
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 46 (2000)

Heft: 3-4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE SPECTRAL MAPPING THEOREM, NORMS ON RINGS, AND
RESULTANTS

Autor: Laksov, D. / Svensson, L. / Thorup, A.

Kapitel: 4. The proof

DOI: https://doi.org/10.5169/seals-64805

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 20.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-64805
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


THE SPECTRAL MAPPING THEOREM 351

3. A REDUCTION

To prove the Spectral Mapping Theorem it suffices to verify that it holds

for the polynomial ring k[tot • • •, tm] in variables to,..., tm over k, and for

the polynomial F(x) to + tix + -- + tmxm. This is because any polynomial

G(x) b0 + bix H h bmxm with coefficients in a ring R containing k as a

subring is the image of F(x) by the map g : k[to,..., tm][x] —* F[x] defined

by g(a) a for a G k, by g(tt) bt for i 0,..., m, and by g(x) x. If
we can prove the equality det F(M) 11/= i ^(A/) in k[to,..., tm] we obtain

that detG(M) g(tetF(M)) YÏL Ü/Li G(A^) in R-

4. The proof

Clearly (2.1) holds when F is a constant a where it simply states that

det(aln) an. We shall prove (2.1) for polynomials F of degree m > 0 by
induction on m.

We first note that if F(x) has a root A in R, so that F(x) (x — X)G(x)
in R[x_I, then (2.1) holds for F(x). Indeed, G(x) is of degree m - 1 so

it follows from the induction hypothesis that detG(M) Jl/Li G(A/)- Since

F(M) (M- XIn)G(M) we obtain :

det F(M) det(M - AIn) det G(M)
n n n n

=no- - a) nG(A;)=n(A'' - a)g(A|)=n f(Ai) •

/=i /=i i=i i=i

As we saw in Section 3 it suffices to prove the result for the ring
Q k[t0,... Gm] and the polynomial F(x) to + t\x -f * • * + tmxm. Let x
and y be independent variables over the ring Q. The polynomial F(x) — F(y)
in x with coefficients in Q[y] has the root x y. Hence, as we just observed,
(2.1) holds for the polynomial F(x) — F(y). We obtain the equation:

n

(4.1) det(F(M) - F(y)In)Y[(F(\i) -
/=1

in Q[y]-
The equation (2.1) is a consequence of (4.1). To see this we observe

that F(y) in Q[y] is transcendent over Q, that is the element F(y) in Q\y]
does not satisfy a polynomial relation a0 + a>\F(y) + • • • + aiF(y)1 0 with
coefficients at in Q and ^ 0, because the coefficient a\tlm of the highest
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power yml of y that appears in the relation is non-zero. It follows that we can
define a homomorphism of rings h: Q[F{y)] —> Q by h(a) — a for a £ Q,
and h(F(y)) 0. We apply the map h to both sides of (4.1) and obtain the

equality (2.1).

5. Norms on algebras

The only properties of determinants that we used in the proof of the Spectral

Mapping Theorem is that they are multiplicative, functorial and homogeneous.
It is therefore natural to place the proof into the more general framework of
norms on algebras. The advantage of this point of view is that we obtain

a deeper understanding of the Spectral Mapping Theorem, and we obtain a

natural connection with resultants of polynomials.

A norm A of degree n on a, not necessarily commutative, k-algebra A
is a family of maps NR : R (g^A —> R, one for every commutative k-algebra
R, that satisfies the conditions:

(1) NR(a 0 1) an for all elements a in R.

(2) Nr(uv) Nr(u)Nr(v) for all elements u and v of R 0^ A.

(3) For every homomorphism <p: R —* S of commutative k-algebras we have

LpNR Ns(p®\dA).

A norm on an algebra may be described as a multiplicative homogeneous

polynomial law (see Roby [R], or [Bl], §9, Définition 3, p. 52).

For any map B —> A of A:-algebras the norm A on A restricts to a norm
on B of degree n. Moreover, for every homomorphism of commutative rings
k k' the norm A on A induces a norm of degree n on the kf -algebra
k' 0k A •

Let A be a norm of degree n on a /:-algebra A. Denote by k[t] the

A:-algebra of polynomials in the variable t with coefficients in k. For every
element a in A the polynomial in k[t] :

Pa(f) PNa{t) Nm{t - a)

is called the characteristic polynomial of a. The trace TrN(a) of a is the

element in k such that — Tr^(a) is the coefficient of tn~l in Pa{t).
We note that Pa(0) — (—l)nA^(a).
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