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THE SIXTH FERMAT NUMBER
AND PALINDROMIC CONTINUED FRACTIONS

by Freeman DYSON

ABSTRACT. An elementary argument is presented, verifying the known factorization
of the sixth Fermat number 2% + 1. The verification is made more elegant by using
an old theorem of Serret concerning palindromic continued fractions.

It is easy to explain why the fifth Fermat number 23241 is divisible by 641
[Hardy and Wright, 1938]. The prime 641 has the two representations

(1) 641 =5-27 +1=5%+2%
The congruence
2) 22 =228 =528 = _(5.27y = —1 (mod 641)

follows immediately from (1).
The purpose of this note is to explain in a similarly elementary way why

the sixth Fermat number 2% + 1 is divisible by 274177. The divisor has the
representation

(3) g=274177T=1+2%, f=2°-DR*+1),

and 1t 1s easily verified that

4) 2 —1=fg, g=Q°+D2*-2"+1).

We look for a factorization of the form

5) 2+ 1=E )@+, 2P —i=(+ipe—iw),
so that we require integers x,y,z,w satisfying

(6) xz+yw:232, xw—yz=1, x2+y2:q.

When z = gx, w = gy, the right side of (5), (x+iy)g(x—iy), becomes gg ;
and gq = 2°* + a, very close to 2%, with the difference a = g — 2% = 15409
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by (3) and (4). This implies that the ratios (z/x) and (w/y) must both be
very close to g. We therefore try to set

(7 Z=gx =5, w=gy-—t,

with integers s,¢ expected to be small. Then (5) will hold, provided that
(8) X +y=gq, xs+yt=a, ys—xt=1.

From (8) it follows that

9) a2+1:qu, u=s>+r.

Since the integers g and a are known and comparatively small, it is not
difficult to find an integer solution of (8) and (9) by trial and error, namely
x =516, y =289, s =29, t =5, u = 866. The solution of (8) and (9),
with z and w given by (7), provides a solution of (5). This completes the
verification of the factorization of the sixth Fermat number. The factorization
(4) of 22* — 1 leads directly to the factorization (5) of 2% 4 1.

Instead of using trial and error to solve (8) and (9), we can obtain a
solution more elegantly by using an old theorem of Serret [Serret, 1848;
Perron, 1954] on continued fractions. In the statement of the theorem, ¢ and
a are any pair of coprime integers with 0 < a < ¢. The ratio g/a may be
expressed as a continued fraction with partial quotients (a;, j = 1,...,n) in
precisely two ways, one with n even and one with n odd. In one way, the last
two quotients are [j, 1], where j may be any integer. In the other way these
two quotients are replaced by the single quotient [j + 1], all other quotients
remaining the same. We say that the continued fraction g/a with n quotients
is a palindrome if

(10) aj = dpy1—j, _]:1,,7’1

SERRET’S THEOREM. Suppose that the continued fraction q/a with n
partial quetients is given. It will be a palindrome if and only if an integer u
exists with

(11) qu=a*+ (=1)".

Proof of theorem. Let A be any finite ordered set of positive integers, and
let S(A) be the numerator of the continued fraction whose partial quotients
are the members of A. Euler discovered the explicit formula for S(A) [Euler,
1764 ; Perron, 1954],
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(12) S@A) =Y P(B),
B

where the sum extends over certain ordered subsets B of A, and P(B) is the
product of the members of B. The subsets included in the sum (12) are A itself,
and those B for which the complement A — B is a union of non-overlapping
pairs, each pair consisting of two consecutive members of A. The empty
set E will appear in the sum (12) if and only if the number of members
of A is even. Thus, for example, S(E) = 1, S(a) = a, S(a,b) = 1 + ab,
S(a,b,c) = a+ ¢+ abc, S(a,b,c,d) = 1+ ab + ad + cd + abcd. For a
lucid and accessible explanation of Euler’s formula, see [Davenport, 1982],
chapter 4, pp. 82—-84.

Let now A be the set (aj, j =1,...,n) of partial quotients of one of the
two continued fractions g/a. We write
(13) N(k,m) = S(ay, ...,ay),
so that
(14) qg = N(1,n), a=N2,n).
Euler’s formula (12) implies the symmetry relation
(15) Say, ... a,) = Sa,,...,a;),
and the recurrence relations
(16) N(1,n) =N(1,k)N(k + 1,n) + N(1,k — 1) N(k + 2, n),
(17) N(1,n)N2,n—1)—N(,n—1NQ2,n) = (-1)".
Suppose that (11) holds. Define
(18) b=N(,n—-1), v=N2,n—1).
The symmetry (15) implies
(19) q/b=San,...,a1)/Sa—1,...,a;),

so that one of the two continued fractions for g/b has the same partial

quotients as the continued fraction for g/a, in reversed order. Then (11), (17)
and (18) imply

(20) qu =ab+ (—1)", qu —v) =ala —b).

Now g > a > 0 by hypothesis, and g > b > 0 by (19), so that g > |a — bl.
If a # b, the fraction (1 —v)/(a — b) is equal to a/qg, which is impossible
because a and g are coprime and |a — b| < g. Therefore a = b,u =v, and
the continued fractions for g/a and g/b are identical, so that (10) holds and
the continued fraction is a palindrome. Conversely, if (10) holds, (13) and (18)
imply a = b, and then (17) implies (11) with u = v defined by (18). []
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Applying the theorem to g and a given by (3) and (9), we deduce that
the continued fraction g/a with n even must be a palindrome. The partial
quotients are easily calculated, with the result

(21) ¢=5017,1,3,1,5,5,1,3,1,17), a=25(1,3,1,5,5,1,3,1,17).

We now apply the recurrence relation (16) to (21) with k =n/2 =15. As
a result of the symmetry (15) and the palindrome property of ¢, (16) gives
a solution of (8) with

x=5017,1,3,1,5 =516, y=25(17,1,3,1) =89,

(22)
s=5(1,3,1,5) =29, t=51,3,1)=5.

In this way Serret’s theorem leads to a solution of (8), following a deductive
route rather than trial and error.

The same method leads to the factorization of the fifth Fermat number,
starting from

23) g=1+2"f, 22°-1)=fg, f=2+1, ¢g=22>-DQ*'+1).

The palindromic continued fraction ¢/a has numerator ¢ = S(4,6,6,4),
and the factorization of 232 + 1 results with x = S(4,6) =25, y = S(4) = 4,
s=S5(6)=6,t=SE) =1, x*+y* = 641. But in this case the argument using
(1) and (2) gives the same result more quickly. It would be more interesting
if we could understand in a similar way the factorizations of the seventh
and higher Fermat numbers. For a summary of the known factorizations, see
[Brent, 1999]. The seventh Fermat number has two prime factors with 17 and
22 decimal digits.

According to (21), the partial quotients of g/a in the case of the sixth
Fermat number are all odd, while in the case of the fifth Fermat number the
partial quotients are all even. To decide whether this unexpected behavior of
the partial quotients is a numerical accident or a general rule, we need to find
more examples.

The factorization of the sixth Fermat number was originally published in
[Landry, 1880], without any explanation of how it was found. For a conjectured
reconstruction of Landry’s method see [Williams, 1993]. Landry worked for
several months to find the factorization. The argument presented in this note
only verifies the factorization after the factors are known.
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