
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 47 (2001)

Heft: 3-4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: FINITE TYPE LINK-HOMOTOPY INVARIANTS

Autor: Lin, Xiao-Song

Kapitel: 3. Construction of the invariant

DOI: https://doi.org/10.5169/seals-65440

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 08.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-65440
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


FINITE TYPE LINK-HOMOTOPY INVARIANTS 323

This bijection is an anti-homomorphism: g\G2 This bijection induces

an operation on Z©.

THEOREM 2.9. The operation on Z© induced by reversing the orientation
of each component ofa string link is to change each p<(rst) to —p,(rst) followed
by the translation operation

ß(rst) > p>(rst) lrs lrt -f lrs lst lri lst.

Proof Consider the normal form (2) of a G TL(k)/TL{k)3 in the r,s,t-th
components. The normal form for cr is obtained as follows :

ä [Trt,

T?sT%T?t[Trt,Tst7-/37
Thus the operation on Z® induced by cr i—> a is given by

p(rst) > p(rst) lrs lrj lrs lst Ilst. Q

3. Construction of the invariant

By Theorems 2.2 and 2.7, we shall look for polynomials in hj and p(rsf)
invariant under the translation operations on {p(rst)} G Z© induced by
partial conjugations. There are k(k — 1) partial conjugations altogether and
their induced translations subject to 2k linear equations given in Theorem 2.8.
If these equations are linearly independent for generic values of {///}, the
sublattice of Z© generated by the translation vectors of the partial conjugations
will be of dimension no larger than k(k - 1) - 2k k2 - 3k.

LEMMA 3.1. For k > 3, the 2k equations in Theorem 2.8 are linearly
independent for generic values of {/(/}.

Proof We write the two sets of equations in Theorem 2.8 as follows :

V + 2l + • • • -f j* -f • • • + k* 0, j f i\
hi1 + fei2 + • • • + iy+ • • • + fei* 0, jV

for each i= 1,2
For generic values of {/,,}, using the first - 1 equations from the first

set of k equations, we can solve for k\k2,,,. .k^1. Similarly, we can solve
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for I*, 2*,..., (k — 1)* from the first k — 1 equations of the second set of
k equations. The remaining vectors P, ij k, have to satisfy another two
equations obtained from the last equations in those two sets of k equations,
respectively, by substituting k' and with their solutions in terms of P
f°r ij k- It it then easy to check that these two equations are linearly
independent when k > 3.

Lemma 3.2. For k 4,5, we have (*) k2 - 3k. For k > 6, we have

© >k2-3k.

Proof. We have

(3) ~ ^ ~3k) \^ ~ 9k +20) ~4)(k ~5) • D

THEOREM 3.3. For k > 6, there exists a polynomial in ltj and p,(rst) which
is a link-homotopy invariant of ordered, oriented links with k components.
This link-homotopy invariant is of finite type.

Proof. In z(a), let V be the sublattice generated by the translation vectors
of partial conjugations. Then we have

dim(P) < k2 - 3k < Q

Let Q e Z(a) be a non-zero vector perpendicular to V. We can choose
such an Fi so that its coordinates are polynomials in {/^} and the inner
product L • £2 is identically zero. This can be achieved by considering generic
values of {%} first and solving a system of homogeneous equations (with
more equations than unknowns) whose coefficients are polynomials in hj3).
Then since P • Q 0 for generic values of {/^-}, it has to be zero identically.
Let p, {p(rst)} G ZÜ. The inner product p • Q is invariant under the
translations by vectors in V. This is a desired link-homotopy invariant of
ordered, oriented links since

(/i L) ' Fl p • Fl

for all ij 1,2,... ,k.
s

The fact that the invariant p-Fl is of finite type is a direct consequence of
the fact that the linking numbers and the triple linking numbers are all finite

3) This will be made explicit in the example following this proof.
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type invariants of string links ([7], [2]). If we have a singular link, we may

put it into the form of the closure of a single string link. Since polynomials of
finite type invariants are still of finite type, /x • Q vanishes on singular string

links with a sufficiently large number of double points. This implies that it is

a finite type link invariant.

We now consider in some detail the case k 6. Let us order /x(rst),
1 < r < s < t < 6 in lexicographic order. So

/X 04123), Hi124), /x( 125), /x(126), ß( 134), /x(135), /x( 136), /x(145), /x(146), m(156),

/x(234), /x(235), /x(236), /x(245), /x(246), /i(256), /x(345), /i(346), jx(356), ju(456)).

Then the vectors of the translation operations l2, l3, l4, l5, l6, 21, 23, 24,

25, 26, 31, 32, 34, 35, 36, 41, 42, 43, 45, 46, 51, 52, 53, 54, 56, 61, 62,

63, 64, 65 are the row vectors of the following 30 x 20 matrix, from top to
bottom respectively :

*13 l\4 *is *16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

—hi 0 0 0 tl4 hs *16 0 0 0 0 0 0 0 0 0 0 0 0 0

0 hi 0 0 —hs 0 0 *15 *16 0 0 0 0 0 0 0 0 0 0 0

0 0 —'hi 0 0 — *13 0 — *14 0 *16 0 0 0 0 0 0 0 0 0 0

0 0 0 ~h2 0 0 — *13 0 — *14 — *15 0 0 0 0 0 0 0 0 0 0

— *23 — *24 — *25 -*26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

hi 0 0 0 0 0 0 0 0 0 *24 *25 *26 0 0 0 0 0 0 0

0 hi 0 0 0 0 0 0 0 0 -*23 0 0 *25 *26 0 0 0 0 0

0 0 hi 0 0 0 0 0 0 0 0 -*23 0 — *24 0 *26 0 0 0 0

0 0 0 hi 0 0 0 0 0 0 0 0 — *23 0 — *24 — *25 0 0 0 0

*23 0 0 0 —*34 — *35 -*36 0 0 0 0 0 0 0 0 0 0 0 0 0

*13 0 0 0 0 0 0 0 0 0 — *34 -*35 -*36 0 0 0 0 0 0 0

0 0 0 0 *13 0 0 0 0 0 *23 0 0 0 0 0 *35 *36 0 0

0 0 0 0 0 *13 0 0 0 0 0 *23 0 0 0 0 — *34 0 *36 0

0 0 0 0 0 0 *13 0 0 0 0 0 *23 0 0 0 0 — *34 — *35 0

0 *24 0 0 *34 0 0 — *45 -*46 0 0 0 0 0 0 0 0 0 0 0

0 — l\4 0 0 0 0 0 0 0 0 *34 0 0 — *45 -*46 0 0 0 0 0

0 0 0 0 —/] 4 0 0 0 0 0 — *24 0 0 0 0 0 — *45 — *46 0 0

0 0 0 0 0 0 0 *14 0 0 0 0 0 *24 0 0 *34 0 0 *46

0 0 0 0 0 0 0 0 *14 0 0 0 0 0 *24 0 0 *34 0 -*45
0 0 *25 0 0 *35 0 *45 0 — *56 0 0 0 0 0 0 0 0 0 0

0 0 ~ll5 0 0 0 0 0 0 0 0 *35 0 *45 0 — *56 0 0 0 0

0 0 0 0 0 -*15 0 0 0 0 0 -*25 0 0 0 0 *45 0 — *56 0

0 0 0 0 0 0 0 -*15 0 0 0 0 0 -*25 0 0 — *35 0 0 -*56
0 0 0 0 0 0 0 0 0 *15 0 0 0 0 0 *25 0 0 *35 *45

0 0 0 l26 0 0 *36 0 *46 *56 0 0 0 0 0 0 0 0 0 0

0 0 0 —he 0 0 0 0 0 0 0 0 *36 0 *46 *56 0 0 0 0

0 0 0 0 0 0 — *16 0 0 0 0 0 -*26 0 0 0 0 *46 *56 0
0 0 0 0 0 0 0 0 — *16 0 0 0 0 0 -*26 0 0 -*36 0 *56
0 0 0 0 0 0 0 0 0 -*16 0 0 0 0 0 *26 0 0 -*36 — *46
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We shall pick out the 18 rows of this matrix corresponding to the translation
operations of l2, l3, l4, l5, 21, 23, 24, 25, 31, 32, 34, 35, 4\ 42, 43?
4 ,5 52, respectively. Calculation using Mathematica® shows that these 18
vectors are linearly independent generically.

Consider now the operation of reversing the orientation. The vector
R {R(rst)} e Z20 of the translation operation in Theorem 2.9 is given
by

R(rst) lrs lri -)- lrs lst Jrt t

One can verify that the vector R and the previous 18 vectors are linearly
independent. Let M. be the 19 x 20 matrix formed by these 19 vectors. Let
M(,) be the 19 x 19 matrix obtained from M by deleting the Ith column
from M, i1,2,... ,20. Let

Q; (-l/-1 det (Ad®)

and f2 (O1,£22,...,£220).

Theorem 3.4. p• O is afinite type invariant of ordered,
oriented links with 6 components. When the orientation of every component
is reversed, this invariant is changed only by a sign.

Proof. Using the fact that the rows of the cofactor matrix A* of a
given matrix A are perpendicular to different rows of A, we see that Q. is
perpendicular to all the vectors of translation operation induced by partial
conjugations as well as the vector R. Certainly, Q ^ 0. So is a non-
trivial link-homotopy invariant of ordered, oriented links with 6 components. It
is of finite type since it is a polynomial in ly and Under the reversion
of orientation, p changes to -p + R. Since Q 0, the invariant is
only changed by a sign under the reversion of orientation.

To finish, let us furnish some data obtained using Mathematica. Let
deg (ly) 1, then Q, is a homogeneous polynomial of degree 20 in ly
Let Lt be the number of monomials in £2, the sequence {Lh L2,... ,L20} is
given as follows:

{5531,5555,5555,5531,5424,5769,5802,5734,5753,5432,

5432,5753,5802,5734,5769,5424,5928,5922,5922,5928}

Thus p-Q.islinear and homogeneous in p(rst) and has 113,700 monomials.
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