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A p-ADIC L-FUNCTION OF TWO VARIABLES 245
3. THE p-ADIC L-FUNCTION L,(s,;Xx)

In the following, we apply Theorem 2.7 to the sequence {bu(17)}22,,
where b,(T) = By, (@T) — Xu(P)P" By, (p"lq'r), for 7€ Q,, |7|, <1,
to show that there exists a power series A,(s,7) € K;[[s]], K; = Q,(x,7),
which converges on {s € C, : |s|, < |p|;/(p_l)[q|p_1}. From this we can
prove the existence of a p-adic function, L,(s,7;X), that interpolates the
values L,(1 —n,7;X) = —ib,(r) for n € Z, n > 1, and converges in
{seC:ls—1], < |p|;/(p—l)lq|p—l}, except s £ 1 if x = 1. After this we
will show that there exists L,(s,7;x) for each 7 € C,, T'p < 1, satisfying

1
L,(1—-n,7;x)= —;bn(’f%

and converging in the domain above.

3.1 Ly(s,m;%) FOR T € Q,,

Tlp<1

Let p be prime, and let x be a Dirichlet character with conductor f, . Let
reQ, [Tlp <1, and let K, = Q,(x,7), the field generated over Q, by
adjoining 7 and the values x(a), a € Z. Since 7 and each of the x(a) are
in ﬁp, we see that K is a finite extension of Q, in Gp. For each 7 € Q,,
7], < 1, we shall derive our L-function L,(s,7;X) in a manner similar to
that given for the derivation of L,(s;x) found in Chapter 3 of [13].

For 7 € Q,, |7|, <1, define the sequences {b,(7)}52, and {ca(1)}2,
in K, according to

bu(T) = Bux,(aT) — Xu(P)P" 'Bo, (p7'q7)

and
n

cn(T) = Z <:’l> (_1)n~mbm(7-) .

m=0
In order to derive our L-function L,(s,T;X), we will prove a particular bound
on the magnitude of ¢,(7), but to do so, we shall need the following:

LEMMA 3.1. Let m,r € Z, with m >0 and r > 1. Then

—1
Y @"=0 (modpY,
=0

where we take 0° =1 in the case of a=0 and m = 0.

e T S S
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~Proof.  This is obvious for m = 0, so assume that m > 1. We shall
prove this result for the remaining values of m by induction on r.
Since any sum of elements of Z must also be in Z, the lemma is true
for r = 1. Now assume that the lemma holds for some r € Z, r > 1. By
rewriting the sum

pi—1 —1p —1
2 S )"
v=0 u=0

and reducing this modulo p", we obtain

ptiaa p—1p—1
Z m“zz (mod p")
v=0 u=0

=p Z u™ (mod p").

u=0
By our induction hypothesis we must then have
r—f—l__l

> a"=0 (mod p"),

a=0

p

and the lemma follows. L]

LEMMA 3.2. Let T € C,, |’I'lp <1,andlet ncZ, n>0. Forall h€ Z,
h>1,

q'fx
LS @ (la+qr)—1)" =0 (mod £ 'p~'g" o).
Qfx a=1

(a,p)=1

Proof. This is obvious for n = 0 since writing

thx thx P—lthx

Y x@=> x@— Y x(pa)
a=1 a=1 a=1

(a,p)=1

allows us to derive

h
q}i}’i @ = {p‘lqh(p -1, if x=1
X 0, if £ 1.

a=1
(a,p)=1

So let us assume that n > 1.
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Let A= 1. Then (a+gr) =1 (mod go) for all a € Z such that (a,p) = 1
implies that
({a+gr) —1)" =0 (mod ¢"0),

and the lemma holds for this case.
Now assume that 4 > 1. We can rewrite our sum as follows:

thx h Ly

> x@(a+qr) - Z Z x(uFvaf)(utvaf+4r)=1)".
a=1 i

(a,p)=1 (u+vqfx,P) 1

Since |7|, <1, we can write
(u+vgfy +qr) = (u + vgfy + qT) T (u + vgfy, + QT)

=+ gr)w (u+gr) +vafyw™ (u+ gr)
= (u+qr) + vqfxw_l(u)

qu qh_l—l
= Z x(w) Z (<u +g7r)— 1+ vqfxw_l(u))n
u=1 =0
(u,p)=1

By expanding, the inner sum on the right can be written

/1-—1_1

D (u+gr) — 1+ vgfw ™ @)

v=0

q

qh—]_l
E= Z < ) U+ qgr) )"—quf;w_k(u) Z vk
v=0
Since (u,p) = 1, we obtain the equivalence

i ((u+ gr) — l)n_k =0 (mod ¢"0)

for each k, 0 <k < n. Furthermore, by Lemma 3.1

h—1 -1

Z v =0 (mod p~'g" 1)

v=0

q
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for each such k. Therefore
41
Z ((u+qr) — 1 +vgfw™' @) =0 (mod p~g"" o).
v=0
This implies that
thx
> x@(a+qr)—1)"=0 (mod p~'g"" o),

a=1
(a,p)=1

yielding the result. [
We now derive our bound on the magnitude of c,(7).

PROPOSITION 3.3. For all 7 € Cp, |7|, <1, and for n€Z, n >0, we
have |ca(T)|, < Ipafy, lal)-

Proof. This follows in a manner similar to that given for the proof of
the bound [c,(0)], < (qux| |q| found in [13] (Lemma 4 of Chapter 3).
However, in this case we use Lemma 2.3 and the properties of x and w to

derive
h

1 q fx
b,(t) = lim —— x(a){a + gt
h—o00 th ; < >
(a,p)=1
for each n > 0, and thus
1 thx
cp(T) = lim —— Z x(@) ({a+qr) — 1)
h—oo fX p—
(a,p)=1

for each such n. From Lemma 3.2 we obtain
cn(r) =0 (mod f7'p~'q" o),
and thus the result. [
For our immediate concern we only need this proposition to hold for all
7 € Q, such that 7|, < 1. However, later on we shall need it in the form in

which we have it.
We are now ready to begin the construction of our L-function.
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THEOREM 3.4. For each 7 € Q,, with ||, < 1, there exists a
power series Ay (s,T) in K. [[s]] such that the power series converges on

{s € C:]s|, < ij;/(p_l)lqb,_l}, and for each n € Z, n > 0, A (n,7)
satisfies
AX(T’L,T) == Bn,x,,(qT) - Xn(p)pn—an,x,, (P_IQT) .

Proof. By Proposition 3.3, [c.(7)|, < Clg|; for all n > 0, where
C = IquXI_l. Therefore we can apply Theorem 2.7 to the sequences

{ba(T)}52, and {c.(T)}2, in K, = Q,(x,7), and for p = |q| < ]pll/(p
yielding this result. [

Let us denote ® = {s € C, : s — 1], <lpl1/(p g '~1}

THEOREM 3.5. For each 7 € Q,, with I'rlp < 1, there exists a unique
p-adic, meromorphic function Ly(s,T;%) that can be expressed in the form

L,(s,75x) =

)4 Z an(T)(s — 1)",

where the power series converges in the domain D, having coefficients
an(7) € Qp(x, T), with

1—_7 le:I
_ p
L {o, ifx #1.

Furthermore, for each n € Z., n > 1,
1
Lp(l - n,T, X) - _Z (B”>Xn(q7») o X”(p)pn—anvXn (p—qu)) :
Proof. Let

(13) Ly(5,720 = Ayl —5,7)

with the A, (s,7) as in Theorem 3.4. Then from the properties of A, (s, 1),
the power series must converge in the given domain, and for n € Z,n>1,

1 1
L,(1—n,1;x) = ~£Ax(n,T) = (Buy, (q7) — Xn(P)P" "' By, (p—lq’r)) ,
Note that

a-1(7) = Ax(0,7) = Bo,(qm) — x(p)p™'Bo (p~'q7)
=1 —x(pp~ "By,
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and thus
1— l, if x=1
a_(t) = P
0, if y#£1.
The uniqueness of L,(s,7;x) follows from Lemma 2.5. ]

At this point we have not completed our goal of showing that the p-adic
function L,(s,7; x) exists for each 7 € C,, |7], < 1. In order to prove this,
we will need to study the coefficients, a,(7), of the power series expansion
of L,(s,7;x) for each 7 € Q,, [’rlp < 1. From the results of this we will
show that the function L,(s, ;) exists for each 7 € C,, ITlp < 1, and for
any sequence {7;}°, in ﬁp, with ]T,-]p < 1, converging to 7, the values
L,(1 —n,7;;x) converge to L,(1 —n,7;x) foreach n€Z, n>1.

32 Ly(s,T;x) FOR T € C,, |7'|p <1

Our previous work has been for 7 € Q,,, |7’1p < 1. To extend this result
toall 7€ Cp, |7], <1, we need to find a way to express a,(7) so that it
can be defined for these values of 7.

For k € Z, k > 0, the Stirling numbers of the first kind, s(n, k), are
defined by the generating function

oo

|
(14) ;S(n,k);l—! = 7 (og(1 + 0 .

Since the power series expansion of log(1l+¢) lacks a constant term, we must
have s(n, k) = 0 whenever 0 < n < k. We also have s(n,n) =1 for all n > 0.
The s(n, k) are integers, where n,k € Z, n > 0, k > 0, and they satisfy the
relation

x 1 —
(15) <n> == Z%S(n,k)xk.

For additional information on Stirling numbers of the first kind we refer the
reader to [6], pp. 214-217.

LEMMA 3.6. Let T€Q ,

T|p§1.FornEZ, n>—1,

(6. @)

a,(T) = (—=1)*+! Z %S(m, n—+ 1De,(r).

m=n-+1

Proof. From. Corollary 2.8 we can write
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Ay (s, T) = Z (};) cm(T) ,

m=0

where s € C, such that [s| < |p|;/(p—1)‘q};1. Now, expanding the quantity

(,fz) according to (15) yields

oo m 1
A(s, )= Y —s(m, (s,

m=0 n=0

where s(m,n) € Z is a Stirling number of the first kind. At this point we
wish to switch the order of summation in this expression, but before doing so
we must show that the terms in the summation converge to 0 at a sufficient
rate.

Let € > 0 and let £ € C, such that [§], < lpI;/(p-I)qu;l. Then there
exists 6 € R, 0 < § < 1, such that

1 —1 —1
€1, =6 Ipl,/ " Plal "

Let N,M € Z, N >0, M >0, such that if n > N then |pgf, | '6" < e,
and if m > M then |qux|;l|p

0 < |p|, /" Plql, < 1).
Let myne€Z, m>0, n>0.1If n>m, then s(m,n) =0, and so

p“m/(p‘l)lqll’f < € (such an M exists since

|is<m,n>cm<v>£”
m! .

Thus we can assume that m = max{m,n}. Consider

|
l o Stm, mem(T)E"

~1
< |m!], lem(D], €] -
p

Utilizing Proposition 3.3 and the fact that vp(m!) <m/(p—1), we can write
=1 n — —(m—n -1 m—n cn
mll, len(MI €L < pafcl, lpl, " 7P lglr s
Suppose that m > M +N. If m —n < M, then
M+N<m<M-+n,
so that n > N. Thus

ml|, len(D, 1€ < Ipafyl 6" < e.

If m—n>M, then

[ SNt S
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-1 n —1_|—(m— —~1 —
ml|, em™ 8L < pafy | pl @7 PPl < e

Either case implies that

< €.
p

t iS(m, n)em(T)E"
m!

Therefore, whenever max{m,n} > M + N, this bound must hold, implying
that

>N ;i—'s(m, Wen(TE =Y Y }%S(m, mem(T)E",

m=0n=0 n=0 m=n

by Proposition 2.4.
Writing
oo o0 1
Ao, )= 5" ) | —sm, men(7),
n=0 )

m=n

we have from (13),

1 & =1
Lp(s, 7520 = —— > (1= 9)" ) | —s(m, mecn(7)
n=0 m=n

oo >

— Z(—l)”+1(s~ 1) Z %S(m,n+1)cm(7),

n=-—1 m=n+1

which implies the lemma, since we must have convergence for the inner
sum.  []

Since we have only derived L,(s,7;%) for 7 € Q,, 7], <1, we cannot
say that a,(7) is defined for all 7 € C,, ]Tlp <1l.FornelZ, n> -1, let
us define

oo

(16) a(M =D S sm,n 4 De(r),

m=n+1

for these values of 7. Note that in the proof of Lemma 3.6, the only influence
generated by the value of 7 is in the bound of the value of |cm(7)|p, which
was determined in Proposition 3.3. However, this proposition holds for all
T € C,p, ITIP < 1. Thus this sum converges and a,(7) is well-defined for all
Te€Cp, |7, < 1.
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THEOREM 3.7. Let 7 € Cp, |7|, <1, and let {1;}2, be a sequence in
Q,, with |7il, <1, such that 7; — 7. Then for n€ Z, n > —1,

lim a,(m;) = an(7).

Proof. By definition, for 7 € C,, |7'|p <1,and for n€Z, n> —1, we
have the expansion

oo

() = (1Y som o+ D),

m=n-+1

and as we have seen, regardless of the value of 7,

1 - —m/(p—1 m
\mm,nmcm(f) < Ipafil; ol gl — 0

p

as m — oo. Therefore given € > 0 there must exist some mg € Z, mo > n+ 1,
such that

oo

S st + Den(™)
m!

m=my +1

< €.

p

Thus for any sequence {7;}{°, in Q,, with ||, <1, such that 7; — 7,

)

|an(T) — an(1))|, < max {6, %S(m,n + 1) (em(T) = (1))

n+1<m<my

Since 7; — 7 and c¢,,(7) is a polynomial in 7, we see that

< €

l—l—'S(m’ n+ 1) (cn(T) — cn(T))
m! P

for all m with n+ 1 < m < my when i is sufficiently large, which implies
that

‘an(T) - an(Ti)lp <€

for such i. Therefore the theorem must hold. ]

The purpose of the following three lemmas 1s to build an upper bound for
the value of |an(7)lp. After doing so we can define L,(s, 7;x) for all T € C,,
7], < 1.



254 G.J. FOX
LEMMA 3.8. Let p be prime. If i,n € Z with 1 <i<n, then
(1)
. |P
i

Proof. For i € Z S}lch that 1 <i <n, (8) implies that v,(i!) <i—1, or
equivalently, |i!] > |p |;_1. Therefore by combining this with

(n)l- nn—1)---n—i+1)
. |P
o p

7!
the result will follow. L]

p

pl, < litl, nl,lpl,

LEMMA 3.9. Let p be prime. Then for mn € Z, m >n > 0,

n! .
—Sm,mg"™ | < |np],|ql, .

p

Proof. From (14), the generating function for the s(m,n), we obtain

a
D> —stm,m)g"" = (log(1 + gn))" .

m=0 )
Thus we wish to evaluate the power of p that divides the coefficient of #” in
the expansion of (log(1l 4 g#))". The power series expansion of the logarithm
function (10) yields

o (3D Y
(logl +g0)" = |}  ——4| ,

i=1

and by factoring gt out of the sum,

(ﬁl)i—lp—lqi—lti—?,)n‘

i

(log(1 + g0))" = 4"'1" (1 +pt2

i=2
For i > 2, we see that p~'¢'~!/i € Z,. Therefore
(log(1 +g0)" = ¢"¢"(1 + ptf(1)",
where f(1) € Zp[[t]]. Now, this can be written

n
n n n n i [
(log(l + gt)" = ¢'t" + ¢"1" Y Op 2108
i=1
and from Lemma 3.8, the p-adic absolute value of the coefficients of the
terms in the sum on the right must be bounded above by |np )plq];. Thus, for
m > n, the coefficient of #” must also be bounded above by this quantity,

implying the result. [
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LEMMA 3.10. Let 7 € C,,

7|, < 1. Then for n€Z, n >0,

(_1)n—|—1
n+1

fynlan(T) = fyCnt1(T) (mod g"0).

Proof. From (16), we see that for n € Z, n > 0,

oo

!
frnlan(r) = (<1137 S fsmn+ Dea(r)

m=n-+1

Proposition 3.3 implies that

frCm(T) =0 (mod p~'g" o).

By Lemma 3.9, when m > n + 2,

!
—n—"s(m,n +1) =0 (mod pg" " t1o).
m!

Thus
(_ 1)n+ 1

fxn!an(T) = —mfxc,1+1(7') (mOd qn0) . L]

We are nearing our goal of defining L,(s,7;x) for all 7€ C,, ’r(p <.
The final step before doing so is proving the following lemma on the
convergence of a specific infinite sum.

LEMMA 3.11. Let 7 € Gy, |7], < 1. Then the sum

o

D an(r)(s — 1)

n=0

converges for all s € D.

Proof. Let £ €©. Then | —1]| < Iplll)/(p_l)\qip_l“. Thus there must be
some § € R, 0 <6 < 1, such that

€1, =6 [p,/ " lq|".
Let neZ, n>0. From Lemma 3.10
S+ Dlay(r) = (=" fycpp1(7) (mod (1 + 1)g"0),

and from Proposition 3.3,

—1 n
| fxen1 (M, < Ipl, |4l -
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Therefore
—1 n
| fx(n+ Dlan(m)|, < |pl, lql,,

which implies that

jan(m)], < | £+ DIl gl) -

Thus
|an(r)E€ = 1", < | fn + Dip| ) p[/ P~V
Now,
n
vp((n+ 1) < — T
so that

a(TE — '], < | fpl; 8"
Since 0 < § < 1, we see that |a,(7)(§ — 1)"|p — 0 as n — oo. Thus the sum

o.¢}

D a1y

n=0

must converge. []

Note that from this proof we have obtained the bound

(17) lan(m)l, < £+ Dipl gl

for each n€Z, n> —1, and for all 7€ C,, [7], < 1.
Now let us define

a

NOIES .
— +§an(7xs— 1)

L,(s,7;x) =

for 7 € C,, |T|p <1,and s € D, s #1 if x = 1. This definition is
consistent with what we already have for 7 € Q,, 7], < 1. We will now
show that, for all 7€ C,, |7|, <1, this function satisfies

1
Lp(l - n7T;X) = —_,; (Bn7Xn(qT) - Xn(p)pn—an,Xn (p_qu)) ’

for each n€ Z, n > 1. To do this, we prove the following:
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LEMMA 3.12. Let 7 € C,, |7|, < 1, and let {7i}32, be a sequence in
Q,, with IT,-IP <1, such that 7; — 7. Then for each n € Z, n>1,

lim L,(1 —n,7i;x) = L,(1 —n,7; %)

i— 00

Proof. We can write

Lm0 = X2 4 S a1
=0

where the power series converges for each s € ©.
Let € >0, and let n € Z, n > 1. Then we must have 1 —n € ©, and
thus the power series converges for s =1 —n. Also, by (17)

|am(T)(=n)"], < | fitm+ Dip| ' ng[y — 0

independently of 7 as m — oo. Therefore, for my € Z sufficiently large,

oo

> an(m)(—n)"

m=my

< €.

P

For 7 € Cp, |7], <1, let {7;}2, be in Q,, with |7i|, <1, such that 7; — 7.
Consider

|Lp(1 —n, T, X) - Lp(l —n, T, X) |p S Ognrlna<xmo {6, l(am(T) - am(Ti)) (_n)m ‘p} .
Since an(1;) — an(7) as 7; — 7, we have
ILy(1 = n,73%) — Ly(1 = n,7i30)], < e

for i sufficiently large. Thus the lemma must hold. [
At this point we have finally proven

THEOREM 3.13.  For each T € C,, with |T|p < 1, there exists a unique
p-adic, meromorphic function Ly(s,T;X) that satisfies

1
Lp(l —n,T;X) = _E (Bn,xn(qT) - Xn(p)pn_an,x,, (p_IQT)) )

for each n € Z., n > 1. Furthermore, this function can be expressed in the
form

L0 = =0 4 3,5 - 1y,
n=0




258 G.J. FOX

where the power series converges in the domain ©, and

_ 1 2 —
a_l(T):{l o l.fx 1
0, if x#1. []

Since L,(s,7;x) is defined for each 7 € C, such that ]Tlp <1, we now
have a p-adic function of two variables, L,(s,t;x), where s € D, s #£ 1 if
x=1,and t € C, with |t|, <1.

4. PROPERTIES OF Ly(s,t;X)

Most of the properties that follow are direct consequences of similar
properties that hold for the generalized Bernoulli polynomials. In all of the
following we will take p prime and x a Dirichlet character with conductor f, .

4.1 A SYMMETRY PROPERTY IN ¢

The first property we obtain regarding L,(s,f; x) 18 a direct consequence
of the generalized Bernoulli polynomials being either odd or even functions,
except when x = 1. Recall that L,(s,t; x) interpolates the values

1
(18) L,(1 —n,t;x) = —=by(1),
n
forneZ, n>1,and t € C,, [t[p < 1, where

(19) ba() = By, (@) — Xu(P)P" 'Bux, (0™ 'qt)

and we define

n

(20) HOEDY (Z) (=1 "bu(0).

m=0

LEMMA 4.1. For all neZ, n> 0, we have

Bui(—=1) = (=1)"By1(t) — (=1Y'nt" "

Proof. This holds for n =0 since Bg(f) = 1. Now assume that n > 1.
Because B, ; =0 for odd n > 3, we can write (2) in the form

n

B, 1(t) = Z <:1>Bn—m,1l‘m+ﬂ31,1fn'—l-

m=0
n—m even
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