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A p-ADICL-FUNCTION OF TWO VARIABLES Hi

Now let T e pq-lF0Zp, and let be a sequence in pq~lF0Z, with

Tj > 0 for each i,suchthat r,- -» r. We are working with polynomials, so

that

,i(C?c)Ä"(T')-(^äl)A'(0))

which must be in Zp[\] since the limit of any sequence in Zp[xl must also

be in Zp[xl- Now let n' be a positive integer, and consider

hm (((«>) ßna(rö-r;A0Â„x(O))- («>)&',x(0)))

((f>)ÄWM?>)/Vx(0)) - ((">)&/,x(r)- (?>)Ä',x(0)))

The quantity on the left must be 0 modulo qZp[xi, which implies that the

value of

(??C)Ä«(T)_t?C)A^0)

modulo qLplx1 is independent of n.

4.4 Generalized Bernoulli power series

In [9] we find a definition of ordinary Bernoulli numbers of negative index,
where n e Z, n > 1, in the field Qp, given by

(26) lim k)_n
/c—5-CC

where the limit is taken in a p-adic sense. Note that 4>{pk) —> 0 in as

/: — oc. Since |#,M|p is bounded for all me Z, m > 0, we must have

Um (l

/i ~ ^ _ n) L I1 - (/) - «) ; w~")

/iTp {n H~ 1 j oj n

implying that the limit exists and can be described in familiar terms.
Recall that Bm 0 for any odd me Z, m > 3. Thus (26) implies that

B_n —- 0 for any odd ne Z, n > 1. Furthermore, we have the following:
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THEOREM 4.13. Let n G Z be even, n> 2. Then

B-"+ ~ gZp>
r prime

(r—\)\n

where each prime r is taken to be a rational prime.

REMARK. Since l/r £ Zp for any rational prime r ^ p, this implies that

B-n + l/p G Zp whenever (p — 1) | n, and B-n G Zp otherwise.

Proof. By the von Staudt-Clausen theorem, we know that

Bm + - G Z
r pnme
(r— \)\m

for any even m G Z, m >2.
Let n G Z be even, n > 2. For any integer k > 2, </>(;/) is even and

(p — I) I <fi(pk). Thus </>(//) — ?z is even, and (p — \) \ n if and only if
(p — 1) I (f(pk) — n). Therefore, if k is sufficiently large,

B<t>(pk)-n+ ~ eZP>
r prime

{r—l)\n

and the result follows from (26).

In a similar manner we define generalized Bernoulli numbers of negative
index, where n G Z, n > 1, in the field Cp according to

(27) B—flim B^pk^_n^x
K—>-oo

where the limrMs once again taken in a p-adic sense. For each m G Z, m > 0,
the quantity is bounded. Thus, since — X f°r characters %

and for all k G Z, k > 1, we can write

X« (1 ~~

lim - (</> (/) - n)Lp(l - (<j> - n) ;
k—>oo

nLp(n+ 1 ;x«),

so that the limit exists. Since B^p^-n f°r n,k £ Z, with rc > 1

and k sufficiently large, we obtain B-n \ —B-n for all such n.



A p-ADIC L-FUNCTION OF TWO VARIABLES 275

If k>2, then 4>(pk)is even. Thus n and <£(/>*) - n are of the same

parity. Recall that

f 1, if X is odd
A ItO, if x is even.

Then B= 0 whenever n ^ 6X (mod 2), provided 0(//) — n > 1.

Because of this, the relation (27) implies that #-n,x 0 whenever

n^ 6X (mod 2) for all n eZ, n > 1. Furthermore, we can obtain

Theorem 4.14. Let x such that x^ h let ne Z, n> 1. 77zm

fxB—n,x ^ Z^M-

Proo/. Recall that when x / h fx^m,x ^ for all m G Z, m > 0.

Thus

fx^-'hX

must be in the p-adic completion of Z[x] for any ne Z, n > 1. Since the

p-adic completion of Z[x] is Z^txL the theorem must hold.

We now define what we shall refer to as generalized Bernoulli power series

of negative index in Zp[x\- For ne Z, n > 1, and for te Cp, V\P< kip.
let

B—n,x(t) ^lim B^pk^_n^x(t).

Then

-lim -{4>{pk)-n)Lp(l - (cp(pk)
k—>oo

nLp(n + M;**)
Since Zp(n + l,fiXn) exists for each n e Z, « > 1, and t e Cp, \t\ < l,

we see that B_,hX(qt) must also exist for such t. Thus B^x{t) exists for
t e Cp, It\p < \q\p. Now, by Theorem 4.5, we can expand this quantity as a

power series, obtaining
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Since \B^n+m)a\p<max{|p|p £, \fx\p*}and

- n\+ 1

m J \ m

this sum converges for \qt\ < 1. Thus we have the relation' ]p

oo

(28) ß_„,x(0
m̂—0

converging for all t G Cp, < 1. Note that this is in the same form as

(2) for the generalized Bernoulli polynomials having positive index, which we
can rewrite as

°° / \
m=0 ^ '

since (^) =0 for m,n e Z, m > n> 0. By setting t 0 in (28), we see

that B-niX(0) - B-nx for all ne Z, n > 1.

THEOREM 4.15. n eZ, n > 1. Then for any me Z, m > 1, such

that q I mfx,

mfx

B-n,X (mfx) ~ B-n,X(0)-/! y •

a=l
(a ,/?)=!

Proof By definition, since |m/x

^~niX (/hfx) (^x) ^4>(pk)—

m/x

lim (0(/)
a=l

/K

following from (4). Now, vp((j)(pk)) k — 1, and a^pk) 1 (mod /?*) for
(a,/?) 1. These imply that

mfx mfx

lim (^ (/)-«) V XW«-""1,
k-^-oo AZ—a=l a=l

(a ,/>)=!

completing the proof.
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THEOREM 4.16. Let n ez, n > 1. Then for all x and for all t G Cp,

1>

Proof Since
oo

wo 53
m=0

and B-n-m^x — 0 whenever n + mfk 6X (mod 2) for each m G Z, m > 1, we

see that B-thX{t) is either an odd or an even function according to whether

n + 6X is odd or even, respectively. Thus

B.n,x(-t) (-1 r+sxB-n,x(t)

(-l)BX(-l)B_„,x(0,

and the proof is complete.

REFERENCES

[1] Ankeny, N., E. Artin and S. Chowla. The class number of real quadratic
number fields. Ann. of Math. (2) 56 (1952), 479-493.

[2] Barsky, D. Sur la norme de certaines séries d'Iwasawa (une démonstration
analytique p-adique du théorème de Ferrero-Washington). Study group
on ultrametric analysis, 10th year: 1982/83, No. 1. Inst. Henri Poincaré,
Paris, 1984.

[3] Berger, A. Recherches sur les nombres et les fonctions de Bernoulli. Acta
Math. 14 (1890/1891), 249-304.

[4] BERNOULLI, J. Ars Conjectandi. Basel, 1713. Reprinted in Die Werke von Jakob
Bernoulli. Vol. 3. Birkhäuser, Basel, 1975.

[5] CARLITZ, L. Arithmetic properties of generalized Bernoulli numbers. J. reine
angew. Math. 202 (1959), 174-182.

[6] COMTET, L. Advanced Combinatorics. The Art ofFinite and Infinite Expansions.
Revised and enlarged edition. D. Reidel Publishing Co., Dordrecht, 1974.

[7] FRESNEL, J. Nombres de Bernoulli et fonctions L p-adiques. Ann. Inst. Fourier
(Grenoble) 17 (1967), fasc. 2, 281-333 (1968).

[8] GOUVÊA, F. Q. p-adic Numbers. An Introduction. Universitext. Springer, Berlin,
1993.

[9] Granville, A. Arithmetic properties of binomial coefficients. I. Binomial
coefficients modulo prime powers. Organic Mathematics (Burnaby, BC,
1995). CMS Conf. Proc. 20, Amer. Math. Soc., Providence, RI, 1997
253-276.

r 2uw,


	4.4 Generalized Bernoulli power series

