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266 G.J. FOX

With this result, we can derive a more general power series expansion of
Lp(s,t\ x)'

THEOREM 4.7. Let te CL, Iii < 1, and se D, except s 7^ 1 if x — 1
•

TTzerc/or aeCp) la^ < 1,

00 /— \
x) L m)qm^~~ a'>mLp ^ + m'a''Xm) '

m=0 ^ '

Remark. Note that Theorem 4.5 is the case of a 0 here.

Proof It follows from the Taylor series expansion of Lp(s,t;x) in the

variable t about a (see Proposition 2.6) that we can write Lp(s,t;x) in the

form
oo

Lp(s, t\X) X^j ßntt - a)m'
m=0

where

m! dtn
6>n '...7 \ '

From Lemma 4.6

and so

1 <9m

âï^5'r; x)
m

J ^ '

ßm — )q o; Xm) 7x m '

completing the proof.

4.3 Relating Lp(s, t; x) to some finite sums

From (4) it becomes obvious that the generalized Bernoulli polynomials
have a considerable significance in regard to sums of consecutive nonnegative

integers, each raised to the same power, itself a nonnegative integer. The

following illustrates how this can be extended with the use of Lp(s, t\ x).
For the character x» let Fo lcm(/%, q). Then fXn | F0 for each ne Z.

Also, let F be a positive multiple of pq~lpQ.



A p-ADIC L-FUNCTION OF TWO VARIABLES 267

Theorem 4.8. Let t g Cp, \t\ < 1, and s g 0, j ^ 1 if x 1-

Then

qF

(23) Lp(5, t +F; x) - LP(s,f, x) ~
Cl= 1

Proof Let t G Cp, |/|/; < 1, and let n G Z, n > 1. Then from (18),

Lp( 1 - n, r + F; x) - Fp(l - n, r, %) + F) - ô„(f»
n

Now, (19) implies

i„(r + F) - + F) - Xn(p)p"-]B,hx„ + F)))

- (B,hXn(qt)- X(p~xqt))
C Bn,x„(q(t+ O) - Bn,Xif(.qt))

-Xn(p)p"~l{B„tXnip~lq{t + F)) (f~V)) •

Thus, by (4), we can write

bn(t + F)-bn(t)
qF p~]qF

nY^Xn(a)(a +qt)'1-1 - nxn(p)p"~l L Xn(a)(a + p~lqt)"~l
a— 1 fl==l

qF qF

« L X»(a)(a + "«y Xn(a)(a +
a— 1

/?[a

Therefore,

qF

Lp(l - n,t + F\x) ~ Lp(l -n,t;x) ~ ^ Xn(a)(a + qtf~l
a=\

(a,P)= 1

Now, Xn SO that

Xn(a)(a+ qt)"~l Xi (a)oj^+ qt)n~x

Xi (a){a+ qt)'l~l

Thus

qF

Lp(\ — n,t+ F;x) — Lp{\— n, i; x) — ^ Xi(a)(a +
fl=l

(a ,/?)=!
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and (23) holds for all s 1 — n, where ne Z, n > 1. Therefore, since the

negative integers have 0 as a limit point, Lemma 2.5 implies that Theorem 4.8

holds for all s in any neighborhood about 0 common to the domains of the

functions on either side of (23).

It is obvious that the domains, in the variable s, of the functions on the

left of (23) contain D, except s ^ 1 when x 1
• Consider now the function

qF qF

- ^2 Xi (a)(a + qt)~s -
a—1 a—I

(a,p)= 1 (a,p)=Û

Since it consists of a finite sum of functions of the form (a + qt)1 where

a e Z, (a,p) — 1, we need only show that each such function is analytic on

D, and the proof will be complete.
The quantity (a + qt)1 can be written as

{a + qt)l~s exp ((1 - s)log(a + qt))

and by (9), the Taylor series expansion of the exponential function,
°o

{a + qty~s —(1 - s)m (log + qt))m
m=0

Since {a + qt) 1 (mod qo) for a e Z, (a,p) 1, and t e Cpf \t\ < 1,

we must also have log (a + qt) 0 (mod ^o) for such a and t. Thus

— (1 -s)m (log(a + qt))n < —:qm(s ~ ifml

for all m. By (8) we can write
1

-7qm(s - 1rml
< p-m/(p-l)qm(s-l)n

p-VtP-»q(s~l)
m

Thus if

then

- 1) < 1,

:(1 - s)m (log{a + qt))"

as in —> oo. So whenever |s— IL < |p| meaning that

we have convergence for the power series. Therefore, the functions on either

side of (23) have domains that contain D, except possibly for s 1 when

X 1, and the theorem must hold.
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Corollary 4.9. Let s eD, except 1 1-

qF

Lp(s,F-,x) Lp(s-,x)- ^2 xM{a)
a= 1

(<3,p)=l

Proof. This follows from Theorem 4.8 since Lp(s, 0; x) — X) f°r

any character x- D

We shall now consider how Corollary 4.9 can be utilized to derive a

collection of congruences related to the generalized Bernoulli polynomials.
Let Àc denote the forward difference operator, Acxn xn+c — xn. Repeated

application of this operator can be expressed in the form

This is the polynomial structure that we utilized with respect to generalizing
the p-adic L-functions. We will incorporate this structure in an extension

of the Kummer congruences, but the results that we derive will be without
restriction on either x or p.

THEOREM 4.10. Let n, c, and k be positive integers, and let r G Zp
such that Ir\p < \pq~lFo\p. Then the quantity q~kA^ßn^x(r) — q~kAkcßfhX(0) E

ZP[X]> and, modulo qZp[xl, is independent of n.

Proof Since Ac is a linear operator, Corollary 4.9 implies that

m=0

Recall that Fq — lcm(fXiq). For n E Z, n > 1, denote

4,x(0 --~ Xn(p)pn lB„)Xn (p

qF

AkcLp(l-n,F-,x) AkcLp(l-n-,x)- J2 Xi(a)Akc(a)n~\
a— 1

(a,p)= 1

where F is a positive multiple of pq 1Fq. Thus

qF

Acßn,x(F) ~ y.ßn,x(0) - (a)(a) lAk(a)n.
a—I

(a,p)= 1
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Note that

(24) A kc(a)n]T (kX-l)k-m{a)n+mc(a)n «- l)*
m=0

Now, (a) 1 (mod qZp), which implies that (a)c 1 (mod qZp), and thus

Ak{a)n 0 (mod £%).

Therefore

A*/?„iX(F) - A*&,x(0) 0 (mod P[X]),

and so q~kAkßnjX(F)—q~kAkßna(0) G Also, since (ß)n 1 (mod #Zp),

(25) q~kA%iX(F)- q~kA%,x(0)(—
«=i \ q J

(a,p)= 1

implies that the value of q~kAkßn^x{F) — q~kAkßna(0) modulo qZp[x\ is

independent of n.

Let r G pq~lFoZp. Since the set of positive integers in pq~lFoZ is dense

in pq~xF()Zp, there exists a sequence in pq~lF$Z, with n > 0 for
each z, such that 77 —> r. Now, Ai,x(0 is a polynomial, which implies that

ßn,x(Ti) ßn,x(r). Therefore

lim (Afj„.x(r;) - A*/?B x(0)) A^„,x(r) - A*/3„,x(0).
I—»OO

The left side of this equality is 0 modulo qkZp[xi, which implies that

A%tX(r)- A%,x(0) 0 (mod $%[*]),

and so q~kAkßn:X(r) - q~kAkßnjX(0) G Z/;[%]. Furthermore, for n' a positive

integer,

.lim {{q-*£ßn,x{Ti) - q~kA%,x(0))-;) -
((q~kA%,x(T) - q~kA%>x(0))- 0)))

Since 77 G pq~lF0Z for each z, the quantity on the left must also be 0 modulo

qZp[x\- Therefore the value of q~kAkßna(r) - q~kAkß,hX(0) modulo qZp[xi
is independent of n.
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Theorem 4.11. Let n, c, k, and k! be positive integers with k k!

(mod p — 1), and let r G Zp such that \r\p < |pq~lFo\ Then

q-k Akcßn,x(r)- q~kAkßn,x(0)

q~k'Ak'ß„a(r)-q~k'Ak'ßntX(0) (mod pZp[x])

Proof. Let k and k! be positive integers such that k k! (mod p — 1).
Without loss of generality, we can assume that k>k'. From (25),

(q~-kAkßn,x(F)- q-kAkßn,x(0))- (q'k'Ak-
- £ Xl(a){a)-'[^pp £ 'pf

(a,p)= 1 (a,p)= 1

(a,p)=l

where F is a positive multiple of pq~lF0. If a is such that

(a)c - 1 =é 0 (mod pqZp),

then

J -1=0 (mod

since k- k'0 (mod p - 1 Thus

q~kAkcßna(F)- q~kAkßntX(0)

q-k'Ak'ßn>x(F)- (mod pZpM) •

Now let r 6 pq~lF0Zp.Then there exists a sequence in
with T[ > 0 for each i, such that 77 —» r. Consider

.lim (ßq-kAkcßn,x(jß-q~kAkßnam - -
— (<7 AAi,x(t) — AA,x(0)) - * A* ßn,x(T) ~ 1~k A,x(0)) •

Since the left side of this equality must be 0 modulo pZp[x], the theorem
must hold.
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THEOREM 4.12. Let n, c, and k be positive integers, and let r G Zp
such that \r\p < \pq~lFo\ Then the quantity

-r;Aßn,x(r)~[H t C)ß

and, modulo qZp[xl, is independent of n.

Proof We are once again working with a linear operator, so Corollary 4.9

implies that

fC^jLpV~n,F\x)(f kKyp{\-n-x)
a= 1

(a,p)—l

where F is a positive multiple of pq lF0. Then

)ßn,x(F)~ (f ^jA,x(0)=i- j
a=l

(a,p)=\

Utilizing (15), we can write

' m=0

1
k=—y] $(&, l)m

' m=0

which follows from (24). This can then be rewritten as

^w W" ^l<(">'-1)

Since # 1((^)c — 1) C for each a G Z with (a,p) 1, we see that

This then implies that

'AcV«,x(0 - ^Ä,*(°) e Z,[X].

Furthermore, since (a)n 1 (mod #ZP), the value of this quantity modulo

^Zp[x] is independent of n.
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Now let T e pq-lF0Zp, and let be a sequence in pq~lF0Z, with

Tj > 0 for each i,suchthat r,- -» r. We are working with polynomials, so

that

,i(C?c)Ä"(T')-(^äl)A'(0))

which must be in Zp[\] since the limit of any sequence in Zp[xl must also

be in Zp[xl- Now let n' be a positive integer, and consider

hm (((«>) ßna(rö-r;A0Â„x(O))- («>)&',x(0)))

((f>)ÄWM?>)/Vx(0)) - ((">)&/,x(r)- (?>)Ä',x(0)))

The quantity on the left must be 0 modulo qZp[xi, which implies that the

value of

(??C)Ä«(T)_t?C)A^0)

modulo qLplx1 is independent of n.

4.4 Generalized Bernoulli power series

In [9] we find a definition of ordinary Bernoulli numbers of negative index,
where n e Z, n > 1, in the field Qp, given by

(26) lim k)_n
/c—5-CC

where the limit is taken in a p-adic sense. Note that 4>{pk) —> 0 in as

/: — oc. Since |#,M|p is bounded for all me Z, m > 0, we must have

Um (l

/i ~ ^ _ n) L I1 - (/) - «) ; w~")

/iTp {n H~ 1 j oj n

implying that the limit exists and can be described in familiar terms.
Recall that Bm 0 for any odd me Z, m > 3. Thus (26) implies that

B_n —- 0 for any odd ne Z, n > 1. Furthermore, we have the following:
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