
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 46 (2000)

Heft: 3-4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: p-ADIC L-FUNCTION OF TWO VARIABLES

Autor: Fox, Glenn J.

Kapitel: 2.5 p-ADIC FUNCTIONS

DOI: https://doi.org/10.5169/seals-64800

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 04.12.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-64800
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


A p-ADIC L-FUNCTION OF TWO VARIABLES 241

Lemma 2.3. Letr G Cp. Inthe field Qp(x, D,for Z, n > 0,
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P Jx a==1

Proof. By applying Lemma 2.2 to (4), we obtain

J
rVx

Therefore, by (2),
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Since /x and /X(1 differ by a factor that is a power of we must have

j f"/x

ß«,x„(T) lim -F?- E Xn(a)(a + rf, h^°° P fxGl

and the proof is complete.

2.5 p-ADIC FUNCTIONS

Let K be an extension of Qp contained in Cp. An infinite series a" '

an G K, converges in K if and only if \an\ —> 0 as n — oo. Let ^[[x]] be

the algebra of formal power series in x. Then it follows that a power series

oo

A(x)
71 0

in ^[[x]], converges at x £, £ G Cp, if and only if \antf\p —> 0 as n oo.
Therefore whenever a power series A(x) converges at some e Cp, then it
must converge at all £ G Cp such that \£\p < ||p- The following result, for
double series in K, can be found in [8].
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PROPOSITION 2.4. Let bn^m G K, and suppose that for each e > 0 there

exists N G Z, depending on e, such that if max{n,m} > N, then \bn^m\p < e.

Then both series

OO / OO \ OO / CO

h
n,mEE XX« and E

n=0 \m=0 / m—0 \n=0

converge, and their sums are equal.

There are two power series that we wish to make note of in particular.
First we define the p-adic exponential function, exp(x), in Qp[[x]], by

OO 1

(9) expQt) —
' nl

n=0

From (8) we can conclude that this power series converges in {x G Cp :

\x\p < p~l/(p~^}. The p-adic logarithm function, log(x), in Q^ffx]], is

defined by

do) iog(i+JC)Äy;^-A
n= 1

the power series converging in the domain {x G Cp : \x\p < 1}. For

\x\p < p~l^p~l\ we have log(exp(x)) x and exp(log(l +x)) 1 +x.
The following property is a uniqueness property for power series, found

in [13].

LEMMA 2.5. Let A(x),2?(x) G K[[x\], such that each converges in a

neighborhood of 0 in Cp. If A(£n) B(£n) for a sequence £n 7^ 0,

in Cp, suck that. —> 0, then A(x) - B(x).

Let U be an open subset of Cp, contained in the domain of the p-adic
function /. We say that / is differentiable at x G U if the limit

^ ^ r fix Ah)-fix)f (x) lim
a—>0 h

exists. If this limit exists for each x G U, then we say that / is differentiable

in U.
The relationship between the derivatives of a function and its power series

expansion is given in the following result, found in [8].
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Proposition 2.6. Let oan^ be a power series with coefficients in

Cp, and suppose that
oo

fix)^2a„ix-n—0

converges on some closed ball B in Cp. Then

i) For each xEB,the kth derivative exists, and is given by

P\x)=k\jf (?)«»(* -
n—k ^ '

and we have

a-k
kl

ii) Let ß G B. Then there exists a series YYY^bn^1 such that

oo

fix)^2 bn(-x ~
n=0

for any x G B. Both series Y2YLoan^ an>d YYYLq bn^1 have the same region

of convergence.

Now let K be a finite extension of Qp. For A(x) G K[[x]], A(x)
Y^Lo ' where an G K, define

||A|| SUp
n

Let PK {A(x) G K[[x]] : |A.| < oo}. Then ||-|| defines a norm on PK, and

so K[x] C Pk C K[[x]] Furthermore PK is complete in this norm.
Let {bn}fL0 be a sequence of elements of K, and let the sequence {cn}^0

be defined by

(n) ^ ±(nVir-mbm
m=0 ^ '

for each n G Z, n>0. Then cn G K for each n > 0. Note that (11) implies
that these sequences must satisfy
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This implies that
00 fn 00 fnYbn—'nl ' n\

n=0 n=0

and so we have the relationship

(i2) b»=iL(m)c">
m=0 V 7

for each ne Z, n > 0. We can reverse this process to derive (11) given (12).
Thus (11) and (12) must be equivalent. The following relate to sequences that

satisfy (11) and (12), and are found in [13].

THEOREM 2.7. Let {bn}ff0 and {cw}£L0 be defined as in the above

relation. Let p G R such that 0 < P <IP\fP 1]- V \cn\p for all
n > 0, where C > 0, then there exists a unique power series A(x) G Pk
such that A(x) converges at every £ G Cp with |£| < \p\p~1, and

A(n) bn for every n > 0.

COROLLARY 2.8. Let A(x) be the power series from the theorem. Then

for each £ G Cp such that |£) < \p\1J(kP~1'>p~x, we have

m-tyy
n=0 ^ 7

Theorem 2.7 can be applied to the sequence {bn}fl0 in K — Qp(x)>
where

K (1 -Xn(p)p"~>

in order to obtain a power series Ax(s) satisfying Ax(n) bn, and converging

on the domain {sCp: \s\p < \p\lp/(p~l)\q\~1} (Since > 1

and \n\ < 1 for each n G Z, all of Z is contained in this domain.) From
this a p-adic function, Lp(six), can be derived that interpolates the values

Lp( 1 -n\x) bn,
n

and which converges in i.v C C?. : !.ï - 1 < \p\l/(pX)\q\p'}, except 1 if
X 1. Note that if x is odd, then Xn is even when n is odd, and Xn is odd

when n is even. Thus the quantity (1 — Xn(p)pn~l)Bn,Xn — 0 for all n G Z,
n > 1, as we saw from the properties of generalized Bernoulli numbers.

Therefore Lp(s\x) vanishes on a sequence such as {—pm}^L0, which has 0

as a limit point, implying that for such x we must have Lp(s;x) 0-
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