient of PSL(2,R) by its maximal
compact subgroup is contractible since it is identified with the upper half
space H (we remark that PSL(2,R) acts transitively on H and that the
stabilizer of a point is a maximal compact subgroup).

The same result is true for the group of homeomorphisms of the circle :
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Proposition 4.1. Up to conjugacy, the rotation group SO(2,R) is the

only maximal compact subgroup of Homeo^S1).

Proof Let K be a compact subgroup in Homeo+CS1) and À its Haar

probability measure, i.e. the unique probability measure on K which is invariant

under left (and right) translations in K (see for instance [69]). Each element

k of K sends the Lebesgue measure dx of the circle R/Z to a probability
measure k^dx on the circle. Averaging using A, we get a probability measure

p fK(k*dx)d\ on the circle which is invariant under the action of K. This

measure p obviously has no atom and is non zero on non empty open sets.

It follows that there is an orientation preserving homeomorphism h of the

circle such that h*p dx. This is a very special case of a theorem which is

valid in any dimension but the proof is very easy on the circle. Indeed, fix
a point xo on the circle (for instance 0 mod Z) and define h(x) to be the

unique point such that the p -measure of the positive interval from xo to x
is equal to the Lebesgue measure of the positive interval from xo to h(x).
The existence and continuity of h follow from the properties of p and the

fact that h sends p to the Lebesgue measure is obvious from the definition.
Now, after conjugating K by h, we get a group of orientation preserving
homeomorphisms of the circle preserving the Lebesgue measure, i.e. a group
of rotations. Hence, some conjugate of K is contained in SO(2,R).

Note in particular that the proposition implies that any finite subgroup of
Homeo+(S1) is cyclic and is conjugate to a cyclic group of rotations.

PROPOSITION 4.2. The embedding of SO(2, R) in Homeo+(S1) is a
homotopy equivalence.

Proof Observe first that the group of orientation preserving homeomorphisms

of the line R is a convex set since it is the set of strictly increasing
functions from R to R tending to ±oo as the variable tends to ±oo. Consider
the group H6nîeo+(S1). An element / of this group can be written in the
form /(x) x-H(x) where t is a Z-periodic function. Now, any such periodic
function can be written in a unique way in the form c0 4- to where c0 is a
constant and t0 is a periodic function whose average value over a period is
0. If 0 < s < 1 is a parameter, we define fs by fs(x) x + c0 + (1 - s)t0(x).
We have f0=f and fx is a translation. It follows from our preliminary
observation that for each s in [0,1], fs is a homeomorphism in H6meo+(S1).
Hence we get a continuous retraction of Homeo+(S1) on the subgroup of
translations of R, isomorphic to R. Note also that this retraction commutes



340 E. GHYS

with integral translations, since the average value of t(x) +1 over a period is
of course co + 1. In other words, we can define a continuous retraction from
the quotient group Homeo_)_(S1) Homeo_|_(SI)/Z onto the group of rotations
SO(2,R) ~ R/Z. This is the homotopy equivalence that we were looking for.
Observe that we actually proved something a little bit stronger: Homeo+fS1)
is homeomorphic to the product of SO(2, R) and a convex set. Ö

We should not only consider Homeo+CS1) as a kind of Lie group but
as an analogue of a simple Lie group (as for example PSL(2,R)) for which
there is a well developed and wonderful theory (see for instance [58]).

Theorem 4.3. The group Homeo+(S1) is simple.

Proof. Recall that if T is any group, its first commutator subgroup T'cT
is the subgroup generated by commutators [Ti, T2] 7i727|~

' ' of elements
71,72 in T (see [46]). A group is called perfect if it is equal to its first
commutator group, i.e. if every element is a product of commutators.

We shall establish later that Homeo+(S1) is perfect (see 5.11). (Note that
the corresponding statement for diffeomorphism groups is also true and much
harder to prove but we decided not to discuss groups of diffeomorphisms...)
We now show that this implies quite formally the simplicity of Homeo+(S1).
The reader will find in [18] a general theorem stating that a perfect group of
homeomorphisms of a manifold which is acting "sufficiently transitively on
finite sets" is necessarily a simple group (see also [2]). The proof we present
here is an adaptation of this argument.

Recall that the support of a homeomorphism is the closure of the set
of points which are not fixed. Let A be a non trivial normal subgroup in
Homeo+(S1) and suppose / is some element of Homeo+(S1) whose support
is contained in some compact intervalIcS1. Let be a non trivial element
of Aand choose some closed interval in S1 which is disjoint from its image
under no. Observe that Homeo+(S1) acts transitively on closed intervals in
the circle. Conjugating n0 by a suitable element of Homeo+(S1), we can
therefore find an element ninAsuch that nil) is disjoint from I. Consider
now the commutator gnf' nf. It is an element of A since A is a normal
subgroup. Moreover, it is clear that g agrees with / on /, with n~lf~ln on

and with the identity in the complement of these two disjoint intervals.
Consider now two elements f and f2 of Homeo_j_(S1) whose supports are

contained in the same interval I. We can find elements and n2 of A such
that the intervals 7, (J) and n.^ '(/) are disjoint. Then the two elements
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91 ~ n\ '/i ' wi/i and g2 nf1f2fln2f2are in and their commutator is
equal to the commutator of fand f2.So we showed that the commutator of
two elements of Hotneo+(S' having support contained in the same interval
is in N.

Cover the circle by three intervals /i,/2,/3 with empty triple intersection
but with non empty intersection two by two. Let Gi, G3 be the subgroups
of homeomorphisms with supports in I\, and /3 respectively and denote by
G the subgroup of Homeo_|_(S1 that they generate. If a group is generated
by a subset, its first commutator subgroup is generated by conjugates of
commutators of elements in this subset. It follows that the first commutator
subgroup of G is generated by conjugates of commutators of elements in
Gl U G2UG3. Since the union of two of the intervals f ,I2,I3 is not the full
circle, it is contained in some compact interval. Hence we can use the above
argument to conclude that the commutator of two elements in Gi U U G3
is in N .It follows that N contains the first commutator subgroup of G.

We finally prove that G coincides with Homeo+(S') and this will prove the
proposition since we know that Homeo+(S1) is equal to its first commutator
subgroup (actually we postponed the proof to 5.11 Let x1;2,x2>3,x3)i be

I ; points in the interiors of /in/2,/2n/3,/3n/i respectively. Let / be an element of
Homeo+fS' j close enough to the identity so that /(xii2),/(x2>3),/(x3ji) are in
the interiors of ljn/2, /2n/3, /3n/i respectively. Then, we can find (commuting)

J elements g\,g2,g2 of Homeo+(S') with supports in f " n /3./3 i /,
I respectively, agreeing with / in neighbourhoods of x1;2,x2i3,x3>1. Hence

9\ 92
'

<?3 '/ is the identity in neighbourhoods of xi>2,x2>3,x3>1 and is therefore
a Product of three elements of G, U G2 U G3. This shows that every element

/ of Homeo+(S1) close enough to the identity is an element of G. The general
; case follows from the well known fact that a connected topological group is
I generated by any neighbourhood of the identity.

' As a corollary of Proposition 4.2, the fundamental group of Homeo+(S')
I is Z so that for each integer k > 1 there is a unique connected covering
; space Homeo^+(S1) of Homeo+(S1) with k sheets. In the same way, there
iis a unique connected covering space PSL^(2, R) of PSL(2, R) with k sheets.

I
11 1S easy t0 construct these coverings explicitly. Consider a &-fold cover of

I the circle onto itself. Any element of Homeo+(S1) can be lifted to exactly k
homeomorphisms of the circle and Homeo,i+(S1) consists of the collection
of all the lifts of all homeomorphisms. Another way of expressing the same
thing is the following. Consider the finite cyclic group of rotations of order k
acting on the circle R/Z. Then we can consider the subgroup of Homeo+(S')
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consisting of homeomorphisms commuting with this cyclic group : this is a

group isomorphic to Homeo^+CS1). This presentation has the advantage of
expressing Homeo^+CS1) as a subgroup of Homeo_f_(S1). Analogously, we
can realize PSL*(2,R) as the group of lifts of elements of PSL(2,R) to the
k-fold cover of RP1. This A:-fold cover is homeomorphic to a circle so that
PSLfc(2, R) can be realized as a subgroup of Homeo^+CS1) (of course up to
conjugacy). Note however that PSL^(2, R) cannot be realized as a subgroup
of PSL(2, R).

Summing up, for each integer k > 1, we have well defined conjugacy
classes of subgroups PSLjt(2,R) and Homeo^+CS1) in Homeo+tS1). The
first ones are finite dimensional and the second ones are very close to the full
group of homeomorphisms, something like "finite codimension subgroups".

PROBLEM 4.4. Let T be a closed subgroup of Homeo+(S1) acting
transitively on the circle. Is F conjugate to one of the subgroups SO(2, R),
PSLjt(2,R) or Homeo^+CS1)

Informally, this problem asks whether there is an interesting geometry on
the circle besides projective geometry. For instance, the analogous question
for the group of homeomorphisms of the 2-sphere would have a negative
answer: besides finite dimensional Lie groups acting on the 2-sphere, there
is the group of area preserving homeomorphisms which acts transitively and
is "much smaller" than the full group of homeomorphisms of the 2-sphere.

Let F2 be the free group on two generators. It is very easy to construct
explicit examples of embeddings of F2 in SL(2,R) (see for instance [31]). It
follows that for a generic choice of two elements of SL(2, R), the subgroup
that they generate is free. Indeed, let / and g be two elements in SL(2,R).
There is a homomorphism i from F2 to SL(2, R) sending the first and the
second generator to / and g respectively. In practice, if w is a non trivial
element of F2 seen as a word in the two generators and their inverses,
i(w) w(f, g) is obtained by substituting / and g to the two generators
of F2 in w. Let Xw c SL(2,R) x SL(2,R) be the set of (/,#) such that
w(f,g) Id. This is a real algebraic subset of the algebraic irreducible affine
variety SL(2, R) x SL(2, R) which is not everything since otherwise SL(2, R)
would not contain any free subgroup on two generators. Therefore the set of
couples (/, g) which generate a free subgroup is the complement of a countable
union of proper algebraic submanifolds of SL(2, R) x SL(2, R). Hence for a

generic choice of (/, g) (in the sense of Baire), the group generated by (/, g)
is free.
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We now prove the analogous statement for the group of homeomorphisms

(which is not an algebraic group).

Proposition 4.5. For a generic set of pairs (f,g) of elements of
Homeo+CS1) (in the sense of Baire), the group generated by (f,g) is a

free group on two generators.

Proof First observe that the topology of Homeo+CS1) can be defined by

a complete metric. It follows that Homeo+(S1) x Homeo_|_(S1) x S1 is a Baire

space, i.e. a countable intersection of dense open sets is dense. For each non

trivial w GF2,consider the closed set Xw C Homeo+lS1) x Homeo+(S ') x S1

consisting of those (f,g,x) such that w(f, g)(x) x. We shall show that

all these closed sets have empty interior. It will follow in particular that

for each non trivial word w, the set of (f,g) such that w(f,g) id has

empty interior so that, by Baire's theorem, for a generic choice of (f7g)
in Homeo+CS1) x Homeo+CS1) there is no non trivial relation of the form

w(fy g) id and the group generated by / and g is indeed free.

Assume by contradiction that some Xw has non empty interior and let w be

a word of minimal length k for which this is the case (note that k > 1 Let U

be some non empty open set of Homeo+(S1) x Homeo+(S1) x S1 contained in

Xw. For each pair of words w\,w2 of length strictly less than k, consider the

closed set of triples (/, g,x) such that wff, g)w2(f, g)(x) W2 (/, g)(x) : this

is the image of XWl by (f,g,x) ^ (/, g, w2l(f, g)(x)) and therefore has an

empty interior. Choose a triple (/, g,x) which is in U but not in these (finitely
many) closed sets with empty interiors. Write w « a\.ai. • • • .a^ where each

a-t is one of the generators or its inverse. Write w(f,g) as f\f2 • • -fk where

each f is one of f,f~\g,g~~l.
Finally, consider the sequence of points xi,... defined by x\ =f\(x),

*2 /2O1), •••> Xk-i fk-i(xk-2) Since we know that (f,g,x) G U, we
have fk(xjc-1) x. We claim that the points x,xi,...,x^—1 are different.

Indeed, the contrary would mean that some word w\ of length strictly
less than k would fix one of the points xt. Since each point x/ has the

form u>2(/, g)(x) for some w2 of length strictly less than k, the triple
(/,p,x) would be in one of these closed sets with empty interior that we
excluded.

We slightly modify (/,#) in (J\g) in such a way that the corresponding

fu...Jk still satisfy x\ =/1(x),x2 /2(xi),... ,xk-\ =fk_l(xk-2) but also

such that fk(xk~ 1) 7^ x. This is possible since x is different from X[,..., x^_ 1.

It follows that w(f,g)(x) 7^ x. This contradicts the definition of U.
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Note that this proof works equally well for the homeomorphism group of
manifolds of any dimension.

Brin and Squier have discovered the remarkable fact that the situation is

completely different in groups of piecewise linear homeomorphisms [10].

THEOREM 4.6 (Brin-Squier). The group PL+([0,1]) of piecewise linear
homeomorphisms of the interval [0,1] does not contain any non abelian free
subgroup.

Proof If / is any homeomorphism, we denote by Supp0(f) its "open
support", i.e. the set of non fixed points. Suppose by contradiction that there
exist two elements / and g of PL+([0,1]) which generate a free subgroup F2

on the generators / and g. The union I Supp0(f)U Supp0(g) is a union of a

finite number of open intervals A, Note that the commutator fgf~1g~1
has an open support whose closure is contained in I since near the boundary
of /, the maps / and g are linear and therefore commute.

Among the non trivial elements h in F2 such that the closure of Supp0(h)
is contained in /, consider an element h such that Supp0(h) meets the least

possible number of the n components of /. Let ]a,b[ be one of these

components and let [c, d\ be a interval contained in the interior of ]a,b[ and

containing Supp0(h)n]ayb[. If x is in ]a,b[ then the orbit of x under the

group F2 is contained in ]a,b[ and its upper bound is a common fixed point
of / and g so that it has to be b. It follows that there exists an element I
in the group sending c (and hence |c,d]) to the right of d. In particular the
restrictions to [a,b] of h and lhl~l commute and generate a group isomorphic
to Z2. Of course h and lhl~l don't commute in the free group generated
by / and g since otherwise they would generate a group isomorphic to Z.
Consider now the commutator of h and lhl~l. It is a non trivial element
whose support does not intersect ]a, b[ and therefore intersects .strictly fewer

components of I than h did. This contradicts our choice of h.

Finding a group which does not contain any non abelian free subgroups
is not very difficult : consider for example an abelian group However, the

interesting feature of PL+([0,1]) is that it contains no non abelian free

subgroups and satisfies no law. This means that for every non trivial word

w, we can find two elements (/,#) in PL+([0,1]) such that w(f,g) 7^ Id
(this is not difficult: see [10]). Abelian groups, on the contrary, satisfy the

law that fgf~lg~l is always the identity element.

Remark also that the proposition is not claiming that the group PL+(S1)
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does not contain any non abelian free subgroups. Indeed, it is very easy to

find free subgroups on two generators in PL-^S1) using for instance the

classical "Klein ping-pong lemma" (see [31] or Section 5.2). Later in this

paper, we shall prove that "most subgroups" of Homeo+(S1) contain free

subgroups (5.14).

4.1 Locally compact groups acting on the circle
Recall that a very important (and difficult) theorem of Montgomery and

Zippin states that a locally compact group is a Lie group if and only if
there is a neighbourhood of the identity which does not contain a non trivial
compact subgroup [40, 56]. We know the structure of compact subgroups
of Homeo+(S1) : they are conjugate to subgroups of SO(2, R) and therefore

they are either finite cyclic groups or conjugate to SO(2, R). None of these

subgroups can be in a small neighbourhood of the identity. Indeed, consider
the neighbourhood U of the identity in Homeo+(R/Z) consisting of those

homeomorphisms / such that the distance between x and f{x) is less than 1/3
for all x in R/Z. Every element / in U has a unique lift / in Homeo+(R/Z)
which is such that |/(x)-x| <1/3 for all x in R. Of course, if /, g and fg are

in U, we have fg fg. In particular, if there were a non trivial subgroup H
contained in U this subgroup H would lift as a subgroup of Homeo+(R/Z).
Since Homeo+(R/Z) is a torsion free group and since any compact subgroup
of Homeo+(R/Z) contains elements of finite order, it follows that no non
trivial compact subgroup of Homeo+(R/Z) can lift to Homeo+(R/Z). In
particular U contains no non trivial compact subgroup. We deduce:

THEOREM 4.7. A locally compact subgroup of Homeo+(S1) is a Lie group.

It would be interesting to prove this theorem by elementary means, i.e.
without the use of the Montgomery-Zippin theorem.

Consider a connected Lie group G acting continuously and faithfully on
the circle by a homomorphism f: G — Homeo+(S1). Our objective is to
determine all such actions. Orbits of the action are connected, so they can be
of three kinds: the full circle, an open interval or a point. In other words,
there is a closed set F C S1 (which might be empty) consisting of fixed points
for the action, and the orbits which are not fixed points are the connected
components of S1 - F. So, in order to understand the action, it is basically
sufficient to understand it on each 1-dimensional orbit (homeomorphic to R
or S1). Note that the action of G on one orbit is not necessarily faithful
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anymore but, taking the quotient by the kernel, we are led to study transitive
and faithful actions of a connected Lie group on R or S1.

Denote by H the stabilizer of a point in such an orbit. This is a closed
subgroup of G, hence a Lie subgroup of codimension 1 and G acts smoothly
on the 1-dimensional manifold G/H. The Lie algebra 0 will therefore induce
a finite dimensional Lie algebra of smooth vector fields on G/H. Since G
acts transitively on G/H, for any point on G/H there is an element of this
Lie algebra which does not vanish at this point.

Consider the case of the projective action of PSL(2,R) on RP1. The
Lie algebra s 1(2,R)is the algebra of 2 x 2 real matrices with trace 0.
Taking the differential of the action at the identity, one easily checks that the
corresponding Lie algebra of vector fields is the algebra of vector fields of
the form u(x)d/dxwhere m is a polynomial of degree at most 2; thus we
get the following identification of algebras :

(ac'a)esl(2,R)_> + lax - c^)~
OX

Denote by 2Ject the Lie algebra of germs of smooth vector fields of R in
the neighbourhood of 0. The subspace TJecft of vector fields where
u vanishes at the origin together with its first derivatives is an ideal in
lUect and the quotient Lie algebra 9Jecl/2Ject* can be identified, as a vector
space with the space ijL of vector fields of the form u(x)d/dx where m is a
polynomial of degree at most k.

Note however that qjk is a subalgebra of Ttect if and only if k 0; 1

or 2. One can therefore think of q3o,qJi,qÎ2 at the same time as subalgebras
of «Uect and as quotient algebras of QJect.

The general situation was analyzed a long time ago by Lie, who found all
the possibilities [45] :

Theorem 4.8 (Lie). Let 0 be a non trivial finite dimensional Lie algebra
consisting of germs of smooth vectors fields in the neighbourhood of 0 in R.
Assume that not all these vector fields vanish at the origin. Then the dimension
of 0 isat most 3. More precisely, in suitable coordinates 0 consists of all
germs of the form u(x)d/dxwhereu is a polynomial of degree less than or
equal to k for k0,1 or2.Proof. Since one element of © does not vanish at the origin, we
can find a suitable local coordinate x such that the germ of this
element is d/dx. Let £ be the finite dimensional vector space of germs
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of functions u such that u(x)d/dx belongs to 0. Of course £

contains the constants and is stable under the operation of taking derivatives,

since the bracket [d/dx,u(x)d/dx] equals u'{x)d/dx. The successive

iterates of the linear operator induced by the derivative must be

linearly dependent. This shows that there exists a linear differential equa-

| tion with constant coefficients which is satisfied by all elements in £.
I It follows that all elements in £ are real analytic functions. Every non

trivial element u of 8 therefore has a convergent Taylor expansion of
j the form u(x) açê + with at ^ 0. Moreover, this integer i is

bounded since a solution of a linear differential equation with constant co-

| efficients which vanishes at a point together with its derivatives of orders

Ï up to the degree of the equation has to vanish identically. Choose an

element u for which the integer i is maximal. Now the algebra 0 contains

{u(x)d/dx9i/(x)d/dx] ai(x2i~2 + ..)d/dx. It follows that 2i - 2 < z, so

: that I < 2.

For each element of 0, consider the Taylor expansion of degree 2 of
the associated vector field, considered as an element of ty2 — st(2,R). This

I produces a linear map 72: 0 — ^2 which is clearly an algebra homomorphism

and which is injective by the previous argument.

If the image of j% is 1 -dimensional, then 0 consists only of constant

; multiples of d/dx. In this case, G is (locally) isomorphic to R and the Lie

algebra of H is trivial, which means that H is discrete.

Suppose that the image of j2 is 3-dimensional, i.e. that j2 is an

i isomorphism. Consider the element X — d/dx of Vß2- Note that the linear

operator ad3(X): ?ß2 —> ç$2 is trivial. The vector field j2~l(X) does not

vanish at the origin so that we could have used it at the beginning when

we chose a local coordinate x. In other words, there is a local coordinate x
such that d/dx belongs to 0 and such that the linear operator induced by

taking bracket with d/dx is nilpotent of order 3. This means that the third
derivative of every element of £ vanishes. In suitable coordinates 0 coincides

II with polynomial vector fields of degree at most 2. In this case, G is locally
II isomorphic to SL(2,R) and H is locally isomorphic to the group of upper
i triangular matrices.

j Suppose finally that the image of j2 is 2-dimensional. This means that
H the Taylor expansion of order 1 is an isomorphism j\ : 0 —> and one

can reproduce the above proof with the nilpotent operator of order 2 induced

by d/dx. In this case, G is locally isomorphic to the 2-dimensional group
of upper triangular matrices in SL(2, R) and H is locally isomorphic to the

ij 1-dimensional subgroup of unipotent matrices.
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This theorem gives a complete local description of transitive actions of a

Lie group. It is not difficult to deduce the complete classification of transitive

and faithful actions of connected Lie groups on 1 -manifolds. Up to conjugacy,

the list is the following.

• The action of R on itself.

• The action of the circle R/ÀZ on itself (for À > 0).

• The action of the affine group Aff+(R) on R.

• The action of the A:-fold cover PSL^(2,R) of PSL(2,R) on the circle,
described in Section 4 (for k > 1

• The action of the universal cover SL(2, R) of SL(2, R) on the universal

cover of S1.

Loosely speaking, we could say that there are three geometries of finite type

on 1 -manifolds : euclidean, affine and projective.

The full description of faithful non transitive actions of a connected Lie

group G on the circle is now easy in principle. We should choose a closed

set FcS1 consisting of fixed points and for each connected component I
of the complement of F, the action is described by some surjection from G

to R, Aff+(R), PSL*(2,R) or SL(2,R).
As a trivial example, we get the description of topological flows on the

circle, i.e. of actions of R on the circle. If such a flow is transitive, it is

conjugate to the action of R on the circle R/ÀZ for some À > 0 (the "period"
of the flow). If it is not transitive, it has a non empty set of fixed points

F C S1 and the conjugacy class is completely described by the orientation:

on each component of S1 - F, the flow is positive or negative.

Finally, we should describe the actions of non connected Lie groups G.

Let Go be the connected component of the identity in G so that we already

understand the action of G0. Observe that G0 is a normal subgroup of G so

that the action of G preserves F and permutes the connected components of
S1 - F. It is not easy to fully analyze this situation but it is quite clear that

when G0 is non trivial, its normalizer is usually very small. We leave to the

reader the details of this analysis. Of course, when G0 is trivial, i.e. when

G is discrete, the previous discussion has no content. Hence among locally

compact groups acting on the circle, the most interesting ones are the discrete

groups.
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5. Rotation numbers

5.1 Dynamics of a single homeomorphism

The main invariant of homeomorphisms of the circle was introduced by

H. Poincaré (it is still very interesting to read [59]).

Let us start with an element / of Homeo+(S' a homeomorphism of

R which commutes with integral translations. Observe that if two^points x, y

in R differ by at most 1, the same is true for their images by /. It follows

that for any two points y,y', theMwojrumbers /(y) — and /(x) — x differ

by at most 1. Let us define T(f)=/(0) »/(0)-0. If and ,/2^are two

elements of Homco+(S'), we have T(f1f2) (/i(/2(0))—/2(®)) + (/2(0) —0)

so that \T(fJ2)-T(j\) - T(f2)\ is bounded by 1. Let us formalize this

notion :

Definition 5.1. Let T be a group. A quasi-homomorphism from F to

R is a map F:T—> R such that there is a constant such that for every

7i,72 in T we have |F(7i7a) - F(71)- F(72)| < D.

The following is an easy exercise left to the reader.

Lemma 5.2. LetF:Z-> R be aquasi-homomorphism. Then, there exists

a unique real number t such that the sequence - is bounded.

As we shall see later, this lemma is far from being true if we replace the

group Z by a more general group T.

Let us restrict the quasi-homomorphism T to the group generated by a

homeomorphism /, i.e. let us consider the sequence T(f j. According to the

lemma, there is a unique number r(/) such that T(f is bounded. This

number r(/) is by definition the translation number of /. It follows from the

definition that if we compose / with an integral translation, the translation

number increases by an integer. If we consider an element / in Homeo+(S '),
the translations numbers^ of its lifts in Homéô+CS1) differ by integers so that

the element p(f) r(f) mod Z G R/Z is well defined. This is called the

rotation number of the homeomorphism /.
These definitions show that r is a quasi-homomorphism from Homeo+iS1)

to R and that it has been "normalized" so that it is a homomorphism on each

one generator subgroup, i.e. we have r(/ nr(f) for every / and every

integer n.
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Of course, it is an easy matter to check that the translation number of
the translation by r in R is r and that the rotation number of the rotation
x G R/Z i-> x+p G R/Z of "angle" p on the circle is indeed p as it should be

The next proposition is easy but is a justification for introducing these
numbers.

PROPOSITION 5.3. The translation number and the rotation number are
invariant under conjugation in Homeo_j_(S1) and Homeo_|_(S1) respectively.

Proof. This follows formally from the fact that r is a quasi-homomorphism
and is a homomorphism on one generator groups. Indeed,

r(fn) nr(f)
and

T(hfnh-1) T((hfh~lyriT(hfh-1)
differ by a bounded amount, independent of n, so that they must be equal.
This shows that the translation number is a conjugacy invariant. The assertion
concerning the rotation number follows immediately.

Let us give some universal characterization of the translation number.

Proposition 5.4 ([4]). Thetranslation number is the unique quasi-homo-
morphism r: Homeo+(S1) —* R which is a homomorphism when restricted
to one generator groups and which takes the value 1 on the translation by 1.

Proof. An easy generalization of Lemma 5.2 shows that any quasi-
homomorphism Z2 —> R differs from a homomorphism Z2 —» R by a
bounded amount. This implies that if a quasi-homomorphism Z2 —* R is a
homomorphism when restricted to one generator groups, it is a homomorphism
Z2 —> R (note that a bounded homomorphism is necessarily trivial).

Let t be another quasi-homomorphism satisfying the conditions of the
proposition. It follows from our first observation that is a homomorphism
when restricted to the (commutative) group generated by one element / and
the integral translations. Consider now the difference r - Its value
on an element / depends only on the projection of f in Homeo+(S1)
so that we get a quasi-homomorphism r: Homeo+(S1) —> R which is a
homomorphism on one generator groups. We claim that r must be trivial.
This will follow from a property of Homeo+(S') that we shall prove later
(see 5.11): any homeomorphism / in Homeo+fS1) can be written as a
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commutator [fi^fz] fififf1^- (I11 ^act we onty Prove in 5.11 that

any homeomorphism is a product of two commutators but this is enough

for the proof which follows.) Assuming this result, we see that any quasi-

homomorphism from Homeo+CS1) has to be bounded. Indeed, up to a bounded

amount, the value of the quasi-homomorphism r on / [f\ is equal to the

sum of its values on /i ,/2,/i_\/2_1 which is bounded (since Hf^ + rifi l) is

bounded). Now, a bounded quasi-homomorphism which is a homomorphism

on one generator groups is trivial so that r is zero.

We mention a very interesting problem coming from [37] :

PROBLEM 5.5 (Jankins-Neumann). Let 77 c (R/Z)3 be the set of triples

(pi, p2, P3) such that there exist three elements f\,f2,fc of Homeo+(S1) such

that /1/2./3 Id and whose rotation numbers are (pi, P2, Ps)- Can one describe

this set 1Z explicitly

In [37], the authors show that 77 has a fractal structure. First, they explicitly
describe the set 77o C (R/Z)3 of triples (pi,p2,P3) such that there exist three

elements /ib/2,/3 of some PSL^(2, R) such that /1/2/3 Id and whose

rotation numbers are (pi, P2, P3). Of course, 77o C 77 and they conjecture that
these two sets are equal. As a motivation for their conjecture, they find an

explicit set 771 such that 77o C 77 C 771 and such that 771 — 77o is "small" :

the Lebesgue measure of 77i — 77o is indeed 0.0010547 and the Lebesgue

measure of 770 is 25/8+3C(2)+3C(3)-6C(2)C(3)/C(5) ~ 0.224649208402...
(where is the Riemann £ -function). As Jankins and Neumann write, their
conjecture is therefore 99.9 % proved

We shall show that the "number" p(/) contains a lot of information on the

topological dynamics of /. Let us begin by explaining the main possibilities
for the dynamics of an arbitrary group of homeomorphisms.

PROPOSITION 5.6. Let F be any subgroup of Homeo+(S1). Then there

are three mutually exclusive possibilities.
1) There is a finite orbit.

2) All orbits are dense.

3) There is a compact T-invariant subset K C S1 which is infinite and
different from S1 and such that the orbits ofpoints in K are dense in K. This
set K is unique, contained in the closure of any orbit and is homeomorphic
to a Cantor set.
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Proof. Let us consider the collection of compact sets in S1 which are

non empty and F-invariant, ordered by inclusion. By Zorn's lemma, there is

a minimal set in this collection. Choose such a minimal set K. Note that the
closure of the orbit of any point in K is a closed non empty T-invariant
set contained in K so that it must coincide with K by minimality : the orbit
of a point in K is dense in K. Observe now that the topological boundary
dK K — interior{K) and the set K' of accumulation points of K are closed
and T-invariant. Hence, we have the following possibilities.

1 is empty. In this case, K is finite and we found a finite orbit.

2) dK is empty, so that K is the full circle. In this case, all orbits are
dense.

3) K' K and dK K, so that K is a compact perfect set in the circle
with empty interior: this is one definition of a Cantor set.

In order to prove the uniqueness of K in the last case, we show that K
is contained in the closure of any orbit. The complement of K in the circle
is a disjoint union of a countable family of open intervals. Let x be a point
in the complement of K, lying in some interval I and let a be the origin of
I (note that I is oriented). Finally, let y be any point in K. Since we know
that the orbit of any point of K is dense in K and that K has no isolated

point, there is a sequence of elements jn such that 7n(a) consists of distinct

points and converges to y. The intervals 7„(/) are therefore disjoint so that
the distance between 7n(a) and jn(x) converges to zero. It follows that yn(x)

converges to y. This proves that K is contained in the closure of every orbit
and the uniqueness of the minimal set K follows immediately.

Case 3 looks strange at first sight: it is called the exceptional minimal
set case for this reason. We reduce it to case 2, using the notion of semi-

conjugacy. Consider a map h from R to R which is continuous, increasing

(if x < y then h(x) < h(y)) and which commutes with integral translations.

We stress the fact that h might be non injective : typically it might be constant

on some intervals. Such a map defines a map h from the circle to itself. We

call such a map an increasing continuous map of degree 1 from the circle to

itself

Definition 5.7. Let T be a group and be two homomorphisms
from r to Homeo+(S1). We say that is semi-conjugate to <p2 if there is

an increasing continuous map h of degree 1 from the circle to itself such that

for every 7 in T, we have <^2(7)h hf1(7).
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Observe that this notion is not symmetric: 0:2 is not necessarily semi-

conjugate to

Proposition 5.8. Let T be a group and 0 be a homomorphism from T
to Homeo+(S1) such that 0(T) has an exceptional minimal set K. Then there

is a homomorphism 0 from T to Homeo+CS1) such that 0 is semi-conjugate
to 0 and 0(T) has dense orbits on the circle.

Proof The complement of K in the circle is a countable union of open
intervals. For each of these intervals, collapse its closure to a point. The

resulting quotient space is homeomorphic to a circle. In other words, there

is an increasing continuous map h of degree 1 from the circle to itself such

that h(K) — S1 and such that the fibers h~l(x) are either points or the

closed intervals which are the closures of the connected components of the

complement of K. Since 0(r) acts on the circle and preserves K, it also

acts on the "collapsed" circle so that we can define another homomorphism
0 which satisfies the conditions of the proposition (we know that orbits of
points in K are dense in K).

The main object of these notes is to discuss the dynamics of "big groups"

r acting on the circle. However, we first restrict ourselves to the "easy"
case where T is generated by one element so that we really study the

dynamics of one homeomorphism of the circle. Of course, we allow ourselves
to say that a homeomorphism f is semi-conjugate to f2 if the corresponding
homomorphisms from Z to Homeo+CS1) are semi-conjugate. The following
result shows that the rotation number of a homeomorphism contains a lot of
information on the dynamics.

Theorem 5.9 (Poincaré). Let f be an element of Homeo+(S1). Then

f has a periodic orbit if and only if the rotation number p{f) is rational,
i.e. belongs to Q/Z. If the rotation number p{f) is irrational, then f is
semi-conjugate to the rotation on the circle of angle p(f) G R/Z. This
semi-conjugacy is actually a conjugacy if the orbits of f are dense.

Proof. Choose a lift / of / in Homeo+CS1). We know that the numbers

f„(x) - nr(f) are uniformly bounded (independently of n G Z). Define
h(x) sup7î (/ (x) — nr(f)). The following properties of h are obvious :

1) h is increasing (it is left continuous but not necessarily continuous).
2) h(x + 1) h(x) + 1.

3) h(f(xj) h(x) + r(f).
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If h were continuous, that would lead to a semi-conjugacy between /and the rotation by an angle r(/) mod Z p(/) e R/Z. The structure of
an increasing function like h from R to R is not difficult to analyze. First,
the fibers h~l(x) are either points or intervals. There is at most a countable
number of these intervals : call the union of the interior of these intervals the
plateau set J*lat(h) of h ; it is empty if and only if h is injective. Second,
the image h{R) is the complement of the union of at most countably many
disjoint intervals : call the union of the interior of these intervals the jump set
Jump(h) of h ; it is empty if and only if h is continuous and onto. In our
situation it is clear from 2 that PlatQï) and JumpQi) are open sets which are
invariant under integral translations, so that they define open sets in the circle.
Moreover, property 3 shows that Plat(h) is invariant under / and Jump(h) is
invariant under the translation by t(/) so that the corresponding open sets in
the circle are invariant under / and the rotation by an angle p(/) respectively.

We can now prove the theorem. Assume first that r(f) is irrational so
that all the orbits of the rotation^of angle p(/) are dense. It follows that
Jumpih) has to be empty so that h defines a semi-conjugacy between / and
the rotation by the^ angle p(/). If the orbits off are dense, then Plat(h) has
to be empty and h defines an actual conjugacy between / and the rotation.
Also, since a semi-conjugacy maps finite orbit to finite orbit, / cannot have

any periodic orbits in the case p(/) irrational.
Assume that r{f) is a rational number of the form p/q. The we know that

the element I defined by l(x) fq -p has^a vanishing translation number so
that the orbit of any point x in R under I is bounded. The upper bound of
any orbit is a fixed point of /. Since I projects to fq in Homeo+CS1), we have
found a fixed point for fq, hence a periodic orbit for /. This establishes the
theorem. Note that in this last case, we showed something more : if p(/) p/q
mod Z, then there is a periodic orbit whose "cyclic ordering" is the same
as a rotation of angle p/q. This means that there is a homeomorphism h in
Homeo+CS1) whose restriction to the periodic orbit is a conjugacy between

/ and the rotation of angle p/q.

We can now describe the dynamics of a homeomorphism / in Homeo+CS1)
quite precisely.

Suppose first that p(f) is irrational : we have two possibilities.
1) If all orbits are dense, then / is conjugate to the rotation of angle p(/).
2) If there is an exceptional minimal set K c S1 then / is semi-conjugate

to the rotation of angle p(/). The connected components of the complement
of K are wandering intervals, i.e. disjoint from all their iterates.
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It is not difficult to construct examples of the second type. Start with an

irrational rotation of angle p on the circle and choose a (dense) orbit OcS1.
Then "blow up" each point in O to replace it by an interval. In other words,

consider a continuous increasing map h of degree 1 such that h 1

(x) is an

interval if x is in O and a point otherwise. The complement of the interior of

these intervals is a Cantor set K. Then we construct a homeomorphism / of the

circle which preserves K. On K the homeomorphism / is uniquely defined

by the fact that h is a semi-conjugacy with the rotation. On the intervals

of the complement of K, there is still some freedom in the construction:

we choose any homeomorphism / which sends the interval h~l(x) to the

interval h~l{x + p) for x in the orbit Ö. The problem with this construction

is that it is not clear whether or not we might do it in such a way that the

corresponding homeomorphism / is smooth. Poincaré thought that there could

exist an example of type 2 for which / is a real analytic diffeomorphism [59] :

he was wrong, as shown later by Denjoy Again, we refrain from discussing

this point here since we decided to restrict these notes to topological problems.

Suppose now that p(f) is rational so that / has a periodic point. Replacing

/ by one of its powers fq, we study the case where / has a fixed point. To

understand the dynamics of /, we have first to describe the set Fix(f) of fixed

points which can be an arbitrary compact set in the circle (so that it could
be rather complicated). Then, / induces a homeomorphism of each connected

component of the complement of Fix(f). On each component / can move

points "to the right" or "to the left" and this information is the only dynamical
information: it is easy to show that up to orientation preserving conjugacy,
there are two kinds of fixed point free homeomorphisms of an open interval,
those going to the right and to the left respectively.

Summing up, we have a complete description of conjugacy classes of
homeomorphisms of the circle. To give a complete list of invariants is possible
but not very pleasant: for instance in the case of vanishing rotation number,
we should describe a compact set up to homeomorphism and labels "left" or
"right" on each component of the complement.

As a corollary, we get a description of those elements of Homeo+(S1)
which have the form for some topological flow 0r on the circle.
This follows immediately from our description of homeomorphisms and the

description that we gave earlier of topological flows.

PROPOSITION 5.10. An element f of Homeo+(S1) can be included in a

topological flow if and only if p(f) 0 or f is conjugate to a rotation.
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Note that it is possible to find elements / which are not included in flows
arbitrarily close to the identity.

We can now prove an important fact that we have already used in the
proof of the simplicity of Homeo+CS1).

PROPOSITION 5.11. Every element of Homeo+(S1) can be written as a
product of two commutators.

Proof Consider a topological flow on the closed interval, i.e. a
continuous homomorphism t G R i—> cjf g Homeo+([0,1]). Assume that for
t > 0 the homeomorphism (f satisfies f\x) > x for x e ]0,1[. By the
previous discussion, all homeomorphisms cff with t > 0 are conjugate in
Homeo+([0, !])• particular, there is a homeomorphism I in Homeo+([0,1])
such that lf2l~l m It follows that fl 4>2{(j)l)~l f2l((f)2)~ll~l. This
shows that fl is the commutator of f2 and I. Since we know that every
homeomorphism of [0,1] which fixes only 0 and 1 is conjugate to fl or
its inverse, it follows that any such homeomorphism can be written as a
commutator.

We described the dynamics of homeomorphisms with rotation number
0 G R/Z : in each connected component of the complement of their non
empty fixed point set, they are described by a homeomorphism of the closed
interval with no fixed point in the interior. Our discussion therefore implies
that every element of Homeo+CS1) with rotation number 0 can be written as
a commutator.

Consider finally an element / of Homeo_l_(S1). Clearly, one can choose a
rotation re such that fre has a fixed point. In order to prove the proposition, it
is therefore enough to show that any rotation can be written as a commutator.
We show that this is indeed the case in PSL(2,R) using some hyperbolic
geometry (of course, we could also prove the same thing by direct calculations).

Let a, b,c,d be four points in the Poincaré disc whose hyperbolic distances
satisfy dist(a,b) dist(c,d) and dist{a,d) dist(b,c). Let A (resp. B) be
the orientation preserving isometry of the Poincaré disc such that A(a) b,
A(d) c (resp. B(a) d, B(b) c). The commutator ABA~lB~l fixes
the point c: it is therefore a hyperbolic rotation centered at the point c.
Figure 5 shows that the angle of this rotation is equal to 2tt minus the sum
of the angles of the quadrangle R abed which is equal to the area of this
quadrangle and can take any value between 0 and 2ix since it is built out
of two hyperbolic triangles. Hence we may realize any rotation as a single
commutator.
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Figure 5

It turns out that Proposition 5.11 can be improved: every element of
Homeo+(S1) can be written as a single commutator. This is a special case of

I a result of [17] that we shall mention later in 6.2.

To conclude, we give some examples. Consider an element A of PSL(2, R)
1 as a homeomorphism of the circle. The topological dynamics of A are easy

to describe. Note that since A is a 2 x 2 matrix up to sign, the absolute value
I of the trace of A is well defined. If \tr(A)\ > 2, then A is called hyperbolic

J and has two fixed points on the circle. In this case, the rotation number of A
is of course 0. If \tr(A)\ 2, then A is called parabolic and has only one

I fixed point; its rotation number is again 0. Finally, if \tr(A)\ < 2, then A is
I called elliptic and is conjugate to (the equivalence class of) a rotation matrix

by some angle 2tt6 where 9 G R/Z is such that 2 cos($) | tr(A) |. In this
I case, the rotation number is therefore cos_1(tr(A)/2)/27r.
I Let us consider a finitely generated fuchsian group T C PSL(2,R). Since

I it is a discrete subgroup, any elliptic element in T must be of finite order,
j Assume that F is torsion free. (A theorem of Selberg guarantees that any
j finitely generated subgroup of a matrix group contains a finite index torsion
j free subgroup.) Then any element of T has rotation number equal to 0.

j However, there are many fuchsian groups exhibiting very rich dynamics, even

j with dense orbits. These examples show that the data of all individual rotation
j numbers of the elements of a group acting on the circle is far from sufficient
j to describe the dynamics of the group. In other words, Theorem 5.9 cannot be
j generalized so easily to groups more complicated than Z. In the next section,
j we shall define a more subtle invariant suitable for bigger group actions, like
I fuchsian groups.

j Observe that our computations in PSL(2, R) show that the rotation number
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is a continuous function on PSL(2,R) but definitely not a smooth function.
On the group Homeo^fS'), we have the following behaviour:

PROPOSITION 5.12. The mapp: Homeo+(S1) —> R/Z is continuous and
the pre-image of Q/Z contains an open and dense set.

Proof. The continuity follows immediately from the definitions. Indeed,
the continuous function / ~f\o)/n on Ho/nio+fS1) differs at most by l/n
from t(/) This implies the continuity of the translation number.

Suppose that / in Homeo+(S1) is such that f(x) — x achieves both positive
and negative values. Then / has at least a fixed point and r(/) 0. Since
this condition is obviously open in the uniform topology, we have found an
open set on which the translation number takes the value 0. In the same
manner, we construct open sets on which r takes the value p/q : the set of
those / for which / (x) — x —ptakesboth positive and negative values.

We leave to the reader the (easy) proof that the set of for which r(/)
is rational is dense in Hörnernes1).

The local structure of the map p is quite interesting as was shown by
a very nice example due to Arnold [1], Consider the 2-parameter family of
elements of Hôméô+(S1) given by

fa,e(x) x + a + esin(2*7rx).

Here a is a real number and e is a real number which is small enough to
guarantee that fa e

is a homeomorphism (|e| < 1/2 is enough). We should
think of these fae as a small deformation of the translation by a depending
of the small parameter e. Let us look at the behaviour of r(fa e) as a function
of a and e. Of course, we have T(fa,o)a. We can check'rather easily
the following facts. For each e, the function i—> t(/ö e) is continuous and
increasing but is not strictly increasing for e / 0. The plateau set of this
function is the complement of a Cantor set on which r takes irrational values.
The interior of the set of (a,e) on which r takes the rational value p/q is
an "Arnold tongue" which touches the axis 0 at the point (pjq, 0). The
bigger the denominator q, the thinner the corresponding tongue.

Another interesting feature of this picture is that the Lebesgue measure
of the set of (a, e) for which r is irrational is not 0. Hence, the translation
number takes rational values on an open dense set but takes irrational values
on a set of positive Lebesgue measure.
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Figure 6

As an additional example, consider the case of piecewise linear homeo-

morphisms of the circle. Since the group PL_|_(S1) contains all rotations, it
is clear that the rotation number of such a homeomorphism can be arbitrary.

However, it is shown in [28] that the rotation number of any element of

the Thompson group G is rational and that any rational number is achieved.

The proof is very indirect and there is a need for a better proof. We could

formulate the problem in the following way.

PROBLEM 5.13. Consider a rational piecewise linear homeomorphism f
of the circle, i.e. such that all its slopes are rational and such that all
"breakpoints" are rational. Is it true that the rotation number of f is rational

We can in fact generalize Thompson's group quite a lot in the following

way. Let A C R+ be a subgroup of the multiplicative group of positive real

numbers and let W C R be an additive subgroup invariant under multiplication

by A. Then we can consider the subgroup G^w of PL+tS1) consisting of those

elements with slopes in A and break-points in W (for instance, Thompson

group is the case when A consists of powers of 2 and W of dyadic rationals).
These groups are quite interesting especially when A is finitely generated

(see [8, 9, 63]). It would be very useful to understand the nature of translation

numbers of elements of G^w for specific A and W.

In [34], one can find (among other things a very interesting analysis of
the rotation numbers of an explicit 1-parameter family of piecewise linear

homeomorphisms of the circle.

5.2 Tits' alternative

Recall that J. Tits proved a remarkable alternative for finitely generated
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subgroups r of GL(ft, C) (see [65]) : either T contains a non abelian free
subgroup or T contains a subgroup offinite index which is solvable. Such an
alternative does not hold for subgroups of Homeo_)_(S1). Indeed, we have seen
that the group PL+([0,1]) can be considered as a subgroup of Homeo+(S1)
and contains no free non abelian subgroup. The subgroup F of PL+([0,1])
consisting of elements whose slopes are powers of 2 and whose break-points
are dyadic rationals, is a finitely presented group and is certainly not virtually
solvable (since its first commutator subgroup is a simple group, see [28]).
However, answering a question of the author, Margulis recently proved the
following theorem [49] :

THEOREM 5.14 (Margulis). Let T be a subgroup of Homeo+(S1). At least
one of the following properties holds :

• r contains a non abelian free subgroup.

• There is a probability measure on the circle which is T-invariant.

COROLLARY 5.15. Let T be a subgroup of Homeo+(S1) such that all
orbits are dense in the circle. Exactly one of the following properties holds:

• r contains a non abelian free subgroup.

• T is abelian and is conjugate to a group of rotations.

The corollary follows easily from the theorem. Indeed, if all T-orbits are
dense, any invariant probability must have full support and cannot have any
non trivial atom. Any such probability is the image of the Lebesgue measure
by some homeomorphism of the circle. Hence, up to some conjugacy, one
can assume that T preserves the Lebesgue measure, i.e. consists of rotations.
Note however that the proof which follows will begin with a proof of the
corollary...

The proof of Margulis' theorem is very elegant and we cannot refrain
from giving an account of it. Our presentation is a variation (or maybe
a simplification of Margulis' original ideas. More precise results may be
found in the recent preprint [6]. We begin by recalling the "ping-pong" lemma,
which is the standard way of constructing free subgroups (see [31]). Suppose
a set X contains two disjoint non empty subsets A and A!. Let fJ' be
two bijections of X which are such that for every n e Z \ {0}, we have
fn(A) C Af and f (A!) C A. Then we claim that / and ff generate a free
subgroup of the group of bijections of X. The proof is easy; consider a word

0 =/mi//mi • ••* with non zero exponents mhm[, except maybe
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the first one m\ and the last one m!k (if k 1, we assume that m\ and mx

are not both zero...). We want to show that w(fj') represents a non trivial

bijection of X. This is clear if mi ^ 0 and mfk 0 (resp. mi 0 and m!k ^ 0)

since in this case we have w(fJ')(A) C A' (resp. w(fJ')(Af) C A). In the

other cases, one can conjugate w(fj') by a suitable power of / or f to get

a new word which is in the previous form. This proves the ping-pong lemma.

In the case of the circle, the typical application of the ping-pong lemma

is the following. Let I,Jjr,J' be four closed intervals in the circle and let

/,/' be two orientation preserving homeomorphisms of the circle. Assume the

following condition holds :

(Ping-pong) The four intervals /, /, /', J' are disjoint, f'{I)
S1 \ interior(J) and /(/') S1 \ interior(J').

Clearly, if one sets X S1, A I U J and A' I' U we are in the

situation of the ping-pong lemma and one can deduce from (Ping-pong) that

/ and f generate a free subgroup of Homeo+(S1).

In order to find free subgroups inside a given subgroup F of Homeo+(S1),

we shall try to locate such ping-pong situations.

Assume now that we are given a group T such that the following two
properties hold:

(Minimality) All T-orbits are dense.

(Strong expansivity) There is a sequence of closed intervals In in the

circle and a sequence yn of elements of T such that the length of In tends to

zero as well as the length of the complementary intervals Jn — S1 \int(jn(In)).

Of course, using subsequences we can assume in (STRONG EXPANSIVITY)

that both endpoints of In converge to some point x and that both endpoints
of Jn converge to some point y. We can also assume that x / j, since
otherwise we could replace by where 7 is some element of T such
that y y(x) 7^ x.

Choose some 7 in T such that x' 7(x) and y' — 7(y) are both different
from x and y (exercise: show that such an element 7 exists and consider
the sequence y'n 7_17«7- course, if we let I'n 7(/„) (resp. J'n m 7(/„)),
the sequence of intervals I'n (resp. J'n) shrinks to x' (resp. to y'). Clearly, if
n is big enough, the four intervals / /„,/ I'n,J' J'n and the
two homeomorphisms / 7nJf yfn satisfy (PlNG-PONG) and therefore yn
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and 7h generate a free subgroup of T. In other words, if (MINIMALITY) and
(STRONG EXPANSIVITY) hold, then T contains a free non abelian subgroup.

The minimality condition is not so restrictive: we saw earlier that any
action without a finite orbit is semi-conjugate to such a minimal action.
However, the strong expansivity condition is very restrictive. Let us introduce
the following weaker condition.

(Expansivity) There is a sequence of closed intervals In and a sequence
of elements yn of T such that the length of In tends to zero and the length
of 7n(In) is bounded away from zero.

Call a closed interval K in the circle contractible if there is a sequence of
elements yn of T such that the length of 7n(K) tends to zero. It follows from
(Expansivity) that there exists a non trivial contractible interval. If moreover
the condition (Minimality) is also satisfied, then every point of the circle
belongs to the interior of some contractible interval. So let us assume now
that (Minimality) and (Expansivity) are satisfied.

For each point x in the circle, consider the set of points y such that the
interval [x, y] is contractible. Denote by 6(x) the least upper bound of those

points y (to be correct, one should lift everything to the universal cover). In
this way, we get a map 9 from the circle to itself. Note that obviously 9

commutes with all elements of F. Note also that 0 is monotone. We claim
that 6 is a homeomorphism. Indeed if it were not strictly monotone, the union
Plat(9) of the interiors of the intervals in which 6 is constant would be a

T-invariant open set. By (Minimality), this open set is empty unless 6 is

constant, but this is of course not possible since this constant would be fixed
by T. In the same way, one shows that 6 is continuous, using the union
Jump{9) of the interiors of the "jump intervals" like in 3.2.

We now consider the rotation number of 9. If this rotati'on number is

irrational, then 9 has to be conjugate to an irrational rotation since otherwise
its unique invariant minimal set would be a non trivial T-invariant compact
set. Since a homeomorphism which commutes with an irrational rotation is
itself a rotation, that would imply that T is conjugate to a group of rotations.
This is in contradiction with (EXPANSIVITY).

Hence the rotation number of 9 is rational. The union of periodic points
of 9 is a non empty closed set which is T-invariant. It follows that 9 is a

periodic homeomorphism.
Consider the quotient S1' Sl /9 of the circle by the finite cyclic group

generated by 9. This is a ("shorter") circle on which we have a natural action
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of r since, once again, T commutes with 9.

We observe that this new group of homeomorphisms of a circle satisfies

(Minimality) and (Strong expansivity). Minimality is obviously inherited

from the same property of Ton S1. As for (Strong expansivity), it suffices

to observe that any compact interval contained in [x, 9{x)[ is contractible, by
definition. This means that any compact interval in S1 is contractible and

this implies (STRONG EXPANSIVITY).

We have now proved that if (MINIMALITY) and (EXPANSIVITY) are both

satisfied, then the group T must contain a free non abelian subgroup.

Now, let us look more closely at (Expansivity) and observe that the

negation of this property is nothing more than the equicontinuity property
of the group T. If a group T acts equicontinuously, then its closure in
Homeo_|_(S1) is a compact group by Ascoli's theorem. We analyzed compact
subgroups of Homeo+(S1) in 4.1 : they turned out to be abelian and conjugate
to groups of rotations.

We have shown that if (MINIMALITY) holds then T is either abelian
or contains a free non abelian subgroup; in other words, we have proved
Corollary 5.15.

Proving Theorem 5.14 in full generality is now an easy matter. Let T be

any subgroup of Homeo+(S1) and let us use the structure theorem 5.6-5.8. If
T is minimal, we have already proved the theorem. If T has a finite orbit, there
is a T-invariant probability which is a finite sum of Dirac masses. Finally,
if there is an exceptional minimal set, the T-action is semi-conjugate to a
minimal action. Applying our proof to this minimal action, we deduce that
T contains a non abelian free subgroup unless the restriction of the action of
T to the exceptional minimal set is abelian and is semi-conjugate to a group
of rotations. In this case, one finds a T-invariant measure whose support is
the exceptional minimal set. This is the end of the proof of Theorem 5.14.

6. Bounded Euler class

6.1 Group cohomology

Let us begin this section with some algebra. Let T be any group. Let us
consider the (semi)-simplicial set ET whose vertices are the elements of T
and for which rc-simplices are all (n + 1)-tuples of elements of T. The zth

face of the simplex (70,•• •, 7*) is (70, • • •, 7; •.. 7*) where the term 7i is
omitted. Note that the set EF does not depend on the group structure of r.
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As a matter of fact, EF is contractible since it is the full simplex over the
set F. However, there is a simplicial free action of F on EF induced by left
translations of F on itself. Hence once could think of the quotient BF of EF
by this action as a space whose fundamental group is F and with vanishing
higher homotopy groups. One would like to define the cohomology of the
group r as the cohomology of this quotient space BF. We should be careful
with BF since it has only one vertex (a group acts transitively on itself

However, guided by this idea, it is natural to define a k-cochain of F with
values in some abelian group A as a map c: r*+1 -> A which is homogeneous,
i.e. such that c(77o,77i> • • • >77&) c(7o,71,...,7O identically. The set of
these cochains is an abelian group denoted by C*(T,A). We have a natural
coboundary dk from Ck(F,A) to Ck+l(F,A) defined by

k

4C(7o, • • ,7*+i) »1M7Q, • • - % • • •, Ik) -

i=0

Of course, we have dk+iodk 0 and we define the cohomology group Hk(F,A)
as being the quotient of cocycles (i.e. the kernel of dk) by coboundaries (i.e.
the image of dk-1). If A is moreover a ring, then there is a natural cup
product from Hk(F,A) x Hl(F,A) to Hk+l(F,A). We refer to [11] for an
excellent account of this theory of group cohomology. Note that for any
homomorphism f from a group F to another group H, there is an induced
homomorphism </>*: Hk(Ff,A) —* Hk(F,A).

A homogeneous map c : r^+1 —> A can be written in a unique way in
the form c(7o,..., 7*) ë(7^~171, 7f172,..,, 7^7^) for a unique function
c: Fk —> A. Conversely, given a map c there is a unique homogeneous map
c satisfying this relation. One says that c is the inhomogeneous cochain
associated to c. In other words, the space Ck(F,A) is canonically isomorphic
to the A-module of all maps Fk —> A.

In degree 1, a cochain is a homogeneous map c: F2 —> A and the

corresponding inhomogeneous cochain is a map c: F —> A. It is interesting
to check that c is a cocycle if and only if c is a homomorphism. Moreover
0-cochains are constant maps from F to A and their coboundary is therefore
0. It follows that for any group F, the cohomology Hl(F,A) is identified with
the set of homomorphisms from F to A.

In degree 2, the interpretation is quite interesting. Consider a central
extension of F by A :
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This means that F contains a subgroup isomorphic to A contained in its center

and that the quotient by this subgroup is isomorphic to T. Suppose that the

projection p has a section 5 which is a homomorphism from T to T such

that p o s Idr. Then it follows that T is isomorphic to the direct product

r x A by the homomorphism sending (7, a) to s(^)i(a). Hence, in order to

measure the non triviality of an extension we try to find the "obstruction" to

finding a section s. This is done in the following way. Choose a set theoretical
section s from F to F ; this is possible since p is onto. If 71 and 72 are

two elements of F, consider £(71,72) ^(7172)"1^(71)^(72)- This element

projects on the identity element of F under p since p is a homomorphism;
it is therefore an element of the image of i and can be identified with an

element of A. This defines a map c: F2 —> A. Let c : F3 —i A be the associated

homogeneous cochain. One checks that c is a cocycle. Of course, the section

s is not unique but another choice s' has the form a,/(7) for
some function u : F —> A. If one computes the cocycle c' associated to this

new choice of a section s', one finds that c' — c is the coboundary of the

1-cochain associated to the map u. It follows that the cohomology class

of c in H2(F,A) is well defined, i.e. does not depend on the choice of a
section. This cohomology class is called the Euler class of the extension under
consideration.

It is not difficult to check the following properties of the Euler class.

1) Two central extensions Fx and F2 of A by F are isomorphic by some
isomorphism which is the identity on the central subgroup A and inducing
the identity on the quotient F if and only if they have the same Euler class
in H2(r,A).

2) Any class in H2(F,A) corresponds to a central extension.

In short, H2(F,A) parametrizes isomorphism classes of central extensions
of A by F.

Before coming back to the dynamics of groups acting on the circle, let us
consider a few simple examples.

If T Z, it is clear that every extension admits a section which is a
homomorphism: it suffices to choose arbitrarily s( 1) in p~l{1) and to define
s(n) s(l)n for ne Z. Hence, if F Z or more generally if F is a free
group, we have H2(F,A) 0.

Let Fg be the fundamental group of a closed oriented surface of genus
g > 1. It has a presentation of the form

Fg (aubu ...,ag,bg\ axbxa~xb~l -.cigbga^bg1 1).
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Now consider the group Tg defined by the presentation

Fg (Z-j &\ 5^1,..., (2g bg J

a\b\d[lb\l agbga~lbgl z, za{ a#, zbt btz)

The central subgroup A generated by z turns out to be infinite cyclic so that
defines a central extension of Tg by Z, hence an Euler class in H2(Fg, Z).

It is a fact that iT2(r^,Z) is isomorphic with Z and that the element that

we have just constructed is a generator of this cohomology group. We shall

not prove this here but we note that this is related to the fact that a closed
oriented surface of genus g > 1 has a contractible universal cover and that
the cohomology of Tg can therefore be identified with the cohomology of
the compact oriented surface of genus g (see [11] for more details).

6.2 The Euler class of a group action on the circle
We have already met a central extension related to groups of homeomor-

phisms
0 —>Z —> Homeo+cs1) -L Homeo+(S1) —» 1.

The cohomology group /^(Homeo+CS1), Z) has been computed. It is isomor-

phic to Z and a generator is the Euler class of this central extension [50].
Consider now a homomorphism <ß from some group T to Homeo+CS1).

Then, we can pull back the previous extension by f. In other words, we
consider the set of (7,/) G F x Homeo+CS1) such that <£(7) p(f). This
is a group F equipped with a canonical projection onto F whose kernel is

isomorphic to Z, i.e. F is a central extension of F by Z. In case f is

injective, F is just the pre-image of under p, which is the group of lifts
of </>(r). The Euler class of this central extension of F is called the Euler class

of the homomorphism f and denoted by eu{(ß) G H2(F, Z). It is obviously
a dynamical invariant in the sense that two conjugate homomorphisms
and 4>2 have the same Euler class in H2(F,Z). Note that it follows from the

definition that eu(<p) is zero if and only if the homomorphism f lifts to a

homomorphism f: F —>• Homeo+CS1) such that $ — p of.
A few examples are in order. In the case of a single homeomorphism, i.e.

when r Z, we saw that H2{Z,Z) 0. Hence the Euler class vanishes and

our new invariant is very poor indeed: in particular, it does not detect the

rotation number. A similar phenomenon occurs when F is free.

If Tg is the fundamental group of a closed oriented surface of genus

g > 1, we know that H2(Fg, Z) is isomorphic to Z so that the Euler class
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eu{f) in this case is an integer. In [51], Milnor gives an algorithm to compute

this number. With the same notation as above, for each 1 < i < g, choose

lifts H/ and bt of 0(a,-) jtnd fifii). Now compute the product of commutators

aib{a^lb^1 agbga~lb~l. Since this homeomorphism is a lift of the identity,

it is an integral translation. This amplitude of this translation does not depend

on the choices made and is the Euler number eu(f).
As an explicit example, also computed by Milnor, recall that any closed

orientable surface of genus g > 1 can be endowed with a riemannian metric

of constant negative curvature. Recall also that the Poincaré upper half space

TL can be equipped with a metric of curvature —1 whose group of orientation

preserving isometries is precisely PSL(2, R). Moreover, any complete simply

connected riemannian surface of curvature —1 is isometric to TL. Hence

there are embeddings f of the fundamental group Tg of a closed oriented

surface of genus g > 1 in PSL(2, R) such that the corresponding action of

T5 on TL is free, proper and cocompact. Since we know that PSL(2, R) is a

subgroup of Homeo+CS1), we can compute the corresponding Euler number

eu(fi). The result of the computation is 2g — 2. Note that each element of

4>(Tg) is hyperbolic since the action is free and cocompact so that the rotation

number of every element of (p(Fg) is 0. So we are in a situation in which

the topological invariant eu{<j)) is not 0 but the rotation number invariants are

trivial ; a situation different from the case where F Z.

6.3 Bounded cohomology and the Milnor-Wood inequality

It was observed very early that the Euler class of a homomorphism
(j>\ r —» Homeo+CS1) cannot be arbitrary. Milnor and Wood proved the

following [51, 71].

THEOREM 6.1 (Milnor-Wood). Let Tg be the fundamental group of a

closed oriented surface of genus g > 1 and f: Fg —» Homeo+CS1) be any
homomorphism. Then the Euler number satisfies \eu{(f))\ <2g — 2.

Proof We shall not give a complete proof since this result will follow
from later considerations but we prove a weaker version. Keeping the previous
notation, we know that eu(<p) is the translation number of the homeomorphism

d\b\dflbfl .agbgajlbfl. We also know that the translation number

function r is a quasi-homomorphism, i.e. there is some inequality of
the form \T{fxf1) — T{fl) — r{f2)\ < D for some D. We also know that

r(/ —t(/). So, if we evaluate r on this element, we get a bound
of the form \eu((fi)\ < (4g — 1 )D. This is not quite the bound given in the
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theorem but this explains the idea of the proof: to get the exact bound, one
should be a little bit more clever

In [17], Eisenbud, Hirsch and Neumann gave a much more precise result
that^we wouM like to mention here. Iff is an element of Homeo+(S1), define
m(f) inf(/(x)-x)jtnd m(/) sup(f(x)-x). Note that m(f) < r(f) < m(f)
and 0 < m(f) — m(f) < 1.

Theorem 6.2 (Eisenbud, Hirsch, Neumann). An element f of the group
Homeo+CS1) can be written as a product of g > 1 commutators if and only
if mff) <2g — I and 1-2g < m(f).

Any element of Homeo+CS1) has at least one lift / in Homeo+tS1) such
that — 1 < m(f) < m(f) < 1 so that it can be written as one commutator. It
follows that every element of Homeo+(S] can be written as a commutator.
We mentioned this fact earlier.

In [25], we put these inequalities in the context of bounded cohomology,
which was introduced by Gromov (see [30] for many geometrical motivations).
Consider again an abstract group F and let A Z or R. Then define a
bounded k-cochain as a bounded homogeneous map from Fk+l to A. This
defines a sub A-module of Ck(F,A) denoted by Ckb(F,A). It is clear that
the coboundary dk of a bounded k-cochain is a bounded (k + 1)-cochain
so that we can define the cohomology of this new differential complex, that
is called the bounded cohomology of F with coefficients in A and denoted
by #£(r,A). We have obvious maps from #£(r,A) to if*(r,A) obtained
by "forgetting" that a cocycle is bounded. In general these maps are neither
injective nor surjective. See [35, 36] for a detailed algebraic background on
this cohomology.

The degree 1 case is trivial. A cocycle is given by a bounded homomor-
phism from T to A and is therefore trivial. Hence Hlh(Y,A) 0 for any
group T.

The degree 2 case is the most interesting for us. Let us look first at
HfcZ,R). Consider a bounded 2-cocycle c on Z with values in R. Since we
know that H2(Z,R) 0, we know that c is the coboundary of a 1-cochain
of the form u(n\,n2) ~u(n\ — nf) for some function TL: Z —> R. The fact
that c is bounded means precisely that ü is a quasi-homomorphism from
Z to R. We know that this implies the existence of a real number r such
that ü(n) - nr is bounded. Now, if we define v(n) u{n) - nr, then the
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coboundary of the bounded 1-cochain v(nun2) v(n\ - n2) is c. We have

shown that Hb(Z,R) 0.

For a general group F, let us define QM(T) as being the vector space

of quasi-homomorphisms from T to R. Say that a quasi-homomorphism is

trivial if it differs from some homomorphism by a bounded amount. It follows

from the definitions and the previous argument that the kernel of the map from

H2(T, R) to H2(T, R) is precisely the quotient of QM(T) by the subspace

of trivial quasi-homomorphisms. This gives some intuition about the group

R).
Let us compute now some examples with coefficients in Z. Start with

Hl(Z, Z). Let c be a bounded integral 2-cocycle. We know that it is the

coboundary of a 1-cochain of the form u(n\,n2) — u(n\ — n2) for some

function w: Z —> Z. Again, we know that there is a real number t such that

u(n) - nr is bounded but if we define v(n) u(n) - nr the 1 -cochain v is

not integral unless r is an integer For each real number r, define cT to be

the coboundary of the integral 1-cochain vr(n\,n2) [(n\ —n2)r\ where []
denotes the integral part of a real number. It is clear that cT is bounded (by

1) and our previous computations show that every bounded integral 2-cocycle

in Z is cohomologous to some cT for some r. Moreover, it is clear that cTx

and cT2 define the same element in flf(Z, Z) if and only if r\ — r2 is an

integer. Summing up, we showed that Z/£(Z,Z) is isomorphic to R/Z. We

hope that the reader will recognize that the rotation number is showing up...
As a matter of fact, the argument that we presented is more general and

shows immediately that for any group T, the kernel of the map from H2b(T, Z)

to Hl(r, R) is precisely the quotient Hl(T, R)/Hl(T,Z). (Recall that //'(F^A)
is the set of homomorphisms from T to A.)

We now come to the construction of an invariant of a group action on the

circle that combines the rotation numbers and the Euler class. Let us look

again at the central extension

0 —* Z —» Homeo+(S1) —» Homeo+(S1) —> 1

and let us try to find some 2-cocycle representing its Euler class (see also [38]).
We know that we should choose a set theoretical section s to p. It turns out

that there is a natural choice of such a section. Indeed, let / G Homeo+(S1),
then among the elements in G Honîeo+(S1), there is only one, denoted

by cr(f), which is such that a(f)(0) lies in the interval [0,1[C R. This a
will be our preferred section. Let us try to evaluate the associated 2-cocycle
c on Homeo+(S1). By definition the associated inhomogeneous cocycle c is:

c{f\,fl)ct(/]/2)_10-(/i)ct(/2)
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The main (easy) observation is that the cocycle c is bounded. More precisely :

LEMMA 6.3. The 2-cocycle c takes only the two values 0 and 1.

Proof. By definition a(f2)(0) is in [0,1[. It follows that cr(f1)(a(f2)(0))
is in the interval [a(/i)(0), <j(/i)(0) + 1[ which is contained in [0,2[. We
know that <j{f\f2) and cr(fi)o(f2) are lifts of the same element f\f2 and that
cr(/i/2)(0) is in [0,1[. It follows that cr(/1/2)~1cr(/i)cr(/2) is the translation
by 0 or 1.

Hence, for this choice of section a, the associated 2-cocycle c is bounded
and integral. Thus, we have defined an element of //^(Homeo+CS1), Z) that
we call the bounded Euler class. It may seem that the definition depends on
the choice of the origin 0 on the line but the reader will easily check that a
modification of the origin would change the section a by a bounded amount
so that the bounded integral cohomology class is indeed well defined. If we
have a homomorphism <fi from a group T to Homeo+CS1) we can pull back
this bounded Euler class. We get an element in Hi(F, Z) that we still denote
by eu(f) and that we call the bounded Euler class of the homomorphism f. In
case T Z, it should now be clear that the corresponding bounded Euler class
in Hl(Z, Z) R/Z is exactly the rotation number of the homeomorphism

Hence we have proved the following:

Theorem 6.4 ([25]). There is a class eu in 7/f(Homeo+(S1), Z) such
that :

1) For every homomorphism <fi: F Homeo+(S1) the image of
4>*(eu) G Hl(T,Z) in H2(T, Z) under the canonical map is the Euler class.

2) If <j)\ Z —> Homeo+(S1) is a homomorphism then f*(eu) G //|(Z, Z)
R/Z is the rotation number of 0(1).

3) f*(eu) is a topological invariant, i.e. if and f2 are two homo-
morphisms from T to Homeo+(S1) which are conjugate by an orientation
preserving homeomorphism, then <j)*(eu) — f^ieu) in HlCr, Z

In other words, the bounded Euler class is a topological invariant which
combines the Euler class and the rotation number.

We now show that this new invariant for a group action is as powerful as

the rotation number was for a single homeomorphism. Let us begin by the
most interesting case.
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THEOREM 6.5 ([25]). Let <fitwo homomorphisms from a group F to

Homeo+CS1) such that all orbits are dense on the circle. Assume that the

bounded Euler classes are equal: f\{eu) eu). Then fii and </>2 are

conjugate by an orientation preserving homeomorphism.

Proof. This is very similar to the corresponding statement for rotation
numbers: compare with the proof of 5.9. Since f\{eu) fi\(eu) then in

particular the Euler classes in H2(T, Z) are equal, which means that <f\

and cj)2 define the same central extension T. In other words, there is a

central extension O^Z-^Ê^r^l and homomorphisms f>\ and

f2 from r to Homeo+(S1) such that fix and fix map the generator 1

of Z on the translation by 1 and such that the induced homomorphisms
from T/Z ~ T to H6meo+(S1)/Z Homeo+CS1) are </>i and </>2. The

assumption that the bounded classes agree means in fact that we can choose
those homomorphisms in such a way that for each i in R, the points
0i(7)02(7)_1(-t) are bounded independently of 7 in T. We now define
h(x) to be the upper bound of this bounded set. This map h is increasing,
commutes with integral translations, and conjugates fix and fi2. The jump
and plateau sets of h are open sets invariant under ffT) and (f)2(T)

respectively. By our assumption these open sets are empty so that h is a

homeomorphism which induces a conjugacy between fix and <p2. For more
details, see [25].

In case the group </>(r) does not have all its orbits dense, we saw in 5.6
that there are two possibilities : (ß(T) can have a finite orbit or <£(D can have

I an exceptional minimal set. In the second case, we also saw that there is a

r canonical way of "collapsing" the connected components of the complement of
the exceptional minimal set to construct another homomorphism f which has

I all its orbits dense: this is the associated "minimal" homomorphism (see 5.8).
1 Suppose now that </>(r) has a finite orbit consisting of k elements. Then,
I every element of (ß(T) must permute these k points cyclically so that we
5 get a homomorphism r: T —> Z/fcZ. It is clear that two finite orbits of f(T)
I have the same number of points and define the same r : we call this r the
j cyclic structure of the finite orbits. Conversely, consider a homomorphism
I r: r —Z/^Z and the corresponding action on the circle by rotations of
j order k. The bounded Euler class of this action is an element of T/f(r,Z) :

1 we call these elements the rational elements in H2b{T, Z). It is not difficult
,j to see that an element in tf£(r,Z) is rational if and only if its pull-back on

1

some finite index subgroup is trivial.
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Now, we can state the general result which is the exact analogue of what
has been done in 5.9 for the rotation number. We don't give the proof: it can be
found in [25] (in a slightly different terminology and with small mistakes...),
but the reader should now be in a condition to fill in the missing details by
himself.

THEOREM 6.6 ([25]). Let two homomorphisms from a group T to
Homeo+(S1). Assume that the bounded Euler classes f\(eu) fl(eu) are
equal to the same class c in //£(r,Z).

1) If c is a rational class, then fiÇT) and f>2(T) have finite orbits with
the same cyclic structure.

2) If c is not rational, then the associated minimal homomorphisms
and (j>2 are conjugate.

Conversely, if f\(T) and ^(F) have finite orbits of the same cyclic
structure or if they have no finite orbit and their associated minimal
homomorphisms are conjugate (by an orientation preserving homeomorphism),
then they have the same bounded Euler class.

Note in particular that the bounded Euler class of an action vanishes if
and only if there is a point on the circle which is fixed by all the elements
of the group.

6.4 Explicit bounds on the Euler class

Since we know that the bounded Euler class of an action contains almost
all the topological information, it is very natural to try to determine the part
of H%(T, Z) which corresponds to the bounded Euler classes of all actions
of r on the circle. In the case T Z, we know that 7/f(Z, Z) R/Z
and that every class corresponds to an action (by rotations). However, in the
case where T is the fundamental group of a closed oriented surface of genus
g > 1, the Milnor-Wood inequality shows that even the usual Euler class in
H2(T, Z) Z has to satisfy some inequality.

Given a bounded cochain c in Cf(r,R), we define its norm ||c|| as the

supremum of the absolute value of c(70,... ,7^). Then we define the "norm"
of a bounded cohomology class with real coefficients as the infimum of the

norms of cocycles that represent it. We should be aware of the fact that this

norm is not really a norm but is merely a semi-norm : a non zero class might
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have zero norm... Consider the case of the bounded Euler class, seen in the

real bounded cohomology.

THEOREM 6.7. The image of the bounded Euler class eu in the real

bounded cohomology H%(Homeo+(S1), R) has norm 1/2.

I Proof This is the abstract version of the Milnor-Wood inequality. Note

that a constant 2-cocycle is the coboundary of a constant 1-cochain. We

1 found a representative of the Euler class taking only two values 0 and 1.

i If we subtract from this cocycle the constant cocycle taking the value

1/2, we get a cohomologous bounded (real) cocycle taking values ±1/2.
This shows that the norm of the image of eu in //|(Homeo+(S1), R)

is at most 1/2. The opposite inequality follows from Milnor's computation

of the Euler number for an embedding of the fundamental group

r9 of a closed oriented surface as a discrete cocompact subgroup of

PSL(2, R) that we mentioned in 6.1. If the norm were strictly less than

1/2, then this number would be strictly less than 2g — 2. See [25] for more

explanations.

6.5 Actions on the real line and orderings

Our main concern is to study actions on the circle but there is a preliminary
question which deals with actions on the line. Of course, if a group acts on

the line, we can always add a point at infinity to produce an action on the

circle (with a common fixed point). In other words studying actions on the

line is equivalent to studying actions on the circle with vanishing bounded

Euler class. This is the reason why we begin by general remarks on groups
acting on the line.

Observe first that the dynamics of a single orientation preserving homeo-

morphism h of R are very easy to describe. Let F — Fix(h) be the set of
I fixed points. Each interval of the complement of F is h -invariant and the
I action of h on this interval is conjugate to a translation (positive or negative,

according to the sign of h(x) - x on this interval).
I We say that a group T is left orderable if there exists a total ordering A on
I r which is invariant under left translations (i.e. 71 ± 72 implies 771 A 772).
I We write 71 -< 72 if 71 ± 72 and 71 7^ 72. An obvious necessary condition
] for a group to be left orderable is that it be torsion free (i.e. there is no non

trivial element of finite order).

I The following theorem is well known but we weren't able to find its origin
j in the literature.

i
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THEOREM 6.8. Let F be a countable group. Then the following are
equivalent :

1) F acts faithfully on the real line by orientation preserving homeomor-
phisms.

2) r is left orderable.

Proof Suppose that T acts faithfully on the line by orientation preserving
homeomorphisms, i.e. that there exists an injective homomorphism <fi from
r into the group Homeo+(R) of orientation preserving homeomorphisms of
the real line. Assume first that there is a point jc0 in R with trivial stabilizer.
Then we can define a left invariant total ordering by defining 71 ^ 72 if
0(7i)(xo) S <£(72)fro)- If there is no such point xq, choose a sequence of
points (x;);gN which is dense in the line. Now define 71 ^ 72 if 71 72 or if
the first i for which <£(71 )(*,-) 7^ </<72)fe) is such that < ^(72)(jq).
This defines a left invariant total order on T.

Conversely, let ^ be a left invariant total order on the countable group T.
Enumerate the elements of T, i.e., choose a bijection T. We are
going to construct inductively an increasing injection v of (r, 70 in (R, <).
Define «(70) arbitrarily and suppose that v(j0), ,•) have been defined.
If 7;+i is smaller (resp. bigger) than all 70, ...,7/ then define v(j!+lj as

any real number smaller (resp. bigger) than min(u(70),..., v(j,)) - 1 (resp.
max(u(7o),..., v(j,))+ 1 )• Otherwise, there is a pair of integers 0 <a,ß <i
such that 7„ 7 7,+ i 7 73 and such that there is no 7 (0 <j <i) between

7„ and >yß. Then we define «(7+1) as (v(-ya) + v(jß))/2. Let c R be the
closure of u(r).

By our construction, it is easy to verify that X is unbounded and that
any connected component ]a,b[ of the complement of X is such that a
and b are in u(T). The group Tactson itself by left translations so
that every element 7 of T induces an increasing bijection <^(7) of v(F).
We claim that 7(7) extends continuously to ^. Otherwise, there would
exist a point x ]im„ v(j,n) lim„, v(jim) for an increasing sequence of
elements jinanda decreasing sequence 7^ and such that lim„ '('(77,,,) <
limmu(77 im). Then a lim„ u(77,„) and b limm would be the
endpoints of some connected component of the complement of X. By
our previous observation, a and b would be the image by v of two
distinct elements of T. On multiplying these two elements on the left
by 7-1, this would produce two distinct elements 7_ and 7+ such that
f(7(„) < v(j-)<v(-y+) < u(t im)andthis contradicts the fact that the two
sequences have the same limit x.
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Therefore we have produced a homeomorphism <56(7) of X. We now extend

cj){7) to the whole line R in such a way that fQy) is affine on each interval

of the complement of X. It is now clear that f is an injective homomorphism

from r to the group of orientation preserving homeomorphisms of the real

line.

Theorem 6.8 produces many examples of actions on the real line. For

instance, suppose T is a countable group containing a nested sequence of
subgroups T T0 D Ti D • • O bo (finite or infinite) such that the

intersection of this family reduces to the trivial element and that each T;

is a normal subgroup in the previous one Ti_ 1. Assume that each quotient
Qi Ti/Ti-t is left orderable and denote by A; such a left order on Qt.
Let us construct a left order ^ on T. Consider two distinct elements 7,7'
in r and let i be the first integer such that 77'_1 is not in F, • Then 7_17/
is in fVi and determines an element [7—17/] of Qi. Then define 7^7' if
[f^V] 1- This is a left invariant total order on T.

As an example, note that a countable torsion free abelian group A embeds

in the tensor product A ® Q which is a Q -vector space whose dimension is

at most countable and therefore embeds in R. Hence, countable torsion free
abelian groups are orderable. Let us say that a group T is solvable (resp.

residually solvable) if there is a finite (resp. infinite) decreasing sequence of
subgroups as in the previous paragraph such that the quotient groups Qi are
abelian. We have now proved:

PROPOSITION 6.9. Let T be a countable group which is (residually)
solvable with torsion free abelian quotients. Then T acts faithfully on the

real line by orientation preserving homeomorphisms.

There are many examples of such groups: free groups or fundamental

groups of closed orientable surfaces for instance have these properties [46].
Observe that the left orderings that we produced by the previous argument
are in fact left and right invariant orderings. If we go back to the proof of
Theorem 6.8 we can check that for bi-invariant ordered groups, the actions on
the line f: T —» Homeo+(R) produced by the proof are very peculiar: they
are such that for every non trivial 7 G T, we have either f(y)(x) < x for
all x G R or f(j)(x) > x for all x. In other words the graphs of <£(7) don't
cross the diagonal. However, there will be elements whose graphs touch the
diagonals, unless of course the action is free, which is almost never the case
because of the following well known theorem of Holder.



J/D E. GHYS

Theorem 6.10 (Holder). If agroup acts freely on the real line by
homeomorphisms, it is abelian. More precisely, such a group embeds as
a subgroup of R and the action is semi-conjugate to a group of translations.
In the same way, a group acting freely on the circle is abelian, embeds in
SO(2), and is semi-conjugate to a group of rotations.

Proof. Let f: T— Homeo+(R) be a homomorphism such that for all 7different from the identity the homeomorphism 7(7) has no fixed point. If
7,7' are elements of T, write 7 7 7' if 7(7X0) < XX/'XO) (which implies
7(7)0*)< fhf')(x) for all x since the action is free). This defines a left and
right invariant ordering 7 which is archimedean, such that for any pair of
non trivial elements 7,7' for which id 7 7 and id 7 7', there is a positive
integer n such that 7' 7 7". Indeed, the sequence 7(7)"(0) is increasing and
has to tend to 00 since otherwise its limit would be a fixed point of 7(7) ;
hence for n sufficiently large we have 7(7') (0) < 7(7" )(0).

Then we show that any group F equipped with a bi-invariant total
archimedean ordering embeds in R and is therefore abelian. Fix a non trivial
element 70 such that id 7 70 and for each 7 6 T, define <I)(7) as the smallest
integer keZ such that 7 7 7*. We have

This defines a map $: F —» Z which satisfies

0(7) + $(7') - 1 < 0(77') < 0(7) + 0(7')
so that is a quasi-homomorphism. As we have already observed, 7(7)
lirnn—oo <t>(7")/n exists and defines a quasi-homomorphism 7 ' F —> R which
is homogeneous {i.e. 7(7) «7(7)) and which is increasing 7 7 7'
implies 7(7) < 7(7')). Note that 7(7o) 1.

We claim that 7 is a group homomorphism. Indeed, consider two elements
7,7' in T and assume for instance that 77' 7 7'7. it follows easily by
induction that for every positive integer n, we have 7"7'" 7 (77')" 7 y'ny".
Evaluating <t> on this inequality, we get

®(t") + 3>(7'") - 1 < $((77')") < <p(7") + $(7'").
Dividing by n and taking the limit, we obtain

7(7) + 7(7') s 7(77') •' 7(7) + 7(7')

so that 7 is indeed a homomorphism.
We still have to show that 7 is injective. For any 7 such that 7 7 we

know, since the ordering is archimedean, that there is some positive integer k
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such that 70 ^ 7*. It follows that 1 < k7)so that ^(7) is non trivial. This

proves the injectivity of f.
Observe that the non decreasing embedding 0 of F in R is unique up to

a multiplicative constant. Indeed, if ft is another one, we have by definition

(0(7n)- 1)07(7o) < ftift) < ^)(7n)0/(7o). Dividing by n and taking the limit,

we get ft ft(70)ft.
We now show that the action of T is semi-conjugate to a group of

translations. If T is isomorphic to Z, it acts freely and properly on the line

so that it is indeed conjugate to the group of integral translations. Otherwise,

ftT) is dense in R. Let x be any point in R and define

h(x) sup (0(7) G R I 7(0) < x}

Clearly, h is non decreasing and satisfies h(y(x)) h(x) + ft7) identically.

The continuity of h is easy and follows from the density of the group ftT) :

if h were not continuous, the interior of R \ h(R) would be a non empty

open set invariant by all translations in ftT).
The proof for groups acting on the circle follows easily : if T is a group

acting freely on the circle, its inverse image in Homeo_1_(S1) acts freely on

the line.

The following is an elementary corollary of the previous theorem.

PROPOSITION 6.11. Let T be a torsion group (i.e. such that every element

in r has finite order). Then any homomorphism from T to Homeo+(S1) has

abelian image.

Proof. We know the structure of elements of finite order of Homeo+(S1) :

they are conjugate to rotations of finite order. It follows that an element having
a fixed point and of finite order in Homeo+CS1) is the identity. In other words,
a torsion group acting faithfully on the circle acts freely. The result follows
from 6.10.

There is another very interesting example of a group which admits a

left and right invariant total ordering: the group PL+([0,1]) of orientation
preserving piecewise linear homeomorphisms of the interval [0,1]. Indeed,
let 7,7/ be two distinct elements of PL+([0,1]) and consider the largest real
number x G [0,1] such that 7 and ft coincide on the interval [0,x]. Then
for e > 0 small enough, we have either 7(t) < 7ft) for t G ]x,x + e] or
7(0 > ft if) for t G ]x,x + e]. Say that 7 -i ft in the first case and ft -< 7 in
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the second case. This defines a total ordering on PL+([0,1]) and it is clearly
left and right invariant. We can induce this ordering on countable subgroups
°f PL+([0,1]), for instance the subgroup of elements with rational slopes and
apply the general construction that we described above. We get an action of
this rational group on the line which is very different from the given action
of PL+([0,1]) on ]0,1[ : the corresponding graphs don't cross the diagonal.

Remark that an affine bijection of the line x i—» ax+b has at most one fixed
point (if it is not the identity). Solodov proved that this property essentially
characterizes groups of affine transformations.

THEOREM 6.12 (Solodov). LetY be a non abelian subgroup of
Homeo+(R) such that every element (different from the identity) has at most
one fixed point. Then T is isomorphic to a subgroup of the affine group
Al f (R) of the real line,andthe action of F on the line is semi-conjugate
to the corresponding affine action.

Solodov did not publish a proof but mentions his result in [62] and
explained it to the author of these notes in 1991. Later T. Barbot needed this
theorem for his study of Anosov flows and published a proof in [3]. More
recently, N. Kovacevic published an independent proof in [43], See also the
recent preprint [20] for a detailed proof.

Proof. Let T be a subgroup of Homeo+(R) such that every element
(different from the identity) has at most one fixed point. If no non trivial
element has a fixed point, Holder's Theorem 6.10 implies that T is abelian
(and that the action is semi-conjugate to a group of translations). If there is a
point x which is fixed by the full group T, then one can restrict the action
to the two components of R \ {x} on which we can use Holder's theorem
again : this would imply that T is abelian.

We claim that T contains an element 7 with a repulsive fixed point x,
i.e. such that 7(y) > y for every y > x and 7 < y for every <x. Indeed
choose some non trivial 70 in T fixing some x0. If x0 is not repulsive for
70 and for yQ 1, this means that xo is a parabolic fixed point, i.e. replacing
70 by its inverse, we have 70(7) > y for all y^x0. Conjugating 70 by some
element which does not fix xo, we get an element 71 fixing some xi and
such that 7i(y) > y for y f x\. Assume for instance x0 < x\ and consider
the element 7 y0yfl.Obviously, one has 7(x0) < x0 and y(x() > xi and
since we know that 7 has at most one fixed point, 7 must have a repulsive
fixed point between x0 and x, as we claimed.
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Now, we can try to mimic the proof of Holder's theorem. Consider two
elements 7 and 7' of T. Write 7 7? 7' if there is some x G R such that

7(y) < 7'(y) for all y > x. Clearly, our assumptions imply that this defines

a total ordering on T which is left and right-invariant. Denote by r+ the

subset of elements of T \ {id} such that id ^ 7-
The next claim is a weak form of the archimedean property. Fix some 70

in T+ with a repulsive fixed point xq, and let 7 be any other element of T+.
Then there exists some positive integer k such that 7 ^ 7J. Indeed, choose

some real numbers x_, x+ such that x_ < xo < x+. For k big enough, one
has 7o(x_) < 7(x_) and 7q(x+) > 7(x+) since xo is repulsive. It follows
that 7-17o has a fixed point in the interval [x_,x+] which is therefore the

unique fixed point of 7-17o- Hence we have yj}(y) > 7_1(y) for all y > x+
and 7 ^ 7o. This proves our last claim.

Again, we fix some 70 in T+ with a repulsive fixed point xo. For each

7 g r+ we define 0(7) G N to be the smallest integer k such that 7 =< 7o •

If 7-1 G r+, we let 0(7) —0(7_1) and finally we define <S>(id) 0. This
defines a map O : F —> Z. Then we can copy from the proof of Holder's
theorem: O is a quasi-homomorphism and the limit 7(7) lim^oo <d>(-f)/n
exists and defines a group homomorphism 0 : T — R.

It follows in particular that the first commutator group [T, T] is contained in
the kernel of 4> The final observation is that this kernel acts freely on the line.
Otherwise, we saw that Ker(<f>) would contain some element 7 with a repulsive
fixed point and we have already observed that this implies the existence of
some integer k such that 70 •< 0k which in turn implies that 7(7) > 1 jk / 0,
a contradiction. Using Holder's theorem, we conclude that [T, T] is abelian.

We know the structure of free actions (of abelian groups) on the line : they
are semi-conjugate to translation groups. More precisely, we know that there
is a map h: R —> R and an injective homomorphism : [T, T] —* R which
are such that for every 7 e [T,T] and x G R, one has: h(j(x)) h(x) + -tpij).
If the image t>([r. I j) is non discrete, this map h is unique up to post-
composition by an affine map. So assume first that ^([T, F]) is non discrete.
Note that [T, T] is a normal subgroup of T. It follows that for every 7
in T, the map h 07 coincides with h up to some affine map. This means
precisely that h realizes a semi-conjugacy between T and some group of affine
transformations of R and shows that F is indeed isomorphic to a subgroup
of Aff(R). To finish the proof, we still have to show that -0([F, F]> cannot be
discrete, i.e. isomorphic to Z. In this case, inner conjugacies by an element
7er have to preserve the generator 1 of Z (the unique generator which is
bigger that the identity in our ordering). This means that Z (~ [T,r]) lies
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in the center of T. This is not possible since for every fixed point x of an

element 7 of T, its orbit under Z would consist of fixed points of 7.

Holder's theorem essentially characterizes translation groups as groups
acting on the line with no fixed points. Solodov's theorem essentially
characterizes groups of affine transformations as groups acting on the line

with at most one fixed point. It is very tempting to try to prove a similar
characterization of groups of projective transformations as groups acting on
the circle with at most two fixed points... Unfortunately, this is not the case

N. Kovacevic recently constructed a nice counter-example in [44].

THEOREM 6.13 (Kovacevic). There exists a finitely generated subgroup of
Homeo+CS1) such that every element different from the identity has at most

two fixed points, such that all orbits are dense, and which is not conjugate
to a subgroup of PSL(2, R).

Nevertheless, there is a very important characterization of groups which are

conjugate to subgroups of PSL(2,R). This characterization is due to Casson-

Jungreis and Gabai [15, 24], following earlier work of Tukia. We would have

liked to include a discussion and a proof of this result, but that would be too

long and we have to limit ourselves to a statement Consider a sequence yn

of elements of Homeo+CS1). Let us say that yn has the convergence property
if it contains a subsequence ynk which satisfies one of the following two

properties :

• ynk is equicontinuous ;

• there exist two points x,y on the circle such that %k (resp. y~l)
converges to a constant map on each compact interval in S1 \ {x} (resp.

inS1^}).
A subgroup r of Homeo+(S1) is called a convergence group if every

sequence of elements of T has the convergence property.

Theorem 6.14 (Casson-Jungreis, Gabai). A subgroup of Homeo+(S1) is

conjugate to a subgroup of PSL(2,R) if and only if it is a convergence group.

The reader should at least be able to prove the easy part of the theorem :

subgroups of PSL(2, R) are convergence groups

We revert now to groups acting on the circle. We state a general criterion

which characterizes the bounded classes coming from some action.
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THEOREM 6.15 ([25]). Let T be a countable group and c a class in

Hl(T, Z). Then there exists a homomorphism f: F —> Homeo_j_(S1) such that
(j)*(eu) c if and only if c can be represented by a cocycle which takes only
the values 0 and 1.

Proof Of course, the necessary condition is clear from 6.3 and the main

difficulty will be to construct some action from a cocycle taking two values.

Let c be a 2 -cocycle on the group T taking only the values 0 and 1. We

saw that a central extension and a section lead to a 2-cocycle. The process
can be reversed and we can construct a central extension F in the following
way from a 2-cocycle c. As a set, F is the product ZxT and we define a

multiplication • by:

(ni,7i) • («2,72) (ni + H2 + C(7i,72),7I72)

where, asjisual, c denotes the inhomogeneous cocycle associated to c. The
fact that f is a group is a restatement of the fact that c is a cocycle. The
projection F —» F is a group homomorphism.

Assume first that the cocycle c is non degenerate, i.e. that c(id, 7)
c(yfid) 0 for every 7 in F fiwhere id denotes the identity element in T).
Then the identity element of F is (0, id) and the map n G Z (n, id) g
is also a group homomorphism. Hence, we have a central extension

0— Z—>f—> T—fl.
The fact that c takes non negative values means that the subset P of F

consisting of elements of the form (n,j) with n > 0 is a semi-group, i.e. is
stable under the product •. Moreover, since c takes the values 0 and 1, the
inverse of (n,7) is (—«,7 l) or (—n — 1,7-1). It follows that every element
of F belongs to P or to its inverse. In other words, if one defines 71 ^ 72
if 727!

~ g P we get a totsd pre-order on f which is left invariant. Denote
by t the element (1 fid) in F. Note that for every 7 in F we have 7 ^ t'y.

The end of the proof mimics 6.8 : One constructs a map v : f —> R such
that 71 ^ 72 if and only if v(ji) < v(y2) and such that vfiyt) v(j) + 1

for every 7 G F. We may even choose v in such a way that the action of
T on itself by left translations defines an action^ on v(f) C R which extends
to its closure. Then we extend this action of f to R using affine maps in
the connected components of the complement of this closure. Finally, since t
acts on R by the translation by 1, we get an action of the quotient group F
on the circle R/Z. This construction was carried out in such a way that it is
clear that the bounded Euler class of this action is precisely the class of the
cocycle c.
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Finally, we have to deal with the case of degenerate cocycles c. Note that
the fact that c is a cocycle can be expressed by the identity:

c(7i, 72) + c(7I72,73) C(72, 73) + c(7i, 7273).

It follows that there exists an integer 0 or 1 such that for every 7 in
r we have c( 1,7) c(7,1) u. The fact that c is degenerate means that
v 1

• Then we can define c'1 —c.Thisis a new cocycle which is non
degenerate and takes only the values 0 and 1. By the previous construction,
we get an action of T on the circle corresponding to the bounded class of
c'. Reversing the orientation of the circle, we get finally an action of T on
the circle whose bounded Euler class is the class of c.

6.6 Some examples

Recall that a group T is called perfect if every element is a product
of commutators. It is uniformly perfect if there is an integer k such that
every element is a product of at most k commutators. For such a uniformly
perfect group, every quasi-homomorphism from F to R is bounded (since
it is bounded on a single commutator) so that the canonical map from
Hl(T,R) to H2(T, R) is injective. Moreover the map from Hf/T, Z) to
H%(T,Rj is also injective since there is no homomorphism from F to

R. In such a situation, the usual Euler class in H2(T,Z) determines the
bounded Euler class, and therefore most of the topological dynamics of a

group action.

An example of such a group is SL(n, Z) which is uniformly perfect for
n >3and which, moreover is such that H2(SL(n, Z), Z) 0 (for >3) [52],

As a corollary, we get immediately that n > 3, any action of SL(«,Z)
on the circle has a fixed point. This will be strengthened later in 7.1. Some
other matrix groups have this property: see for instance [5, 14],

Consider the case of the Thompson group G. We can show that every
element in G is a product of two commutators (see [28]) and that H2(G, Z)
is isomorphic to Z. Using the Milnor-Wood inequality we can show that in
H2(G, Z) only the elements —1,0,+1 have a norm less than or equal to
1/2. Hence we deduce that any non-trivial action of the Thompson group
G on the circle is semi-conjugate to the canonical action given by its
embedding in PL+(SI) or to the reverse embedding obtained by conjugating
by an orientation reversing homeomorphism of the circle (see [28] for more
details).
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Another situation where the bounded cohomology is easy to compute is

the case of amenable groups. Let T be topological group (which will be

frequently a discrete countable group) and denote by C^ÇT) the real vector

space of bounded continuous functions on T with real values, We say

that T is amenable if there is a linear operator m: C°(r) ^ R called a

"mean" such that m is non negative on non negative elements, is equal

to 1 on the constant function 1 and is invariant under left translations

by elements of T. See the book [29] for a good description of the theory

of these groups. Of course, compact groups are amenable: it
suffices to define m as the integral over the Haar measure. Abelian groups

are amenable. A closed subgroup of a locally compact amenable group
is amenable and an increasing union of amenable groups is amenable.

The category of amenable groups is also stable under extensions. In
particular, solvable groups are amenable. The following is due to Johnson

(see [39]).

Theorem 6.16 (Johnson). If T is an amenable group then its real bounded

cohomology groups HbQT, R) are trivial for all k>0.

Proof Strictly speaking, we only defined cohomology and bounded

cohomology for discrete groups... but of course we could have done it for a

general topological group. Since in any case we don't need this fact for non
discrete groups, we assume T is a discrete amenable group equipped with
a mean m. Let c : Tk+1 —» R be a bounded £-cochain. Then we can define

I m(c) : — R by taking the mean value with respect to the first variable. This

I linear operator in: Cf(r, R) — C^_1(r, R) is an algebraic homotopy between

I the identity and 0, i.e. we have dk-\m =b mdk id. It implies immediately
• that a bounded cocycle is a bounded coboundary.

f Let T be an amenable subgroup of Homeo+(S1) and let f be the group of
j lifts in Homeo+(S1) : this is also an amenable group since it is an extension

: : of the amenable group Z by the amenable group F. The translation number
map r: T —* R is a quasi-homomorphism and is a homomorphism on one

j generator subgroups ; the vanishing of bounded cohomology therefore implies
] that it is a homomorphism. The rotation number is a homomorphism when
I restricted to an amenable group.

If T is an amenable group, the group Hl(r, Z) can easily be determined.
Indeed, we know that L/f(r,R) 0 and that the kernel of the map from
tf2(r,Z) to tf2(r, R) is the quotient group Hl(T, Z). We have
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therefore proved the following :

Proposition 6.17. Let r be an amenable group and 0: T —>• Homeo+CS1)
a homomorphism. Then the rotation number map p o 0: F -* R/Z is a
homomorphism. If the image of this homomorphism is finite, then 0(1") has
a finite orbit of the same cyclic structure. Otherwise, 0 is semi-conjugate to
the rotation group pofÇF).

Note that there is another approach to the proof of this proposition, using
invariant probability measures. Indeed, let F be an amenable group acting on
the circle by some homomorphism 0: F Homeo+CS1). If u: S1 —> R is a
continuous function, we can consider the mean value of the bounded function
7 G r i-> w(0(7)(O)). This gives a linear functional on the space of continuous
functions u on the circle, equal to 1 on the function 1, i.e. this mean value has
the form fsl u dp for some probability measure p on the circle. Of course this
probability measure is invariant under 0(F). Assume now that p has some
non trivial atom, i.e. that some point x has some positive mass p({x}) > 0.
Then there is a finite number of atoms of the same mass so that we get a finite
orbit for f(F). If there is no atom, then there is a degree 1 map of the circle
to itself which sends the measure p to the Lebesgue measure since in this
case the measure of an interval depends continuously on its endpoints. This
map collapses each component of the complement of the support of p to a
point. This provides a semi-conjugacy of 0 with a group of homeomorphisms
preserving the Lebesgue measure, i.e. a rotation group. This gives another
proof of Proposition 6.17.

Invariant probability measures also provide another definition of translation
and rotation numbers. Let / be any element of Homeo+CS1). The qualitative
description of the topological dynamics of / that we gave in 5.9 enables us
to describe explicitly the probability measures p on S1 which are invariant
by/.

If the rotation number off vanishes, the invariant probability measures are
characterized by the fact that their support is contained in the fixed point set
Fix(f) of /. Indeed we know that the action of / on a connected component
of the complement of Fix(f) is conjugate to the translation by 1 on R and
cannot preserve any non trivial finite measure.

If the rotation number is rational, invariant probability measures are
concentrated on the set of periodic points.
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If the rotation number is irrational and the orbits are dense, we know
that / is conjugate to an irrational rotation. In this case, there is a unique
invariant probability measure which is the image of the Lebesgue measure by
the topological conjugacy (see [41]). If the orbits are not dense, there is an

exceptional minimal set K C S1 and the support of any invariant probability
has to coincide with K since we know that the connected components of
S1 — K are wandering intervals. In this case also there is a unique invariant

probability p which is the unique probability which maps to the Lebesgue
measure by the degree 1 semi-conjugacy with a rotation.

Let / be an element of Homeo+(S1) and p a probability measure on S1

which is invariant by the corresponding homeomorphism of the circle / p{f).
The function f(x)—x is Z-periodic and therefore defines a function on R/Z
that we can integrate with respect to p. It should be clear to the reader by
now that the result is nothing more than the translation number r(/). Suppose
now that / and g are two elements of Homeo+tS1) such that /?(/) and p(g)
preserve the same measure p. Note that fg(x)-x (f(gx) - g{x)) + (g{x)-x)
and integrate with respect to p. We get that r(fg) r(J) + r(g). So we have

proved the following:

PROPOSITION 6.18. Let g be a probability measure on the circle. Denote by
Homeo+CS1,/^) the subgroup of Homeo+(S1) consisting of homeomorphisms
preserving p. Then the rotation number p : Homeo+(S1, p) —> R/Z is a
homomorphism.

Of course, in many situations the groups Z/f (F, R) can be infinite
dimensional. For instance, this is the case of a free non abelian group, of
the fundamental group of a closed orientable surface of genus g > 1 [4] and
more generally of non elementary Gromov hyperbolic groups [19]. This is
not a surprise since there are many homomorphisms from a free group for
instance to Homeo+CS1) and their bounded Euler classes are usually distinct.

In some cases, the bounded Euler class of a specific action on the circle
might be useful to understand the structure of the group. Suppose for example
that a group T is such that H[(T, R) H2(T, R) 0 and that we are given a
homomorphism cß: T Homeo+CS1). Then the image of the bounded Euler
class eu(cß) in //2(F, Z) vanishes so that there is a (usually non bounded)
quasi-homomorphism iß\T ^ R such that the bounded Euler cocycle <ß*(c)
is the coboundary of the 1-cochain ^(7i_17o). Modifying ^ by a bounded
amount, we can assume that if) is a homomorphism on one generator groups.
With this condition, iß is uniquely defined since we assumed that there is no
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homomorphism from T to R. Of course, for any 7 in T, the projection of
ip(7) in R/Z is nothing more than the rotation number of <p(7). Summing
up, with these algebraic conditions on the group T, any action of T on the
circle determines canonically a quasi-homomorphism ip: F —> R which is a
lift of the rotation number map.

A specific example is the modular group PSL(2,Z). As a group, it
is isomorphic to the free product of two cyclic groups: PSL(2,Z) ~
Z/2Z * Z/3Z (see for instance [61]). Of course there is no non-trivial
homomorphism from this group to R since it is generated by two elements of
finite order. In the same way, its second real cohomology group is trivial
(this follows for instance from the Mayer-Vietoris exact sequence since
finite groups have trivial cohomology over the reals). We deduce that every
action of PSL(2, Z) on the circle yields a well defined quasi-homomorphism
ip : PSL(2, Z) —> R lifting the rotation number. If we start with the canonical
action of PSL(2, Z) on the circle RP1, the rotation numbers are not interesting :

the only elliptic elements in PSL(2, Z) have order 2 and 3 so that the rotation
number of elements in PSL(2, Z) are 0,1/2,1/3,2/3 G R/Z. However the
quasi-homomorphism W: PSL(2,Z) -> R that we get is very interesting
and has been studied in many different contexts : it is called the Rademacher
function. The explicit formula giving as a function of the entries of a matrix
in PSL(2, Z) involves the so called Dedekind sums which are important in
number theory. We refer to [4] for a description of and a bibliography on
this very nice subject.

7. Higher rank lattices

In this section, we study the problem of determining which lattices in
semi-simple groups can act on the circle.

Let G be any Lie group and 0 be its Lie algebra. The real rank of G is
the maximal dimension of an abelian subalgebra 21 such that for every a G 21

the linear operator ad(a): 0 —» 0 is diagonalizable over R. For instance, the
real rank of SL(n, R) is n — 1 : its Lie algebra consists of traceless matrices
and contains the abelian diagonal traceless matrices. A lattice in a Lie group
G is a discrete subgroup F such that the quotient G/F has finite measure
with respect to a right invariant Haar measure. A lattice in a semi-simple
group is called reducible if we can find two normal subgroups Gi,G2 in G,
connected and non trivial, which generate G, whose intersection is contained
in the (discrete) center of G, and such that (Gi nr).(G2 Hf) has finite index
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in T. Otherwise, we say that T is irreducible. Note that lattices in simple

Lie groups are obviously irreducible.

The first example of a lattice is SL(n,Z) in SL(n,R) : the corresponding

quotient has finite volume (but is not compact).

Another example to keep in mind is the following. Consider the field Q(a/2)

and its ring of integers Ö Z[\/2]. The field QCs/2) has two embeddings in

R given by a + by/2 G Q(V2) h-> a ± by/2 G R. This gives two embeddings

of the group SL(2,0) in SL(2,R). The images of these embeddings are

dense but the embedding of SL(2, O) in SL(2, R) x SL(2, R) has a discrete

image which is an irreducible lattice in SL(2, R) x SL(2, R) (whose real rank

is 2). Of course, we can construct many more examples using this kind of

arithmetic construction: Borel showed for instance that any semi-simple Lie

group (with no compact factor) contains at least an irreducible lattice (and

even a cocompact one).

Note also that if a compact oriented manifold M of dimension n admits a

metric with constant negative curvature, its universal cover is identified with

the hyperbolic space Hn of dimension n. It follows that the fundamental

group T of M is a discrete cocompact subgroup of the group of positive

isometries of Hn which is the simple Lie group SO0(w, 1). These examples

provide lattices in real rank 1 simple Lie groups.

For the theory of lattices in Lie groups, we refer to [48, 72].

7.1 Witte's theorem

In [70], Witte proves the following remarkable theorem:

THEOREM 7.1 (Witte). Let T be a finite index subgroup of SL(w, Z) for
n > 3. Then any homomorphism (j)\ T -t- Homeo+(S1) has a finite image.

The proof will be derived from the following

THEOREM 7.2 (Witte). A finite index subgroup of SL(n, Z) for n> 3 is

not left orderable.

Proof. It suffices to prove it for a finite index subgroup T of SL(3,Z)
since a subgroup of a left ordered group is of course left ordered. Suppose by
contradiction that there is a left invariant total order ^ on T. Choose some

integer k > 1 so that the following six elementary matrices belong to T :
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fiko\/loa /1 o o \a\-o l o I
a2o l o «3 o l *

VO O 1 / Vo O 1 / Vo 0 1 /
/ 1 0 °\ / 1 0 0\ /100\

04 I k 1 0 I «5=1010] «6=1010)\0 0 1 / \k 0 1 J \0 £ 1 /
It is easy to check the following relations between these matrices. Taking
indices modulo 6, for every i the matrices «, and commute and the
commutator of «,_, and ai+1 is afk. Fix some and let us analyze the
structure of 7 on the group H, generated by «,•_!,«,-,«I+1. Allowing ourself
to replace or «,+, by their inverses and to permute them, we can define
three elements a,/?,7 such that {a,ß} {«±I1,«±\} and 7 «,±* and
such that the following conditions are satisfied:

a7 7a ; ßj^ß1A a ; 1 ^ ß;l ^ j
(1 denotes the identity element). If £ is an element of T, we set |£| £ if
1 A £ and otherwise. If two elements in F are such that 1 A £ and
1 A C, we write f « Ç if for every integer 1, we have £" a C- We claim
that 7 « « or 7 « ß (which implies that \a,\ <C or |«,| < |«/+I|).
Indeed, suppose that there is some integer n > 1 such that A 7" and
ß 7 7" and let us compute

SmQmßm{a~xil)m{ß-Xy»)"
Since <5m is a product of elements in F which are bigger than 1, we have
1 A 5m.Now the product defining Sm can easily be estimated since we know
that 7 commutes with a and ß and that interchanging the order of an a
and a ßiscompensated by the introduction of a 7. We find

X — m2+2mn
um — /

Since 1 A 7, we know that 7 to a negative power is less than 1. For m big
enough, we get SmA1. This is a contradiction.

Coming back to our six matrices «,, we find that |«, | < j«,._, | 0r
|«,| <C |«,+i|. If we assume for instance |«! | < |«2|, we therefore deduce
cyclically |ai | <C |«21 <C [«31 |«4| |«s | («61 <7 |«i|, and this is a
contradiction.

Let us now prove Theorem 7.1 using similar ideas. Of course, Theorem 7.2
means that a finite index subgroup of SL(n, Z) for « > 3 does not act faithfully
on the line (by orientation preserving homeomorphisms).
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Consider first a torsion free finite index subgroup T of SL(3,Z) and

suppose by contradiction that there is an action f: T —> Homeo+CS1) with
infinite image. According to an important theorem, due to Margulis, every
normal subgroup of a lattice in a simple Lie group of rank at least 2 is either
of finite index or is finite (see [48, 64]). It follows that the action f is faithful.

As in the proof of Theorem 7.2, choose an integer k such that the matrices

(fldi= 1...6 are in r. Note that the group Ht generated by at, ai+\ is

nilpotent, hence amenable, so that the rotation number is a homomorphism
when restricted to Hi. Since afk is a commutator, it follows that the rotation
numbers of all $(<zz) vanish. Define A; as being the unique lift of f{aï)
whose translation number is 0. We claim that the elements A/ of Homeo^S1)
also satisfy the relations that for every i the homeomorphisms A; and Az+i
commute and the commutator of Az_\ and Az+i is Afk. Indeed AiAi+\A~lAJ~+l
and Az+iA^iA^A^AT^ project on the identity and have translation number
0 since the inverse image of H{ in Homeo+tS1) is nilpotent and the restriction
of t to this group is a homomorphism. Consider now the (left ordered) group
of homeomorphisms of the line generated by the A;. We can reproduce exactly
the same argument that we used in Theorem 7.2 to get a contradiction.

Consider finally the general case of an action </>: T —> Homeo+(S1) of a
finite index subgroup of SL(w,Z) (n > 3). Replacing T by a finite index
subgroup, we can assume that T is torsion free. Of course, SL(3,Z) is the
subgroup of SL(n, Z) consisting of matrices preserving Z3 ~ Z3 x {0} C Zn
and T intersects SL(3,Z) on a subgroup of finite index in SL(3,Z). Since we
have already dealt with the case n 3, the kernel of cf> contains a subgroup
of finite index in the infinite group TPlSL(3,Z). By the theorem of Margulis
that we mentioned, the kernel of <f is a subgroup of finite index in T so that
the image of 0 is a finite group. Theorem 7.1 is proved.

It turns out that the arguments used in this proof can be extended to
a family of lattices more general than finite index subgroups of SL(n, Z)
for n > 3. The general situation in which Witte proves his theorem is for
arithmetic lattices in algebraic semi-simple groups of Q-rank at least 2. We
will not define this concept and refer to the original article by Witte. Note
however that the method of proof cannot be generalized to an arbitrary lattice
since it uses strongly the existence of nilpotent subgroups (which don't exist
for example if the lattice is cocompact). However, this strongly suggests the
following :

PROBLEM 7.3. Is it true that no lattice in a simple Lie group of real rank
at least 2 is left orderable
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7.2 Actions of higher rank lattices
We now study actions of the most general higher rank lattices on the

circle. Most of this section is an expansion (and a translation) of a small part
of [26] to which we refer for more information.

THEOREM 7.4 ([26]). Let F be a lattice in a simple Lie group G with
real rank greater than or equal to 2. Then any action of F on the circle has
a finite orbit.

Of course, in such a situation a subgroup of finite index in T acts with a
fixed point so that, deleting this fixed point, we get an action of a subgroup
of finite index acting on the line. Recall our question 7.3 concerning ordering
on lattices ; it can be reformulated in the following way :

PROBLEM 7.5. Let r be a lattice in a simple Lie group G with real
rank greater than or equal to 2. Is it true that any homomorphism from T
to Homeo+(S1) has a finite image

These notes only deal with actions by homeomorphisms and we decided
not to discuss properties connected with smooth diffeomorphisms. However,
we mention that the previous question has a positive answer assuming some
smoothness.

THEOREM 7.6 ([26]). Let T be a lattice in a simple Lie group G with
real rank greater than or equal to 2. Then any homomorphism from T to the

group of Cl-diffeomorphisms of the circle has a finite image.

This theorem is an immediate consequence of 7.4 and of two important
results. The first one, due to Kazhdan, states that a lattice like the one in the
theorem is finitely generated and admits no non trivial homomorphism into R
(see [48]). The second, due to Thurston, states that if a finitely generated group
T has no non trivial homomorphism to R then any homomorphism from T
to the group of germs of C1-diffeomorphisms of R in the neighbourhood of
the fixed point 0 is trivial (see [66]).

If we add more smoothness assumptions (but this is not the goal of
this paper...), A. Navas, following earlier ideas of Segal and Reznikov,
recently proved a remarkable theorem which applies to groups with Kazhdan's
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property (T) (see [57]). Note that lattices in higher rank semi-simple Lie groups
have this property (see [32]).

Theorem 7.7 (Navas). Let T be a finitely generated subgroup of the

group of diffeomorphisms of the circle of class C1+a with a > 1/2. If T
satisfies Kazhdan's property (T), then T is finite.

When the Lie group G is not simple but only semi-simple, the situation
is more complicated since there are some interesting examples of irreducible

higher rank lattices that do act. We have already described some examples of
irreducible lattices in SL(2,R) x SL(2, R) which act on the circle via their

projection on the first factor (which is a dense subgroup in SL(2, R)). As a

matter of fact, the next result shows that these examples are basically the only
ones.

If 0i and 02: T —> Homeo+(S1) are homomorphisms, we say that 0i is

semi-conjugate to a finite cover of 02 if there is a continuous map h: S1 —> S1

which is onto and locally monotonous, such that for every 7 G F we have

02(7)h hfi1(7).

THEOREM 7.8 ([26]). Let T be an irreducible lattice in a semi-simple Lie
group G with real rank greater than or equal to 2. Let 0 be a homomorphism
from r to the group of orientation preserving homeomorphisms of the circle.
Then either 0(r) has a finite orbit or 0 is semi-conjugate to a finite cover
of a homomorphism which is the composition of:

i) the embedding of T in G,

ii) a surjection from G to PSL(2, R),

hi) the projective action of PSL(2, R) on the circle.

These theorems show that higher rank lattices have very few actions on
the circle. Hence, according to Section 6.15, the second bounded cohomology
groups of lattices should be small. This is indeed what Burger and Monod
showed in [12] :

THEOREM 7.9 (Burger, Monod). Let T be a cocompact irreducible lattice
in a semi-simple Lie group G with real rank greater than or equal to 2.
Then the second bounded cohomology group R) injects in the usual
cohomology group H2(T, R).
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The assumption that the lattice is cocompact is important in the proof but
the theorem probably generalizes to non-cocompact lattices. Note also that for
many lattices in semi-simple Lie groups, it turns out that the usual cohomology
group H2(T, R) vanishes. This is the case for instance for cocompact torsion
free lattices in SL(n, R) for n>4 but more generally for cocompact torsion
free lattices in the group of isometries of an irreducible symmetric space of
non compact type of rank at least 3 which is not hermitian symmetric (see [7]).
In these cases, Theorem 7.9 means that tff(T,R) vanishes. Hence, using 6.6,
we deduce that every action T on the circle has a finite orbit. In other words,
Theorems 7.4 and 7.9 are closely related and, indeed they have been proved
simultaneously (and independently). It would be very useful to compare the
two proofs.

As we have already noticed, the vanishing of the second bounded
cohomology group is closely related to the notion of commutator length.
If T is any group and 7 is in the first commutator subgroup we denote
by I7I the least integer ksuch that 7 can be written as a product of k
commutators. We "stabilize" this number and define ||7|| as lim,,^^ \f\/n
(which always exists by sub-additivity). It turns out that for a finitely generated
group F it is equivalent to say that the second bounded cohomology group
^?(r, R) injects in the usual cohomology group H2(V, R), and to say that this
"stable commutator norm" || || vanishes identically [5], Theorem 7.9 therefore
implies that for cocompact higher rank lattices, this stable norm vanishes. The
following question is natural :

Problem 7.10. LetT be anirreducible lattice as in Theorem 7.4. Does
there exist an integer k > I such that every element of the first commutator
subgroup of T isa product of k commutators

Recall that by a theorem of Kazhdan, there is no non trivial homomorphism
from T to R ; this is equivalent to the fact that the first commutator group
of T has finite index in F. A positive answer to the previous question would
be a strengthening of this fact.

7.3 Lattices in linear groups

In this section, we prove Theorem 7.4 for lattices in SL(n,R) (n >3).
The general case of a semi-simple Lie group is much harder but the proof
that we present here contains the main ideas. As a matter of fact, we shall
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first concentrate on the case of a lattice T in SL(3,R) and we shall easily

deduce the general case of SL(n,R) later.

Let us first informally describe the structure of the proof. Let T be a

lattice in SL(3,R) and consider a homomorphism -* Homeo+(S

First step. In order to prove the theorem, it is enough to show that

there is a probability measure // on the circle which is invariant under the

group <p(T).

Second step (classical). A flagin R3 is a pair consisting of a

2-dimensional (vector) subspace E2 in R3 and a 1-dimensional (vector)

subspace Ex contained in E2.Thoseflags, equipped with the natural topology,

define a compact manifold Fl which is a homogeneous space under the action

of SL(3,R). Note that in particular, T acts on Fl.

Let Prob{S1)be the space of all probability measures on the circle.

Equipped with the weak topology, this is a compact metrizable space on

which the group Homeo_|-(S1) acts naturally. The lattice F also acts on

Profits') via the homomorphism <j>

Equip Fl with the a -algebra of Lebesgue measurable sets and Profi(S1)

with the a-algebra of Borel sets. In the second step, we construct a measurable

map TL Fl—> ProbiS1 which is equivariant with respect to the actions of T

on Fl and Profi(S1).

In order to prove the theorem, if is enough to show that this map T takes

the same value /.i almost everywhere with respect to the Lebesgue measure

on Fl.Indeed, by equivariance, this measure /-t will be invariant by the

group </>(T).

By way of contradiction, we now assume that T not constant on a set

offull Lebesgue measure.

Third step. Using ergodic properties of the action of F on we show

that there is an integer k and a measurable map T as above such that the

image of almost every flag in Fl is the sum of k Dirac masses on the circle

(each with weight 1 /k). Let us denote by S], the set of subsets of S1 with

k elements so that we can now consider T* as a map from Fl to

Fourth step. Let X be the space consisting of triples (E\,El,El) of

distinct planes in R3 intersecting on the same line E\. This is again a

homogeneous space under the action of SL(3,R). An element of X determines



394 E. GHYS

three flags. Therefore the map enables us to define a measurable map
VF(3) : X —> (S^)3. We will get a contradiction between the ergodicity of the
action of T on X and the non ergodicity of the action of T on the set of
triples of points: a triple of points on S1 can be positively or negatively
ordered on the circle and this is invariant under Homeo+tS1).

We now give the detailed proof.

First step: finding an invariant measure. Suppose that there is a

probability measure p on the circle which is invariant under f(T).
We know that the rotation number mapping p: Homeo+CS1) —> R/Z is not

a homomorphism. However by 6.18, the restriction to the subgroup consisting
of homeomorphisms preserving a given measure p is a homomorphism. It
follows that the map 7 G T 1— p(</>(7)) G R/Z is a homomorphism. According
to the result of Kazhdan that we mentioned several times already, T is finitely
generated and every homomorphism from F to R is trivial. It follows that the

image of the restriction of p to T is a finite cyclic subgroup Z/&Z. Consider
the kernel To of this homomorphism: this is a subgroup of index £ of T,
hence a lattice in SL(3, R). We claim that the support of p is fixed pointwise
by To. This follows from the fact that for every homeomorphism of the circle
with zero rotation number, the support of every invariant measure is contained

in the set of fixed points. Hence every point in the support of p has a finite
orbit under This is the conclusion of Theorem 7.4.

Second step: Furstenberg map. This step is classical in the study of
actions of lattices and is due to Furstenberg [23].

PROPOSITION 7.11. There is a Lebesgue measurable map x¥: Fl —>• Prob(S1

which is equivariant under the actions of T on Fl and Prob{S1).

Proof We observed that Fl is homogeneous under the action of SL(3, R).
The stabilizer of the flag consisting of the line spanned by (1,0,0) and

the plane generated by (1,0,0) and (0,1,0) is the group B of upper
triangular matrices. Therefore we can identify Fl and the homogeneous space

SL(3,R)/5.
Note that the group B is solvable. Hence B is amenable and there is a linear

form m on L°°(R,R) which is non negative on non negative functions, takes

the value 1 on the constant function 1 and is invariant under left translations. It
turns out that it is possible to choose m in such a way that it is a measurable
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function (see [55]). In other words, if fx G L°°(B, R) depends measurably on

a parameter À in [0,1], the function À i—» m(f\) is Lebesgue measurable.

Coming back to our problem, we first observe that there are measurable

maps TV SL(3,R) —* Prob{S1) which are T-equivariant. This follows from
the fact that the action of Y on SL(3, R) by left translations has a fundamental

domain; we define T'o in an arbitrary measurable way on this fundamental

domain and we can therefore define it everywhere using the equivariance.

To complete the proof of the proposition, we modify T'o to make it
invariant under right translations under B. Of course, we use the mean m. We

define TG SL(3,R) —> Prob{S1) in the following way. If g G SL(3,R), the

probability x¥(g) is defined by its value on a continuous function u : S1 —> R :

By construction, ¥ is measurable and invariant by right translations by B ;

this defines another measurable map TG Fl ~ SL(3,R)/R —> Prob(Sl) which
is r-equivariant, as required.

Third step: The map to Dirac masses. As mentioned above, we

now assume by contradiction that the map ¥ is not constant on a subset of
full Lebesgue measure.

PROPOSITION 7.12. There exist an integer k> 1 and a map TG Fl —» S\
to the set of subsets of S1 with k elements which is Lebesgue measurable
and r -invariant.

In order to prove the proposition, we first recall an important ergodic
theorem due to Moore that we shall use repeatedly (see for instance [72]). Let
Y G/H be a homogeneous space of a semi-simple Lie group G. Assume
that G is connected, has a finite center and has no compact factor. Assume
moreover that H is non compact. Let T be an irreducible lattice in G. Then
the action of Y on Y is ergodic with respect to the Lebesgue measure (class),
i.e. every measurable function on Y which is Y-invariant is constant almost
everywhere.

For instance, the stabilizer B of a flag is non compact. The action of T
on Fl is ergodic.

As another example, let us consider the space Y of pairs of flags of R3

which are in general position. For such a pair of flags, there are three non
coplanar lines E\,E\,E\ such that the first flag is given by the line E\ and
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the plane spanned by E\ and E\ and the second flag is given by the line E\
and the plane spanned by E\ and E\. Since SL(3,R) acts transitively on the
space of triples of non coplanar lines, it follows that F is a homogeneous
space of SL(3,R). The stabilizer of an element of Y is the stabilizer of
a triple of non coplanar lines: it is clearly non compact. Consequently, the
action of T on F is ergodic. Since the set of pairs of flags in general position
has full Lebesgue measure in the set of pairs of flags, we deduce that F acts
ergodically on the set of pairs of flags of R3.

However, the reader will easily check that this cannot be generalized to
the set of triples of flags : the action of SL(3, R) is not transitive on the set
of triples of flags in general position.

In order to prove Proposition 7.12, we analyze the action of F on the
space of pairs of probability measures on the circle.

If fi is a probability on the circle, we define atom(p) as the sum of the
masses of the atoms of p (i.e. those points x such that p({x}) > 0). This
is a measurable function on Prob(S1) which is invariant under the action of
Homeo+CS1). The map:

d G Fl I—>• atomÇF(d)) G [0,1]

is a measurable F-invariant function. Using the ergodicity result that we
mentioned above, this function is constant almost everywhere.

Assume first that this constant is not zero. This means that the image of
almost every flag under has at least one atom.

Let g > 0 be a positive real number. For each probability measure p on
the circle, consider the points x such that p({x}) > a. Of course, the number
of those points x is finite (possibly zero). Denote this number by N(p,a).
The map d £ Fl NQ¥(d),a) G N is measurable and r-invariant; it is
therefore constant, equal to some integer Na almost everywhere. Since we
assume that for almost every d the probability *F(d) has at least one atom,
we can choose some a in such a way that Na is an integer k > 1. This
enables us to construct a map (defined almost everywhere) from Fl to the set
of subsets of S1 with k elements, sending the flag d to the k atoms of *F(d)
having a mass greater than or equal to a. Changing our notation, we shall
call this new map *P : it satisfies Proposition 7.12 which is therefore proved,
if almost every ^(d) has at least one atom.

We now assume that for almost every d, the probability *¥(d) has no
atom.
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We shall show that under this assumption, almost all the measures ¥(<d)

have the same support.

Let fjL\ and p2 be two probability measures on the circle with no atom.

Define D(pu p2) as the maximum of the /x2-measures of the connected

components of the complement of the support of p\. If D(pi,/x2) 0, the

support of p 1 contains the support of p2. The map

(dud2) G Fl2 ^ Wi),W2)) G [0,1]

is defined almost everywhere and is T-invariant. Using the same ergodicity

result as before, we deduce that it is constant almost everywhere. We claim

that this constant ö is 0.

Suppose on the contrary that ö > 0. Using Fubini's theorem, we can find

I a measurable part Cl c Fl such that :

I • CI has full Lebesgue measure.

I • If d G Cl, the probability W(d) has no atom.

I • If d e CI, then D(d,d') 5 for almost every d' in FL

J • If d G Cl, then W(d) belongs to the support of the measure WflLebesgue)
J on the compact metrizable space Prob{S1).

1 Fix a point d G Cl. We can find a sequence dt G Cl such that W(d;) pt

I converges towards W(d) p. The probability measures pt have no atoms

I and D(ph p) 6. This means that there is a component It of the complement

I of the support supp(p) such that pff) Ö. If the sequence of lengths of
I L converges to 0, we can assume that the sequence of intervals // shrinks
I to a point p. This implies that the point p is an atom of p, contradicting
I our assumption. Therefore we can assume (after taking a subsequence) that

I the intervals L all coincide with some interval /. Since we know that the
Ti

I endpoints of I are not atoms of p, that the sequence pt converges weakly
I to p, and that pi(I) 5, it follows that p(I) — ô. This contradicts the fact

I that I is in the complement of the support of p.
We showed that 5 0. This means that for almost every pair of flags

j (d,df), we have D(x¥(d),x¥(d/)) 0. Therefore, for almost every pair of flags

I (d, df), the probability measures W(d) and W(df) have the same support. In

I
other words, there exists a compact set K C S1 with no isolated point, such

that for almost every flag d, the support of W(d) is equal to K.
Each connected component of S1 — K is an open interval. Collapsing the

closure of these intervals to a point, we get a space homeomorphic to a circle.
Therefore, there exists a continuous tt: S1 —» S1 such that each fiber of 7r

is a point or the closure of a component of the complement of K. If p is
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a measure with no atom whose support is K, the direct image 7r*(/i) is a

measure on the circle with no atom and full support on the circle.

Using 7T*, we get a map from Fl to the space of probability measures

on the circle with no atom and full support which is T-equivariant with respect
to the minimal action </> associated to <fi (see 5.8).

The space of probability measures with no atoms and full support on
the circle is a homogeneous space under the action of Homeo+CS1) and the

stabilizer of the Lebesgue measure is of course SO(2). This space can therefore
be identified with the quotient Homeo+CS1)/ SO(2). The group Homeo+CS1),
as any metrizable topological group, can be equipped with a left invariant
metric, that we can average under the action of SO(2) to produce a left
invariant metric dist on Homeo+(S1)/ S0(2). In practice, we could simply
define dist(p,\, /x2) as the supremum of |/uCD — p>2(!)\ where I runs through
the collection of intervals on the circle: it is easy to check that this metric
indeed defines the weak topology when restricted to the set of probability
measures with no atom and full support.

For almost every pair of flags (J, d') the distance dist(x¥(d),x¥(d/)) defines

a r-invariant function of pairs of flags; it is therefore constant almost

everywhere. Using the same argument as above, we see that this constant
is 0, which means that the map is constant almost everywhere. Of course,
two probability measures with no atom and with support in K which have the

same image under 7r* have to coincide so that we deduce that is constant
almost everywhere. We have found a probability measure on the circle which
is invariant under (ß(T). This is a contradiction with our initial assumption
and proves 7.12.

Fourth step : Cyclic ordering on triples of points on a circle. In
order to explain the general idea, we assume first that the integer k that

we introduced is equal to 1. In other words, we have a T-invariant map
TL Fl —> S1 defined almost everywhere which is not constant on a set of full
Lebesgue measure.

As explained above, let X denote the space of triples (E\,E\,E\) of distinct

planes in R3 intersecting on the same line E\. This is again a homogeneous

space under SL(3,R) and the stabilizer of a point in X is clearly non

compact. We deduce from Moore ergodicity theorem that the action of T on

X is ergodic. Since a point of X determines three flags, we can define a

measurable T-equivariant map X —* (S1)3 (defined almost everywhere).
Indeed, let us consider the projection pr: Fl —» RP2 from Fl to the real

projective plane mapping a flag E\ C £2 to the line E\ c R3. The space X
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is therefore the space of triples of flags having the same projection under pr.
It follows from Fubini's theorem that for every subset of full measure in Fl,
the set of triples of elements of this set having the same projection under pr
has full measure in X : this is exactly what we need to define XF(3).

The space (S1)3 can be decomposed into disjoint parts, invariant under

the action of Homeo+CS1) :

i) Triples of the form (x,x,x).
ii) Triples consisting of two distinct points. In turn, this set can be

decomposed into three parts : the spaces of triples of the form (x, x, z), resp.

(x,y,x), resp. (x,y,y).
iii) Triples (x, y, z) of distinct elements on the circle whose cyclic ordering

is positive, i.e. such that the interval positively oriented from x to y does not
contain z.

iv) Triples (x, y, z) of distinct elements on the circle whose cyclic ordering
is negative.

Inverse images of these six parts under *F(3) are measurable and disjoint
r-invariant sets and therefore have to be either of measure 0 or of full
Lebesgue measure. This means that there is a subset Q C X of full measure
whose image is contained in one of the six parts that we described. We claim
that this is not possible.

Observe that the symmetric group 63 of permutations of three objects
acts on X and on (S1)3, permuting respectively flags and points. Note that
these actions commute with the actions of F on X and (S1)3. Of course VF(3)

is equivariant with respect to these action of 63.
It follows that the part which contains *F(3)(Q) has to be invariant under 63.

Among the 6 parts that we described, only the first one has this property. This
means that the map *P: Fl — S1 factors through the projection pr : Fl —> RP2.
In other words, almost everywhere, the image of a flag by depends only
on the line associated to the flag and not on its plane.

Exactly in the same way, we could have defined a space X' consisting
of triples of flags having the same plane, i.e. having the same projection in
the dual projective plane. The same proof shows that almost everywhere ¥
depends only on the plane of a flag and not on its line.

This implies that ¥ is constant almost everywhere and gives the contradiction

we were looking for when k— 1.

When k > 1, we shall use a similar idea.

Recall that we denote by the space of subsets A of the circle with k
elements. Given two elements (Ai,A2,A3) and (A^A^A^) of (S^)3, we say
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that they have the same cyclic ordering if there is an orientation preserving
homeomorphism h of the circle such that h(A\) A\, h(A2) A'2, h(A3) A'3.
This gives a partition of (Sj.)3 into finitely many parts invariant under the action
of Homeo+CS1). As before, it follows that there is a subset Q of full measure
in X such that T'(Q) is contained in one of these subsets. Using again the
action of 63 we conclude that this subset consists of triples (Ai,A2,A3) which
have the same cyclic ordering as (Aa-(i), Aa(2), Aa(3)) for every element a e X3.
Therefore, for every a, there is an orientation preserving homeomorphism ha
such that ha(Ai) Aa^ for i 1,2,3. Let A be the union of Ai,A2 et A3 :

this is a set with N < 3k elements. Orientation preserving homeomorphisms
globally preserving A must induce a cyclic permutation of its elements. In
particular, the commutator of two elements ha must fix each element of A
since cyclic permutations commute. As the cyclic permutation er 1,2,3) is
a commutator in 63, the homeomorphism fyi,2,3) acts trivially on A. Since

we know that h(lj2,3)(Ai) A2, h(1}2,3)(A2) A3 and h(1)2,3)(A3) A\, we
have A\ A2 A3. We showed that there exists a measurable subset of full
measure Q c X such that the image ¥(0) consists of triples of the form
(A,A,A). Exactly as we did in the case k 1= 1, we conclude that is constant
almost everywhere and this is a contradiction.

This is the end of the proof of Theorem 7.4 for lattices in SL(3,R).
Remark that the core of the proof is the incompability between two facts.

The group Homeo+CS1) does not act transitively on generic triples of points
on the circle but SL(3,R) does act transitively on X. Note that the existence

of an element of SL(3,R) fixing a line and permuting arbitrarily three planes

containing this line, means that the real projective plane is not orientable.

The proof for a lattice T in SL(w,R) (n > 3) is very similar. For

every sequence of integers, 1 < i\ < i2 < • • • < // < n, we consider the

space of flags of type (q,..., //), i.e. sequences of vector sub-spaces

Ei{ C Ei2 C ••• C E-h C Rn with dimE^ — ij (J 1,...,/). This is a

homogeneous space under the action of SL(«,R). The space of complete
flags, i.e. Fl FZi}2,...,n is equipped with projections prj on incomplete flag

spaces Elxwhere the index j does not appear. The space Xj consisting
of distinct triples of flags Fl having the same projection under prj is again
a homogeneous space of SL(rc,R), with non compact stabilizer.

Now, the proof is the same as before. We first construct an equivariant

map from Fl to Prob{S1) (same proof). Assuming by contradiction that
is not constant almost everywhere, we get another map, still denoted by

¥ from Fl to (same proof). For each j — 1, we consider the
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corresponding map T'j3'* : Xj S£ and we show, as above, that the image of

this map consists almost everywhere of triples of the form (A, A, A). It follows

that for each j 1,... ,n and on a subset of full measure, the image of a

flag by depends only on its projection by prj. Since this is true for every

j, this means that is constant almost everywhere. This is a contradiction

and finishes the proof of Theorem 7.4 for lattices in SL(n, R).
Of course, these proofs immediately generalize to lattices in complex or

quaternionic special linear groups SL(n, C) and SL(3,H) (for n> 3).

7.4 Some groups that do act...

We saw that many higher rank lattices don't act on the circle. To conclude

these notes, we give some more examples of "big" groups acting on the circle.

Let I be a compact oriented surface of genus g > 2 and x G X be some base

point. The fundamental group 7ir(X,x) is a classical example of a hyperbolic

group in the sense of Gromov (see for instance [27]). The boundary of this

group is a topological circle: indeed 7ir(X,x) acts freely and cocompactly
on the Poincaré disc so that 7ir(X,x) is quasi-isometric to the Poincaré disc.

Consequently, the automorphism group Aut(7ir(X,x)) acts naturally on the

circle. This action is very interesting and has been very much studied. See for
instance [21]. Note that AufiVi (X, x)) contains the group of inner conjugacies
and that the quotient Out(7ri(X,x)) is the mapping class group of the surface

(i.e. the group of isotopy classes of homeomorphisms of the surface):

1 —f 7Ti(E,x) —> AufiVi (X, x)) —# OufiVi (X, x)) —» 1.

Fix an element / of infinite order in this mapping class group and consider
the group 1/ which is the inverse image of the group generated by / in the

previous exact sequence. We have an exact sequence:

1 » 7Ti(Z,x) —» Tf —f Z —> 1

This group Tf is the fundamental group of the 3-manifold which fibers over
the circle and whose monodromy is given by the class /. Thurston showed that
if / is of pseudo-Anosov type, then this 3-manifold is hyperbolic. In particular,
for such a choice of /, the group Tf embeds as a discrete cocompact subgroup
of the isometry group of the hyperbolic 3-ball, isomorphic to PSL(2, C). This
construction provides many examples of faithful actions of (rank 1) lattices
on the circle. In [68] Thurston constructs faithful actions of the fundamental

group of many hyperbolic 3-manifolds on the circle.

Suppose now that X has one boundary component <9X. Choose the base

point on the boundary and equip X with a metric with curvature -1 and
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totally geodesic boundary. The universal cover X of X is therefore identified
with the complement in the Poincaré disc of a disjoint union of half spaces.
On the boundary of the disc, these half spaces define an open dense subset
Q; whose complement is a Cantor set^A which is the boundary of the

hyperbolic group (X, x). The union <9X U K is a topological circle and if
we collapse each connected component of <9X to a point, this circle collapses
to another circle that we denote by C. Choose also a base point x above

x in the universal cover. Consider now the mapping class group T of X
i.e. the group of homeomorphisms of X modulo isotopy. A homeomorphism

/ of X has a lift / to X which fixes the boundary component containing
x. This homeomorphism / extends continuously to <9X U K and defines a

homeomorphism f of the circle C. Note that if two homeomorphisms are

isotopic, the two corresponding extensions agree on the Cantor set K. The
connected component of <9X containing x yields a base point x in C which
is fixed by all homeomorphisms /. Hence we can define an action of F on a

line by letting / act via / on the line C — {x}. Hence we proved (following
an idea of Thurston) that the mapping class group of (X,x) acts (faithfully)
on a line and is therefore left orderable.

We could also use the same idea for surfaces with several boundary
components, for instance the sphere minus a finite number of discs. The

corresponding mapping class groups turn into the so called braid groups.
In this way we get interesting faithful actions of braid groups on the

line, or equivalently total left orderings. It is interesting to note that these

orderings were initially discovered from a completely different point of view
by Dehornoy [16].

To conclude this paper, we would like to mention a rich family of group
actions on the circle, coming from the theory of Anosov flows on 3-manifolds.
Let M be a compact connected 3-manifold with no boundary and X a non
singular smooth vector field on M. Denote by ft the flow generated by X.
One says that ft is an Anosov flow if there is a continuous splitting of the

tangent bundle TM as a sum of three line bundles TM RA 0 Ess 0 Euu

which are invariant under (the differential of) the flow ft and such that vectors
in Euu are expanded, and vectors in Ess are contracted. More precisely, this

means that for any riemannian metric on M, there are constants C > 0 and

À > 0 such that for any time t > 0 and vectors vss G Ess and vuu G Euu,

||<#W)|| < Cexp(Af)||uw(,

II d4>\vuu)\\ > Cexp(Af)||w„„||
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This kind of flow is rather abundant on 3-manifolds. The main example, which

gave birth to the theory, is the geodesic flow of a compact surface with negative

curvature, acting on the unit tangent bundle of the surface. We refer to [3, 22]

for a general presentation of the theory including a bibliography. Starting from

some Anosov flow and selecting a periodic orbit, one can perform a Dehn

surgery on this closed curve. It turns out that if the surgery is positive, one can

define a flow on the new manifold which is still of Anosov type. Using this

construction, one constructs many examples. For instance, one can construct

Anosov flows on some hyperbolic 3-manifolds (i.e. admitting a metric of

constant negative curvature).

One of the main properties of Anosov flows is that they give rise to two

codimension one foliations. Indeed, it has been shown by Anosov that there

are two codimension one foliations Ts and Tu whose leaves are everywhere

tangent to Ess ® RX and Ess © RX. Verjovsky showed that if one lifts the

flow ft to the universal cover M of M, the orbits of the resulting flow

are the fibers of a (trivial) fibration of M over a surface S (diffeomorphic to

R2). Lifting the two foliations Ts and Tu to M, we get two foliations which
-—"U —s

project to two transverse foliations by curves / and / on the surface S. One

says that the flow is R-covered if the leaves of / are the fibers of a (trivial)
fibration pu: S —» RM (where RM is homeomorphic to R). It follows that the

leaves of fS are also the fibers of a (trivial) fibration ps: S —» R5. For instance,

the geodesic flow on a negatively curved surface is R-covered. It turns out
that a positive surgery on an R-covered Anosov flow is still R-covered so

that we get many examples. Consider the map (p^Ps): $ — R« x Rs. Barbot
and Fenley showed independently that this map is bijective if and only if the

Anosov flow is the suspension of some Anosov diffeomorphism of the 2-torus.
In all other cases, they showed that the image of (pu,ps) is an open strip in
Rwx Rs of the form {(x,y) | h-(x) < y < h+(x)} where h- and h+ are some

homeomorphisms from Rw to R^. Now, observe that the fundamental group
T of the manifold M acts on all these objects so that we get in particular
actions of T on Rw and R5 which are conjugate by hu and hs. Denote by

t the composition huh~l : this is a homeomorphism of Rw which acts freely
so that we can define a circle S* by taking the quotient of Ru by the action
of t. Note that the action of T on Ru obviously commutes with r so that

we get an action of T on S*. In case we start with the geodesic flow of a

negatively curved surface X, the fundamental group T is a central extension
of the fundamental group 7Ti(X) by Z. The action of T that we get on is

not faithful: the center Z acts trivially and the induced action of tïtÇX) on
the circle is of course the familiar projective action. If the R-covered Anosov
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flow is not the geodesic flow (up to a finite cover), the action of T on Slu is
faithful. For instance, we get in this way some examples of faithful actions
of the fundamental group of some hyperbolic 3-manifolds on the circle.
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