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A p -ADIC L -FUNCTION OF TWO VARIABLES

by Glenn J. Fox*)

Abstract. For p prime and x a primitive Dirichlet character, we derive a p-adic
function Lp(s,t;x)> where t G Cp, \t\p < 1, and 5 G Cp, |s- l\p < \p\lJ{p~l)\q\p \
5^1 if x 1, with q 4 if p 2 and q p if p > 2, that interpolates the values

for n G Z, n > 1. Here Bn,x(t) is the nth generalized Bernoulli polynomial associated
with the character x> and Xn Xu~n >

where to is the Teichmüller character. This
function is then a two-variable analogue of the p-adic L-function Lp(s;x)> where

5 G Cp, \s — 1| < bl*/(p_1)k|~\ 5 7^ 1 if X — L in that this function satisfies

Lp(s, 0;x) — Lp(s;x)- In addition to deriving this function, we establish several
properties and applications of Lp(s,t;x)-

Given a primitive Dirichlet character x, having conductor fx (see Section 2

for definitions), the Dirichlet L-function associated with x is defined by

where 5 G C, $l(s) > 1. This function can be continued analytically to the
entire complex plane, except for a simple pole at s 1 when x 1» in
which case we have the Riemann zeta function, ({s} L(s; 1). It is believed
that the analysis of Dirichlet L-functions began with Euler's study of C(s), in
which he considered the function only for real values of s. It was Riemann

A majority of these results were obtained while the author was a graduate student at the
University of Georgia, Athens, under the direction of Andrew Granville.

Lp(1 - n, t;x) — Xn(p)p" 'S«,x»(p V))

1. Introduction
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who extended this study to a complex variable [17]. Of notable interest are

the values of L(s\%) at s n, n £ Z. Euler was able to evaluate Ç(s)

at the positive even integers. However, the determination of the values of
this function at odd s >3 remains an open problem. Similarly, the values of
L(s\ x) can be determined at either the positive even or odd integers depending
on the sign of x(— 1). Furthermore, these functions can be readily evaluated

at all integer values of s < 0. Because of a functional equation (7) that the

Dirichlet L-functions satisfy (discovered by Riemann [17] for Ç(s))9 we can
obtain a relationship between the values of L(s;x) at positive and negative

Jakob Bernoulli was the first to consider a particular sequence of rational
numbers in the study of finite sums of a given power of consecutive integers

[4]. In this study, he gave a defining relationship that enables the generation
of this sequence. This sequence of numbers has, since that time, come to
be known as the Bernoulli numbers, Bn, n £ Z, n > 0. They are given by
Bo l,Z?i —1/2,52 1/6,^3 0,#4 —1/30,... where Bn 0 for
odd n > 3, and for all n > 11

The Bernoulli polynomials were first introduced by Raabe in [16]. They can

be expressed in the form

where n £ Z, n> 0. The form in which they are currently defined has been

somewhat modified from Raabe's original construction, but the results that

he obtained set the framework for a continuing history of analysis on these

polynomials.
The generalized Bernoulli numbers associated with the Dirichlet character

X, Bnx, n £ Z, n> 0, were defined in [12], [3], [1], and [15]. We obtain

the standard Bernoulli numbers when x 1
»

in that Bn \ Bn if n / 1, and

Bi.j —B\. The generalized Bernoulli numbers share a particular relationship
with the Dirichlet L-function, L{s\x)> in that

^(1 n->X) ~ ~^n,x '

for n £ Z, n> 1. The generalized Bernoulli polynomials, BniX(t), are given

by

s £ Z.
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772 0 V J

where n G Z, n > 0.

During the development of p-adic analysis, effort was made to derive

a meromorphic function, defined over the p-adic number field, that would

interpolate the same, or at least similar, values as the Dirichlet L -function

at nonpositive integers. In [14] Kubota and Leopoldt proved the existence of

such a function, considered the p-adic equivalent of the Dirichlet L-function.

This function, Lp(s\x), yields the values

Lp(1 - IV, x) --(1- •
F n

V

for 77. G Z, n > 1, where x^-'T with ^ the Teichmüller character. The

function Lp(s\ x) can be expressed in the form

(si x) — ——7 + <Tz(T ~~ !)"•
5 — 1 '

72 0

where

a-i
l-i4 if x 1

p A

0. if x ^ 1-

and an G Qp(x), a finite extension of Qp, for n > 0. The power series

given in the above expression converges in T) {s G Cp : \s — 1| < r},
for r -- \p\p^P~l)\q\p{, where q 4 if p 2, and q p otherwise. Much
additional information about these functions can be found in [19].

We have found a more general form for the p-adic L-function Lp(s\x)-
Instead of generating a function of one variable that interpolates an expression

involving generalized Bernoulli numbers, we have sought out a function of
two variables that in one variable interpolates an expression-that involves

generalized Bernoulli polynomials in the other variable, such'--that when this
second variable is 0, we obtain the familiar function Lp(s\x)• We have

constructed such a function for all primes p, and so we have been able

to prove the existence of a p-adic L-function, Lp(s.t,x)» where s G Cp such
that \s — 1 \p < r, except s ^ 1 when Xe*!* and t £ Cp such that \t\ < 1,
which interpolates the polynomials

Lp{i- n.t: x)-1 (B„.Xn(qt)-[p~xqt))

for 77 G Z, 77 > 1. This function also has an expansion

(t\ -00
F, x) — 7~ + ^7z(0(^ — 1)".

s — 1
72=0
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where

-, if x 1

a-x(t)^> pC; 'f X / 1

If x(— 1) — 1, then B,hXll 0 for each n > 0. Thus the corresponding
p-adic L-function, Lp(s;x)> vanishes on a set that has a limit point in Zp.
This implies that Lp{s\ x) must vanish identically for all s ED. Because of
this, proofs of the existence of this function need only deal with the case of
those % such that x(—1) 1, and properties associated with these x can
then be utilized to enhance the efficiency of the proof. In the more generalized
form, the p-adic L-function Lp(s, t; x) must satisfy Lp(s,0;x) — Lp(s;x)i and

so LpO, 0;x) vanishes for all s E Q when x(~l) ~~ 1> but this property
does not hold for all t for any given x* Thus we cannot focus the proof of
the existence of Lp(s,t\x) solely on those x such that x(~l) — 1-

In Section 3, we derive Lp(s,t\x) according to the method given in [13],
Chapter 3. In this method, if a sequence {bn}^Q, in a finite extension of Qp,
is given such that

Y.,n
m=0

(-1)"

{s G Cp : \s\p < \p\lJ^p 1}p 1}. It is then shown that, given a Dirichlet
character x> the values bn — (1 — Xn(p)pn~l)Bn,xn > ^ > 0, form such a

satisfies \cn\ < Cpn, for all n > 0, where C,p G R, with C > 0

and 0 < p < Ipl^-b, then a power series AO) can be generated
such that A(n) — bn, for each n, and such that AO) converges on

"p : kip < \p\p
^ U n Jn,Xn

sequence, and thus we have a power series Ax(s) which interpolates the bn

and which converges in the domain D. The p-adic L-function, Lp(s;x)> is

generated by taking Lp(s;x) — (s ~ l)-1^x(l — s).

In our work we first let r be an element of a finite field extension of Qp,
contained in the algebraic closure, Qp, of Qp, with \r\ < 1. We then define
the sequence {Z?rt(r)}^L0 by

Z>„(r) Bnan(qr) - Xn(p)p"~1Bn,Xn (p~V)
The sequence {cn(r)}^0 is defined as above, and we prove

Proposition 3.3. For all T Cp, |r|p < 1, and for n G Z, n > 0, we

have |c„(r)|p < |p^x|pk|p-

At this point it follows that a p-adic power series Ax(syr) exists,

satisfying Ax(n,r) — bn(r), and converging in D. We can then form the
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p-adic function Lp(s,r;x)> satisfying Lp{ 1 — n, r;x) —bn(r)/n, by taking

lp(s,t\x) o - ir1^1 - 5'r)- However'this is onlyfor r G Qp'

|r| < 1. In order to prove this for all r G C^, \r\p < 1, we derive a means

of defining t; x) f°r each such r, and then prove the following.

LEMMA 3.12. Let t G Cp, |r\p < 1, fl/id let {r^ be a sequence in

Qp, with \Ti\p < 1, such that Ti r. Then for each n G Z, n > 1,

Therefore, as a consequence of this, we deduce

THEOREM 3.13. For eac/z r G Cp, with ]r\p < 1, J/zere a unique

p-adic, meromorphic function Lp(s,r\x) that satisfies

for each n G Z, n > 1. Furthermore, this function can be expressed in the

form

Once we have established the existence of Lp(s,r;x) f°r all r e Cp,
I t I < 1, we proceed to investigate the properties of the two variable function

Lp(s,t\x)i where sGS, s 1 if x 1, and t G Cp with \t\p< 1. In
Section 4 we derive the following for all primes p :

Theorem 4.3. Let t G Cp, \t\ < 1, and s G Q, except s f=- 1 if x — 1-

Then Lp{s, -f; x) x(-l)Lp(s, t\ x).

This property follows from a similar property for the generalized Bernoulli
polynomials. An immediate consequence of this is that Lp{s\ x) 0 when x
is odd. Another property of Lp{s, t\ x) is given by

lim Lp (1 - n, 77; x) =» Lp(l - n, r; x)-

Lp(l-n,T-,x) --{Bn,xMT)-Xn(P)p'1 lBn,x„{P V))

n-0

where the power series converges in the domain D, and
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Lemma 4.6. Lett e Cp,\t\ < 1, G except / 1 1-

Then

dtnLpC, t\x)n\qnILp 0 + «, Xn),

for n £ Z, n > 0.

Here we are taking

5

jLpO + n,J;x)
«=!-» "-- (1 ~X(P)P

for n £ Z, n > 1. Note that this result implies that

J^Z,pCî,r;x)*=(p- l,r;x).

Because of this lemma we can find a power series expansion of L^O, t; x) in
the variable r about any a £ Cp, | a 1^ < 1.

Theorem 4.7. Le/1 te Cp, \t\p<\, and s eD, except s f 1 if x — 1-

for a £ Cp, | a | < 1,

Lp(5, L x) L f) ~ + m, a;
m=0 ^ m '

When a 0, this theorem yields an expansion of Lp{s,t\x) in terms of

LpißlXm) f°r m £ Z, and thus yields an additional method of derivation of
Lp(s, t; x)'

Let Fo lcm(fx,q), and let F be a positive multiple of pq~{Fo. If we
define (a-Fqt) uj~l{a)(a +qt) for a £ Z, (a,p) 1, and t £ Cp k u < i,
where cu is the Teichmüller character, then we have the following:

Theorem 4.8. Let t £ Cp, \t\ < 1, and s £ D, except s 1 if x —

Then
qF

Lp(s,t + F-,x) -Lp(s,t;x)~L Xl
a—I

(a,P)= 1

We then have a connection between certain finite sums and the function

Lp(s,t;x)- As a result of this, we obtain
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Corollary 4.9. Let s e S, except s ^ 1 if x= 1-

qF

Lp(s,F; x) Lp(s',x)~Ea— 1

(a ,/>)=!

Thus, when t takes on certain values, we have a finite expression for Lp(s. t\ x)
in terms of previously known functions.

By combining the previous two theorems, we can obtain the relation

qF oo /xE Xi(a)(a)J + m;

a~ 1 m— 1
^

-

(a,p)—l

where F is a positive multiple of pq~lF0, Fo lcm(fx,q), and s G D,
except 5^1 if X — 1

• This is a generalization of a result of Barsky found

in [2] (see also [20]).
A number of congruences relating to the ordinary and the generalized

Bernoulli numbers have found a considerable amount of interest. One of the

more notable examples is the Kummer congruence for the ordinary Bernoulli
numbers, which states that p~lAc^Bn G Zp, where ce Z is positive with
c 0 (mod p — 1), and ne Z is positive, even, and n fk 0 (mod p — 1)

(see [19], p. 61). Note that we are using Ac to denote the forward difference

operator, Acxn xn+c — xn, so that

E (k\-
m=0

More generally, it can be shown that p~kAkc\Bn e Zp, where he Z, with
k > 1, and c and n are as above, but with n > k.

The application of Kummer's congruence to generalized Bernoulli numbers
was first treated by Carlitz in [5], with the result that p~kAkc\BlhX e Zp\x],
for positive ce Z with c 0 (mod p— 1), n,k e Z with n > k > 1, and

X such that fx ± p^, where p e Z, p>0. From [7] (see also [18]) we see
that if the operator is applied to the quantity —(1 - Xn(p)pn~l)Bn,xJn,
the value of Lp{ 1 — n;x), for similar c and characters x, then the congruence
will still hold if the restriction n > k is dropped, requiring only that n > 1. In
addition to this, the divisibility requirements on c can be removed, yielding
a congruence of the form

q~kAcl - Xn(p)pn~l)BeZplxl,



232 G.J. FOX

for c, n,k G Z, each positive, and x such that fx yE /iE Z, /x > 0.
Recall that we are taking g 4 if p 2, and g p otherwise. If we denote

ßn,X ~~ (l ~ Xn(p)p '

then this congruence can be expressed as q~kAkßn^x G Zp[xi-
As an extension of the Kummer congruence, Gunaratne (see [10], [11]) has

shown that if p > 3, c,n,k eZ are positive, and x — uh where he Z and

h ^ 0 (mod p — 1), then the value of p~kAkßn^x modulo pZp is independent
of n, and further satisfies

p'kAkcßna=p~k'Atßn',x(mod
for positive n! ,k' G Z with k kf (mod p — 1). Additionally, by means of
the binomial coefficient operator

for these x we have (ß kAc)ßn,x C Zp, with a value modulo pZp that is

independent of n.

By utilizing Corollary 4.9, we can derive a collection of congruences,
similar to the results of Gunaratne, relating to the generalized Bernoulli

polynomials, but without a restriction on either p or y.

THEOREM 4.10. Let n, c, and k be positive integers, and let r G Zp
such that \r\p < \pq~lFo\p. Then the quantity q~kAkßn^x(r) — q~kAkßna(0) G

Zptx], and, modulo qZp[xl, is independent of n.

Here we denote

ßn,X(0 Bn,Xn(qt)-(p~ V))
the value of Lp{\ — nft; x). In addition to this result, we have each of the

following :

THEOREM 4.11. Let n, c, k, and k! be positive integers with k k!

(mod p — 1), and let r G Zp such that \r\p < I PI lFo\ • Then

q~kAkß„tX(r)- q~kAkßna(0)

q-k'A*ß„,x(T)- A*Xx(0) (mod pZ„[X]).
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THEOREM 4.12. Let n,c, andk be positive integers, and let r E Zp

such that \r\p < \pq~lF0\.Thenthe quantity

{q~kAc)ßn'x(T)~C1Ac)A!'x(0) e ZpLx] '

and, modulo qZp[x\, is independent of n.

These results show that if related congruences hold for

ßn,X(°)~ :

then they must also hold for ßn^x(r), where r is any element of Zp such

that \r\p< \pq-lF0\p.
In [9] Granville defined ordinary Bernoulli numbers of negative index,

B-n, where n E Z, n> 1, in the field Qp according to

B—n lim B^pk^_n
k—^oo

where the limit is taken in the p-adic sense. In a similar manner we define

generalized Bernoulli numbers of negative index, B_nx, n E Z, n> 1, and

a collection of functions that correspond to generalized Bernoulli polynomials
of negative index, B-n^x(t), nE Z, n > 1. As a result of our definitions, we
show that the are actually power series that can be written in the

form

B-n>xW f
m—0 ^ '

converging for t E Cp, \t\ < 1. We close out by considering some properties
of these functions.

2. Preliminaries

The /7-adic L-functions, Lp(s\x), were first generated by Kubota and

Leopoldt for the purpose of finding functions that would serve as analogues
of the Dirichlet L-functions in the p-adic number field [14]. They are
characterized by the fact that they interpolate a specific expression involving
generalized Bernoulli numbers when the variable 5 is a nonpositive integer.
In the following, for each r G Cp, \r\p < 1, we derive a p~adic function

Lp{s,t\x) that interpolates a specific expression involving generalized
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Bernoulli polynomials in r for similar values of the variable 5". These functions

are designed so that Lp(s, 0;x) Lp(s\x)- The method of derivation
follows that found in [13], Chapter 3. However, this method will only account
for those re Qp with \r\p < 1. To complete the derivation we show that
there exist functions Lp(s,r;x) f°r ah recp, \t\ < 1, such that for every

sequence {t/}°2() in Qp, with |t; \p < 1, converging to some r G C^, the

sequence {Lpil — n, re, x)}£o ' whh n C n> 1, converges to Lp( 1 — n, r; x) •

Thus for each r e Cp MP < 1, the function Lp(s^r; x) must interpolate
the appropriate expressions involving generalized Bernoulli polynomials for
s 1 — n, ne Z, n > 1.

Before we begin the derivation, we must first define the concepts that we
shall need and review some of their resulting properties.

2.1 Dirichlet characters

For n e Z, n > 1, a Dirichlet character to the modulus n is a multiplicative
map x •' Z —> C such that x(a + n) x(°) f°r ah a C Z, and x(ß) — 0 if and

only if (a, w) ^ 1. Since a^n) 1 (mod n) for all a such that (a, n) 1,

X(<z) must be a root of unity for such a.

If x is a Dirichlet character to the modulus n, then for any positive
multiple m of n we can induce a Dirichlet character tp to the modulus m

according to

f Xfa), if (a, "0 1

w(a) <
1 0, if (a, m) 7^ 1.

The minimum modulus « for which a character x cannot be induced from

some character to the modulus m, m < n, is called the conductor of x»
denoted /x. We shall assume that each x is defined modulo its conductor.

Such a character is said to be primitive.
For primitive Dirichlet characters x and ^ having conductors fx and

respectively, we define the product, xV7* to be the primitive character with
Xf>(a) X(a)iJ(a) f°r all a e Z such that (ajxf= 1. Note that there

may exist some values of a such that x^(ß) ¥" x(ß)^(ß) »
hue to the fact that

our definition requires x^ t0 be a primitive character. The conductor fx^
then divides lcm (/x,/^). With this operation defined, we can then consider

the set of primitive Dirichlet characters to form a group under multiplication.
The identity of the group is the principal character x — 1

» having conductor

fx -si. The inverse of the character x *s the character x"1 — the map of
complex conjugates of the values of x-
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Since any Dirichlet character x *s multiplicative, we must have x( 1) — ±1.

A character x *s sa^ to ^ X(— 1) ~~^
>

an<^ even if x(—^) ^
•

2.2 Generalized Bernoulli polynomials

Let x be a. Dirichlet character with conductor fx. Then we define the

functions, Bna{t), ne Z, n> 0, by the generating function

f) L e/xx_i w< / •

a=1 n=0

We define the generalized Bernoulli numbers associated with x> BniX, n eZ,
n> 0, by

fB *" |v|/L
fl=l n=0

so that 5„,x(0) B,hx.Note that

A x(aXg(a+f)A' y-
' ef*x — 1 — 1

'

<3=1 <3=1

which implies that
00 yJl

00 yjl
e'X^jB>hX~^

n—Q
' n—0

and from this we obtain

(2) B,hX(t) fm^) '

m—0 '

Thus the functions BlhX(t), defined in (1), are actually polynomials, called

the generalized Bernoulli polynomials associated with x- Let Z[\] denote

the ring generated over Z by all the values x(ß)> a eZ, and Q(x) the field

generated over Q by all such values. Then it can be shown that fxBfhX must
be in Z[x] for each n > 0 whenever x 7^ 1

• In general, we have B?hX e Q(x)
for each n > 0, and so Bna(t) G Q(x)M- The polynomials BfhX(t) exhibit
the property that, for all n > 0,

(3) BfhX(-t) (-irx(-l)Bna(t),
whenever x 7^ 1

• Thus BlhX(t), for x 7^ 1
* is either an even function or an

odd function according to whether (— l)nx(—1) is 1 or —1. From (3) we
obtain
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Bn>X=(-lTx(-l)BniX,
and so Bn^x 0 whenever n is even and x is 0dd, or whenever n is odd
and x is even, %^\. Another property that the polynomials satisfy is that
for m Z, m > 1,

mfx

(4) BntX{mfx + t)- B„.XU) n^2 X(a){a + t)"'1,
a— 1

for all n > 0. This can be derived from (1). Note that for x 1 and t 0

this becomes
1

w

- (Bn,i(»i) -£„,i)
n J z—'

a= 1

rIf x 7^ 1
»

then it can be shown that Xja= i X(fl) — 0, and from the above

relations we can derive
fx

1 X A

ßo,x »= ï"53x(fl)A"a= 1

for all x- Therefore
r o, if x ^ i

°>X "1 1 111, if X 1

The ordinary Bernoulli polynomials, Bn(t), G Z, >0, are defined by

(5) w<2->
ex — 1 Z-^ 72!

n=0

and the Bernoulli numbers, Z?n, 72 G Z, n > 0,

°°^ x"y~\Bn—.,|x|<2TT.
X / Ï?le*-i ^ n!
n—0

From this we obtain the values Bo 1, B\ —1/2, £2 1/6,
B4 — —1/30, with Bn 0 for odd 72 > 3. For even 72 > 2, we
have

n 1 / -,72+1
B„ —r > Bm-

« + 1 " \ m Jm=0 x x

Note that we again have the relations Bn(0) £„ and

m=0 ^ '
as we did for the generalized Bernoulli polynomials.
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Some of the more important properties of Bernoulli polynomials are that

(6) Bn{t+\)-Bn{i) nf~x

for all n > 1, and

Bn{ i - o - (-imo
for n > 0. Each of these results can be derived from the generating function

(5) above.

Similar to (4) for the generalized Bernoulli polynomials, whenever

m,n G Z, m > 1, n > 1,

1

-(Bn(m)-Bn) Vr1,
n 2L-'

a=0

where we take 0° to be 1 in the case of a 0 and n 1. Note that this

can be derived from (6) since

m—1

Bn(m)-B„ ''G (#«(a + 1) - B«(a)) •

(3=0

The Bernoulli numbers are rational numbers, and, in fact, the von Staudt-
Clausen theorem states that for even n> 2,

Bn + - G Z
p prime ^
(P—1)1«

Thus the denominator of each Z?n must be square-free.
The ordinary Bernoulli numbers are related to the generalized Bernoulli

numbers in that for x — 1 we have

M<2^
n=0

and since
xe* x

7X -1
~X+ - 1'

we see that B„ for all n ^ 1, and -5,. In fact, this can be
written as Bn<] (-!)"£„, and for the polynomials, Bnj(t)
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2.3 Dirichlet L-functions

For x a Dirichlet character with conductor fx, the Dirichlet L-function
for x is defined by

rr Ï V^(6)L(s-,x) 2^-rr,
b= 1

for G C such that > 1. Note that L(s; x) can be continued analytically
to all of C, except for a pole of order 1 at s 1 when x — 1

•

Let t(x) be a Gauss sum,

fx

T(x) ^X(«)e27da//*,
a=\

where i2 — 1, and let

ro, «-» 1

I 1, if x(-D -1

Then L{s\ x) satisfies the functional equation

(7) I«.-«),
7T / \ 1 V 7T

where TG) is the gamma function, and Wx -<s

Tix) having the property
' x ' y fx

that II 1. Since T(s) has simple poles at the negative integers, L(s\ x)
must be zero for s 1 — n, where n G Z, « > 1, such that n ^ 6X (mod 2),
except when x — 1 and « 1. EG; x) can also be described by means of
the Euler product L(s\x) Tip prime (* ~~ X(p)P~s)

1

for s G C such that
SRG) > 1. Thus L(s; x) 7^ 0 in this domain.

The generalized Bernoulli numbers, BnjX, and the Dirichlet L-function,
LG;x), share the following relationship, a proof of this being found in [13] :

THEOREM 2.1. Let x a Dirichlet character, and let n G Z, n > 1.

Then L(1-n;x)

Thus we have a way to express certain values of a function defined in terms

of an infinite sum as quantities that can be found by a finite process.
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2.4 The p-adic number field
Let p be prime. We shall use Xp to represent the p-adic integers, and

Qp the p-adic rationals. Let {-| denote the p-adic absolute value on Qp,

normalized so that \p\ p~l. Let Qp be the algebraic closure of Qp. The

absolute value on Qp extends uniquely to Q^, however is not complete
with respect to the absolute value. Let Cp be the completion of Qp with
respect to this absolute value. Then the absolute value extends to Cp, and Qp
is dense in Cp. We also have Cp algebraically closed. Furthermore, on Cp

the absolute value is non-Archimedean, and so

\a + b\p < max{\a\p,\b\p}

for any a,b G Cp. Note that the two fields C and are algebraically
isomorphic, and any one of the two can be embedded in the other. We denote

two particular subrings of in the following manner

o {aeCp: \a\p <1}, p {a e Cp : < 1}.

Then p is a maximal ideal of o. If r e Cp such that |r|p < \p\p, where
s e Q, then r epso,andso we shall also write this as r 0 (mod

Any neZ,n>0, can be uniquely expressed in the form n
where ameZ,0 < am<p-1, for m0,1,.. and ^ 0. For such

n, we define
k

Spip) ^ '
klm ;

m=0

the sum of the p-adic digits of n, and also define 0) 0. For any G Z,
let vp(n) be the highest power of p dividing n. This function is additive, and
relates to the function sp(n) by means of the identity

(8)
n - sp{n)

'

which holds for all n>0. Note that for n > ] this implies that

vP(n\)<-—J.
P- 1

The definition of this function can be extended to all of Q by taking
vpil/n) =-Vpin).

Throughout we let q4 if p2, and otherwise. Note that there
exist cj){q)distinct solutions, modulo q, to the equation x'iAq> -1 0, and each
solution must be congruent to one of the values Z, where 1 < <
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(a,p) — 1. Thus, by Hensel's Lemma, given a £ Z with (a,p) 1, there
exists a unique cu(a) e Zp, where uj(a)^q) 1, such that

uj(a) a (mod qZp).

Letting cu(a) 0 for a G Z such that (a,p) ^ 1, we see that a; is actually a

Dirichlet character, called the Teichmüller character, having conductor fUJ= q.
Let us define

(a) — Lü~l(a)a.

Then (a) 1 (mod qZp). For p > 3, limn-+00apn uj{a), since
a?n m a (mod p) and apn(p~~1^ 1 (mod pn+x).

For our purposes we shall need to make a slight extension of the definition
of the Teichmüller character u. If t G Cp such that \t\p < 1, then for any
a e Z, a -f qt a (mod qo). Thus we define

uj{a + qt) lo(a)

for these values of t. We also define

(a + qt) — u)~l(a)(a + qt)

for such t.
Fix an embedding of the algebraic closure of Q, Q, into Cp. We may

then consider the values of a Dirichlet character x as lying in Cp • F°r n e Z
we define the product Xn — in the sense of the product of characters.

This implies that fXn \fxq. However, since we can write x — Xn^n, we also

have fx \fXnq. Thus fx and fXn differ by a factor that is a power of p. In
fact, either fXn/fx G Z and divides q, or fx/fXn G Z and divides g.

Let Qp(x) denote the field generated over by all values x(a), a eZ.
In this context we can state the following, found in [13] (pp. 14-15).

Lemma 2.2. In the field Qp(x)> for all n e Z, n> 0,

^n x ~rM~ (^n+1'X {p fx) ~Bn+l,x(0))
At ~~I 1 H OO JX

From this we can obtain
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Lemma 2.3. Letr G Cp. Inthe field Qp(x, D,for Z, n > 0,

j
p%

Bn,x„(r) Urn -tt*"(a)(a+ r)" •

P Jx a==1

Proof. By applying Lemma 2.2 to (4), we obtain

J
rVx

Therefore, by (2),

n / \ + P fxn

m=£ y,'i^S *.<«»"
m=0 V 7 r J Xn a=1

h f
1

P ÎX» H / „\
h^Phfx„t 1=oW

Since /x and /X(1 differ by a factor that is a power of we must have

j f"/x

ß«,x„(T) lim -F?- E Xn(a)(a + rf, h^°° P fxGl

and the proof is complete.

2.5 p-ADIC FUNCTIONS

Let K be an extension of Qp contained in Cp. An infinite series a" '

an G K, converges in K if and only if \an\ —> 0 as n — oo. Let ^[[x]] be

the algebra of formal power series in x. Then it follows that a power series

oo

A(x)
71 0

in ^[[x]], converges at x £, £ G Cp, if and only if \antf\p —> 0 as n oo.
Therefore whenever a power series A(x) converges at some e Cp, then it
must converge at all £ G Cp such that \£\p < ||p- The following result, for
double series in K, can be found in [8].
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PROPOSITION 2.4. Let bn^m G K, and suppose that for each e > 0 there

exists N G Z, depending on e, such that if max{n,m} > N, then \bn^m\p < e.

Then both series

OO / OO \ OO / CO

h
n,mEE XX« and E

n=0 \m=0 / m—0 \n=0

converge, and their sums are equal.

There are two power series that we wish to make note of in particular.
First we define the p-adic exponential function, exp(x), in Qp[[x]], by

OO 1

(9) expQt) —
' nl

n=0

From (8) we can conclude that this power series converges in {x G Cp :

\x\p < p~l/(p~^}. The p-adic logarithm function, log(x), in Q^ffx]], is

defined by

do) iog(i+JC)Äy;^-A
n= 1

the power series converging in the domain {x G Cp : \x\p < 1}. For

\x\p < p~l^p~l\ we have log(exp(x)) x and exp(log(l +x)) 1 +x.
The following property is a uniqueness property for power series, found

in [13].

LEMMA 2.5. Let A(x),2?(x) G K[[x\], such that each converges in a

neighborhood of 0 in Cp. If A(£n) B(£n) for a sequence £n 7^ 0,

in Cp, suck that. —> 0, then A(x) - B(x).

Let U be an open subset of Cp, contained in the domain of the p-adic
function /. We say that / is differentiable at x G U if the limit

^ ^ r fix Ah)-fix)f (x) lim
a—>0 h

exists. If this limit exists for each x G U, then we say that / is differentiable

in U.
The relationship between the derivatives of a function and its power series

expansion is given in the following result, found in [8].
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Proposition 2.6. Let oan^ be a power series with coefficients in

Cp, and suppose that
oo

fix)^2a„ix-n—0

converges on some closed ball B in Cp. Then

i) For each xEB,the kth derivative exists, and is given by

P\x)=k\jf (?)«»(* -
n—k ^ '

and we have

a-k
kl

ii) Let ß G B. Then there exists a series YYY^bn^1 such that

oo

fix)^2 bn(-x ~
n=0

for any x G B. Both series Y2YLoan^ an>d YYYLq bn^1 have the same region

of convergence.

Now let K be a finite extension of Qp. For A(x) G K[[x]], A(x)
Y^Lo ' where an G K, define

||A|| SUp
n

Let PK {A(x) G K[[x]] : |A.| < oo}. Then ||-|| defines a norm on PK, and

so K[x] C Pk C K[[x]] Furthermore PK is complete in this norm.
Let {bn}fL0 be a sequence of elements of K, and let the sequence {cn}^0

be defined by

(n) ^ ±(nVir-mbm
m=0 ^ '

for each n G Z, n>0. Then cn G K for each n > 0. Note that (11) implies
that these sequences must satisfy



244 G.J. FOX

This implies that
00 fn 00 fnYbn—'nl ' n\

n=0 n=0

and so we have the relationship

(i2) b»=iL(m)c">
m=0 V 7

for each ne Z, n > 0. We can reverse this process to derive (11) given (12).
Thus (11) and (12) must be equivalent. The following relate to sequences that

satisfy (11) and (12), and are found in [13].

THEOREM 2.7. Let {bn}ff0 and {cw}£L0 be defined as in the above

relation. Let p G R such that 0 < P <IP\fP 1]- V \cn\p for all
n > 0, where C > 0, then there exists a unique power series A(x) G Pk
such that A(x) converges at every £ G Cp with |£| < \p\p~1, and

A(n) bn for every n > 0.

COROLLARY 2.8. Let A(x) be the power series from the theorem. Then

for each £ G Cp such that |£) < \p\1J(kP~1'>p~x, we have

m-tyy
n=0 ^ 7

Theorem 2.7 can be applied to the sequence {bn}fl0 in K — Qp(x)>
where

K (1 -Xn(p)p"~>

in order to obtain a power series Ax(s) satisfying Ax(n) bn, and converging

on the domain {sCp: \s\p < \p\lp/(p~l)\q\~1} (Since > 1

and \n\ < 1 for each n G Z, all of Z is contained in this domain.) From
this a p-adic function, Lp(six), can be derived that interpolates the values

Lp( 1 -n\x) bn,
n

and which converges in i.v C C?. : !.ï - 1 < \p\l/(pX)\q\p'}, except 1 if
X 1. Note that if x is odd, then Xn is even when n is odd, and Xn is odd

when n is even. Thus the quantity (1 — Xn(p)pn~l)Bn,Xn — 0 for all n G Z,
n > 1, as we saw from the properties of generalized Bernoulli numbers.

Therefore Lp(s\x) vanishes on a sequence such as {—pm}^L0, which has 0

as a limit point, implying that for such x we must have Lp(s;x) 0-
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3. The p-ADic L-function Lp(s,t;x)

In the following, we apply Theorem 2.7 to the sequence {bn(r)}^Z0,
where bn(r) BniXn(qr) - Xn(p)pn~lBn,Xn (p~l4r)> for r G Q/>> \T\P -
to show that there exists a power series Ax(s,r) G ^r[ML Kr QP(X>r)>

which converges on {s G Cp : \s\p < \p\p^p l)\q\p1}- From this we can

prove the existence of a p-adic function, Lp(s,t;x)> that interpolates the

values Lp{ 1 — r;x) —^bn(r) for « G Z, n > 1, and converges in

{j Cp : |j- l|p < except s # 1 if x 1- After this we

will show that there exists Lp(s, r; x) f°r ea°h t G cP, Mp < 1, satisfying

Lp( 1 -n,r;x) --^(r),^ n

and converging in the domain above.

3.1 Lp(S,t\X) FOR t G Qp, \r\p < 1

Let p be prime, and let x be a Dirichlet character with conductor fx. Let

tgQp, |r{ < 1, and let Kr Qp(Xir)* the field generated over Qp by
adjoining r and the values x(a)> a £ Z. Since r and each of the x(a) are

in Qp, we see that Kr is a finite extension of Qp in Qp. For each r G Qp,
|v|p < 1, we shall derive our L-function Lp(s,r\x) m a manner similar to
that given for the derivation of Lp(s\x) found in Chapter 3 of [13].

For r Qp, \r\p< 1, define the sequences {£„(t)}~0 and {c„(r)}~0
in Kr according to

bn(r)Bn,xMT)- Xn(p)pn~lBn<Xti

and

^) E(j(-rwr).
m=0

In order to derive our L-function Lp(s, r; x), we will prove a particular bound
on the magnitude of cn(r), but to do so, we shall need the following:

LEMMA 3.1. Let m,r G Z, with m > 0 ßrcd r > 1. Then

p'-\
Y^am 0 (mod

1

a=0

w/zer<? we take 0° 1 in the case of a — 0 and m — 0.
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Proof. This is obvious for m — 0, so assume that m > I. We shall

prove this result for the remaining values of m by induction on r.
Since any sum of elements of Z must also be in Z, the lemma is true

for r 5=0 1. Now assume that the lemma holds for some re Z, r > 1. By
rewriting the sum

p'+1—l p—l pr—l

I] am J21>2(U+Prv)m >

a=0 v—0 u=0

and reducing this modulo pr, we obtain

/+1-i P-1/-1
um (mod pr)

a—0 i>=0 u—0

P'-1

p ^ (mod /7r).
u=0

By our induction hypothesis we must then have

/+1-i
am 0 (mod pr),

a=0

and the lemma follows.

Lemma 3.2. Let r |r| < 1, and let n e Z, n > 0. For all he Z,
A>1,

-Â7" X! V«) ((a + qr) - 1)" =0 (mod lp"~1

a=i
(a,p)= 1

Proof This is obvious for n 0 since writing

j'fx1%

X Va) X Va) - X Vp«)
<2=1 fl=l <2=1

(û,p)=l

allows us to derive

- 1), if X 1

0, if x 1
•

X Va):
a=\

(a,p)= 1

So let us assume that « > 1.
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Let h 1. Then (a + qr) 1 (mod qo) for all a G Z such that (a,p) 1

implies that

((a + qr) - l)" 0 (mod qno),

and the lemma holds for this case.

Now assume that h > 1. We can rewrite our sum as follows :

qhfx Qh
1

— ^

Y xm{a+qr)-l)n Y X(u + vqfx)((u+vqfx + qT}~ If.
a= 1 v=0 u=l

(a,p)= 1

Since \r\p < 1, we can write

(m + + qr) (u + vqfx + qr) uj~1 (u + vqfx + qr)

— (u + qr)u~l (w + qr) + vqfxu~~l (u + qr)
(u + qr) + vqfxu~l(u).

Thus

q'fx

Y X(a) ({a + qr) - l)"
a= 1

(a,p)= 1

Ifx

L V«) Y 1

u=1 v=0
(",P)=1

By expanding, the inner sum on the right can be written

q"-X- 1

Y ((" +qr)-l+ vqfxu>~\u)Y
i>=0

è ft) + ^ _ 1 Y yk

k=0^ ' v=0

Since (u,p) 1, we obtain the equivalence

qk ((w + qr) - l)" *
0 (mod qno)

for each k, 0 < k < n. Furthermore, by Lemma 3.1

qh~l- 1

^ vk 0 (mod p~lqh~l)
i>=0
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for each such k. Therefore

qh~X~l

((m -f qr) — 1 + vqfxuj~l{u))n 0 (mod p~1qn+h~lo).
v=0

This implies that

fh
53 X(a)((a + qr) - 1)" 0 (mod
a= 1

(a,p)= 1

yielding the result.

We now derive our bound on the magnitude of cn(r).

PROPOSITION 3.3. For all r G Cp, |r\p < 1, and for n E Z, n > 0, we

have \c„(t)\p < \pqfx\~l\q\"p.

Proof This follows in a manner similar to that given for the proof of
the bound 1^(0)^ < \q2fx\pl\q\p found in [13] (Lemma 4 of Chapter 3).

However, in this case we use Lemma 2.3 and the properties of x and w to
derive

1
ffx

bn{r) lim — V x(û)(fl + r)"h^ooq»fx ^
(«,/?)= 1

for each n > 0, and thus

1 ^
c„(r) lim -77- 53 V«) ((a + ^T) _ C/i-^oo anF z—'

1 a=l
(a,/>)=l

for each such n. From Lemma 3.2 we obtain

C„(r) 0 (mod /~V~V-1o),

and thus the result.

For our immediate concern we only need this proposition to hold for all

r eQp such that \r\ < 1. However, later on we shall need it in the form in
which we have it.

We are now ready to begin the construction of our L-function.



A p-ADIC L-FUNCTION OF TWO VARIABLES 249

Theorem 3.4. For each r E Qp, with \ r\ < 1, there exists a

power series Ax(s,t) in £V[[X|] such that the power series converges on

{s G Cp : \s\p < \p\lpKp~l)\q\p1}, and for each n G Z, n > 0, Ax(n,r)
satisfies

Ax(n,r)BniXii(qr)-Xn(p~lqr)
Proof By Proposition 3.3, \cn(r)\p < C\q\np for all n > 0, where

C \pqfx\~1' Therefore we can apply Theorem 2.7 to the sequences

{L(t)}~g and {c„(r)}~0 in KT - QPandfor p \q\p <
yielding this result.

Let us denote D{s £Cp:|i - \ \p <\p\lJ{p~{)\q\~1}

THEOREM 3.5. For each r E Qp, with \t\ < 1, there exists a unique
p-adic, meromorphic function Lp(s, r; x) that can be expressed in the form

x oo

Lp(s,r; x) ff+ - 1)",
«=o

where the power series converges in the domain D, having coefficients
a»{r) £Qp(x, t), with

/ 1-1, ifa-\(r)p

I 0, ifx£ 1.

Furthermore, for each neZ,n>1,

Lp(1 - n,T\x) ~~{Bn,x„{qr)~p~lqr))

Proof Let

1

(13) Lp(s, r; x)—yAx(l- <?, r)
with the Ax(s,t) as in Theorem 3.4. Then from the properties of Ax(s, t),
the power series must converge in the given domain, and for Z, > 1,

Lp(1 - n,r; x)-^(n.r) -I (ß„,x„(?r) - (/T V)) •

Note that

a-i(T) — T) — Bo,x(qr) ~ X(p)p 1Bo,x{p l(lT)
(1 - X(P)P"1)B0,x,
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and thus

a_i(r) 1-^ if X 1

0, if X ^ 1

The uniqueness of Lp(s, r; x) follows from Lemma 2.5.

At this point we have not completed our goal of showing that the /?-adic
function Lp(s,r\x) exists for each r G Cp, \r\ < 1. In order to prove this,
we will need to study the coefficients, an(r), of the power series expansion
of Lp(s,t\x) f°r ea°h t G Qp, \r\p < 1. From the results of this we will
show that the function Lp(s,r;x) exists for each r G c P' h\P < 1, and for

any sequence {t/}°30 in Q^, with 1771 < 1, converging to r, the values

Lp( 1 — n, 77; x) converge to Lp(l — ft, r; x) for each ft G Z, ft > 1.

3.2 Lp(s,t-,x)forteCp, }r|p < 1

Our previous work has been for TGQ,, |r|p< 1. To extend this result
to all r G Cp, \r\p < 1, we need to find a way to express ftn(r) so that it
can be defined for these values of r.

For k G Z, k > 0, the Stirling numbers of the first kind, s(n,k), are

defined by the generating function

Since the power series expansion of log(l +0 lacks a constant term, we must
have s(ft, k) 0 whenever 0 < n < k. We also have s(ft, ft) 1 for all n > 0.

The s(n,k) are integers, where ft, k G Z, ft>0, k > 0, and they satisfy the

relation

For additional information on Stirling numbers of the first kind we refer the

reader to [6], pp. 214-217.

LEMMA 3.6. Let tGQ^ \r\p < 1. For n G Z, n > — 1,

(14)

(15)

ml
m=nJr 1

Proof. From Corollary 2.8 we can write
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m=0

where s G Cp such that \s\p < \p\p^p q\p
1

- Now, expanding the quantity

(s) according to (15) yields

AX(S, ~S(m> n)Cm(jV,
m=0 n=0

m*

where s(m,n) G Z is a Stirling number of the first kind. At this point we
wish to switch the order of summation in this expression, but before doing so

we must show that the terms in the summation converge to 0 at a sufficient
rate.

Let e > 0 and let £ G such that |£|p < \p\lJ^P~l)\q\pl • Then there

exists <5 G R, 0 < <5 < 1, such that

iei„=e- \p\y~V
Let A£M G Z, N > 0, M > 0, such that if n > N then \pqfx\~l6n < e,

and if m > M then \pqfx\~l \p\pm^P~^\q\ < £ (such an M exists since

0< \p\~X/(P~X)\q\p <1).

Let G Z, m> 0, n>0. If n > m, then s(m,ri) 0, and so

1

ml
s(m, rc)cm(r)£n 0.

Thus we can assume that m max{m, n}. Consider

1

ml
s(m, n)cw(r)£" < |m!|/Mr)! 1erpi* Ip

Utilizing Proposition 3.3 and the fact that < m/(- 1), we can write

\\\;l\cm(r)\p\t\;< \Pqfx \;l\p\;
Suppose that m > M + N. If m-n < M, then

M + N<m<M + n,

so that n > N. Thus

l'"!|;1Mr)U^<kxi;I«"<e.
If m — n > M, then
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\mV\cm(r)\M < Wx\:l\pü(mIp 1-mv J\p\^\p — \r~ux\p \r\p

Either case implies that

—s{m,n)cm{T)C
ml

< e.
p

Therefore, whenever max{myn} > M + N, this bound must hold, implying
that

oo m
^ 00 00 j53 YYn)cm(r)C n)cm(r)C,z—' z—' ml ml

m=0 n=0 n=0 m=n

by Proposition 2.4.

Writing
00 00

^
Ax{s, t) Y2 s"53),z—' z—' ml

n=0 m=n

we have from (13),

^
00 00 j

Lp(s, r; x) r Y]( 1 - s)n53—rs(m,
s — 1 z—' ml

n—0 m=n
oo oo

53 (-i)n+i(i - if 53 1)Cm(r)'
n= — 1 m=n+l

which implies the lemma, since we must have convergence for the inner

sum.

Since we have only derived Lp{s,r\x) f°r T Qp, |r|p < 1, we cannot

say that an(r) is defined for all r G Cp, \r\ < 1. For n G Z, « > —1, let
us define

OO
1

(16) a„(r) (—1)"+1 53 ~~il)cm(r),m!

for these values of r. Note that in the proof of Lemma 3.6, the only influence

generated by the value of r is in the bound of the value of \cm(r)\p, which

was determined in Proposition 3.3. However, this proposition holds for all

r G Cp, \r\p < 1. Thus this sum converges and an(r) is well-defined for all

t e cp, \t\p < l.
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Theorem 3.7. Let r e Cp, \r\p < 1, and let {r/}gj be a sequence in

Qp, with |t,-| < 1, such that T; -+ r. Then for n>-\
lim an(j,-)

Proof. By definition, for re Cp, \r\p < 1, and for G Z, n > -1, we

have the expansion

OO
J

a«0") (-1)"+1 V —:s(m, n + l)cm(r),z' m!
m=n+1

and as we have seen, regardless of the value of r,

+ 1 )cm{r)
ml

as tn—> oo. Therefore given e > 0 there must exist some Z, m0 >
such that

OO

< e.
oo

^E—s(m,n+ 1 )cm(r)
ml

m=m0+1 p

Thus for any sequence in Qp, with | 77 < 1, such that 77 -» 7%

\an{r) - an{rd\ < max <U
1

-s(m,n+1)(cm(r) - cot(t/))
P n+l<m<ra0[ ' m!

Since 77 —> r and cm(r) is a polynomial in r, we see that

1

s(m, n+1) (cm(r) - cm(r/))
ml

< e

for all m with n + 1 < m < mo when i is sufficiently large, which implies
that

KO") - ö,7(t/)|/; < e

for such /. Therefore the theorem must hold.

The purpose of the following three lemmas is to build an upper bound for
the value of \an(r)\ After doing so we can define Lp(s,r;x) f°r all t £ Cp,
M p

<
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LEMMA 3.8. Let p be prime. If iyn G Z with \ < i <n, then

< Mn
IP'

Proof For i G Z such that 1 < i < n, (8) implies that vp(i\) < i — 1, or
equivalently, |z!| > \p\l 1. Therefore by combining this with

(n\ i
)P —vJ P

n(n — 1) • • • (n — i -h 1)

the result will follow.

LEMMA 3.9. Let p be prime. Then for m,n G Z, m > n > 0,

n\

m
s(m, n)qn < \np\p\q

Proof. From (14), the generating function for the s(m,n)9 we obtain

n\

ml

oo

Y —s(m,n)qmf(log(l +
mA

m=0

Thus we wish to evaluate the power of p that divides the coefficient of tm in
the expansion of (log(l + qt))n. The power series expansion of the logarithm
function (10) yields

(iog(i + ^)r
and by factoring qt out of the sum,

/ oo

(log(l + qt)f qnfil+pt^2,

f^q'f
i— 1

v'-iL p-v-v-2
/=2

For i > 2, we see that p lql 1 /i G Zp. Therefore

(log(l + qt))n qnf(\ +ptf(t))n,

where f(t) G Zp[[t]]. Now, this can be written

(log(l + qt)T=qnf + qnf £
and from Lemma 3.8, the p-adic absolute value of the coefficients of the

terms in the sum on the right must be bounded above by \np\p\q\np. Thus, for
m > n, the coefficient of tm must also be bounded above by this quantity,
implying the result.
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Lemma 3.10. Letr e Cp,\t\p< 1, Then for ne Z, > 0,

< 11" ~1

fxn\an(j) w+1 fx(t)(mod 4"°)-

Proof. From (16), we see that for ne Z, n > 0,

OO
I

/xn!a„(r) (-l)"+1 ^
m—n-\-1

Proposition 3.3 implies that

fxcm(T)0 (mod _1o).

By Lemma 3.9, when m > n + 2,

—-s(m, n + 1) 0 (mod pqn~m+lo).
m!

Thus
(_!)"+!

fxn\an(r) ——/xcn+i(r) (mod gno).
n + 1

We are nearing our goal of defining Lp(s,r;x) f°r reCp,
The final step before doing so is proving the following lemma on the

convergence of a specific infinite sum.

LEMMA 3.11. Let r e Cp, frj < 1. Then the sum

OO

y^a„(r)(i - 1)"
n—0

converges for all s G D.

Proof. Let £ e D. Then |£ - l|p < b|p/(p~1)|^|~1. Thus there must be

some 6 e R, 0 < <5 < 1, such that

\t-MP s-\p\

Let ne Z, n > 0. From Lemma 3.10

fx(n+ 1 )!«,(/ (-ir+1/xc„+1(r) (mod (n +
and from Proposition 3.3,

\fxCnei{T)\p S l/^lp kip-
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Therefore

\fx(n+<Ipl^lqÇ

which implies that

\an{r)\p < \fx{n+\)\p\~l\q\np.

Thus

Now,

so that

k(r)(£ - \)\<I fx(n+

vp((n+ 1)!) < —,1

k(-r)(£- 1)"|_ <Ip ^ \Jxy\p

Since 0 < 6 < 1, we see that |a„(r)(£ — l)n| —> 0 as n — oo. Thus the sum

^a«(T)(C - 1)"
n=0

must converge.

Note that from this proof we have obtained the bound

(17) \an(.T)\p<\fx(n+
for each ne Z, n > — 1, and for all T e Cp, \t\ < l.

Now let us define

Lp(s,r;x) -an{r){s- 1)"
s — I

n̂—0

for t e Cp > K < i. and s e D, s ^ 1 if x 1. This definition is

consistent with what we already have for r e Qp, \r\p < 1. We will now
show that, for all T £cp, \t\p < 1, this function satisfies

Lp{1 - n,r;x) (Bn,x„(qr)- Xn(p)pn^B„iXn (p~V))
for each n e Z, n > 1. To do this, we prove the following :

oo
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Lemma 3.12. Let r Cp, |r| p<1, and let be a sequence in

Qp, with \ri\p < 1, such that t,- —» t. Then for each Z, 1,

lim Lp (1 - «, t,; x) M1 - », t; x) •
/—>00

Proof. We can write

oo

t; x) — + Y] am(r)(s - 1)
s — I

m=0

where the power series converges for each s G 3D.

Let e > 0, and let n G Z, n > 1. Then we must have 1 — n G D, and

thus the power series converges for s 1 — n. Also, by (17)

\am(T)(-n)m\p < \fx(m + \nq\p -»• 0

independently of r as m —» oo. Therefore, for mo G Z sufficiently large,

r, am(T)( < e.

P

For r G Cp, |r|p < 1, let be in Qp, with |r/|p < 1, such that 77 —>• r.
Consider

|^p(l-n,T;x)-ip(l-«,t;;x)L < max je, |(am(r) -MrM-ny"! }
y 0<m<mo t

Since tfm(r/) —> am(r) as 77 — r, we have

|LP(1 - », r; X) - Ml ~ ">r«5X)lp < e

for i sufficiently large. Thus the lemma must hold.

At this point we have finally proven

THEOREM 3.13. For each r G Cp, with \r\p < 1, there exists a unique
p-adic, meromorphic function Lp(s,r;x) that satisfies

M1 - «,t;x) -- (B„tXn(qT) - (/>"V))
for each neZ, n>1. Furthermore, this function can be expressed in the
form

/ \ oo
r / \ a—\\T) \—-vLp(s,t;x) p + an(T)(s - 1)",

n=0
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where the power series converges in the domain D, and

l-i, 1

1
•

Since Lp(s, r; x) is defined for each t e Cp such that | r) < 1, we now
have a p-adic function of two variables, Lp(s7t;x)i where s £ D, s ^ 1 if
X 1, and t £ Cp with \t\p < 1.

4. Properties of t; x)

Most of the properties that follow are direct consequences of similar

properties that hold for the generalized Bernoulli polynomials. In all of the

following we will take p prime and x a Dirichlet character with conductor fx.

4.1 A SYMMETRY PROPERTY IN t

The first property we obtain regarding Lp(sft\x) is a direct consequence
of the generalized Bernoulli polynomials being either odd or even functions,

except when x 1- Recall that Lp(s,t;x) interpolates the values

(18) Lp(l-n,t,x)~~-bn(t),
n

for n G Z, n> 1, and t G Cp, |*| < 1, where

(19) bn(t)B„tXn(qf)-Xn(p)pn~lBn}Xii (p~lqt)

and we define

(20) Cn(t)Y,0m=0 ^ '

LEMMA 4.1. For all n £ Z, n> 0, we have

BnA-t) (-iy%,i(0 -
Proof. This holds for n 0 since 2?o,i(0 — 1

• Now assume that n > 1.

Because Z?n i 0 for odd n > 3, we can write (2) in the form

m=0
n—m even

^/I,l(0 — f J FnBi^Pn— 1
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Any m such that n — m is even must have the same parity as n. Thus

Bn,l(-0(-D" Y;ft18"-"1'11"1
jn,m=0

n—m even

n— 1

From the value Fi,i —B\ 1/2, the lemma then follows.

LEMMA 4.2. For all n G Z, n > 0,

- X(- Vbn(f).

Proof. This is obviously true for n 0 since

and Fo,x 0 except when x 1, in which case Bop 1. So we can assume

that n > 1.

First consider the case of Xn 1
• This implies that x By Lemma 4.1,

bn(-t) Bn^(—qt)-pn~lBnA(- p~)(-irBnA(qt)-(-l)nn(qtr^

- pn~l {{-l)nBn^ (p~lqt) -(-1
(-1)" {Bn,i(qt)-pn~lBHti
(-!)"WO •

Since x~^n and ^(—1) — 1, the lemma holds for x«
Now suppose that Xn 1

• Then, from (3),

W~0 - Xn(p)Pn~1B„,Xll (~p~lqt)

((BntXu(qt)-Xn(p)pn~1B,ltXii (p~lqt))
(-l)"Xn(-l)W0-

Note that x« X^-", which implies that \„( 1) • 1 )"y( I Thus the
lemma also holds for x« 7^ 1

•

Since the lemma holds for both x* 1 and \n + 1, the proof must be
complete.

Using this result, we can prove
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THEOREM 4.3. Let te Cp, \t\ < 1, and s G D, except s ^ 1 if x~ 1-

Then

Lp(s, -r; x) *; x) •

Proof From Lemma 4.2 we see that

£«(-0 x(-DW).
Also, (20) implies that

cw(-0 » x(-1)^(0-
From (16), whenever n > — 1,

«n(-0 X(-lKWî
which implies that

LpC*, -f; x) X(~ l)£PCs, *; x) • Q

If x(— 1) — 1 and r= 0, then

Lp(s,0;x) -Lp(s, 0;x),

which implies that

£pfox) ~Lp(s;x),

and thus Lp(s\x) — 0 for all s £Q, as we would expect.

4.2 Lp(s,t;x) as A power series in r- a, a G Cp, \a\ < 1

To develop Lp{s, t\ x) in terms of a power series in £ will enable us to
find a derivative of this function with respect to this second variable. All this

we shall do, but before doing so we need to specify some notation.

LEMMA 4.4. Let t G Cp, |t\p < 1. Then for n E Z, n > 1,

lim ^JLpCj + w^jx) -- (1 - x(p)P_1)^o,x
\ n J n v 7

Proof Recall that, from Theorem 3.13, we can write

/ oo

f; x) ~yry + 53 ~ 1)m'

m=0

where a_i(0 (1 — x(p)P~l)Bo,x- Thus
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lim(i - 1)LP(5, f, x) (l - X(P)P ') Bo,x •

Now let nZ, n>1, and consider

lim ()LJs + n,t,x) 1im[n
s->\-n \ n J s->i \ n J

If n — 1, then we write this as

lim(l - s)Lp(s, t\ x) ~ (1 - X(P)P~1) Bo,x •

s—> 1

If n>2,then
1

"~2 1

— lim TT (n-5-/)-,ni î-»i xx n
i=0

which implies that

lim )L„(j + n,f,x) ~7 f limTT(n - s -ï))(lim(l -s^i-n \ n ni \s^îfA / \s~+\
i=0

-- (1 - X(l)Bo
n v

^ — x

Therefore the lemma holds for all n > 1.

Now, because Lp(s,t; 1) is undefined when s 1, the quantity

^jLp(s + n,t\ 1)

is undefined when s \ — n, for n e Z, n > 1. However, Lemma 4.4 shows

that this quantity exists as s —» 1 — n. In the following we will encounter

expressions that involve (~~ns)Lp(s + n, t; x), and because of Lemma 4.4 we
shall assume the understanding that

1—s

n
Lp(s + n, t\ x) --(l~X(p)P l)Bihx

s=l-n n

for n G Z, n > I.

Theorem 4.5. Let t e Cp, \t\ < 1, and s e ®, except s ^ 1 if x— 1-

Then

00 /— \
(21) Lp(s, r, x)Y,(Jj (s + ; Xm)

m—0 ^ ^

Proof. Let f G Cp, |r|/; < 1, and let k E Z, k > 1. Then



262 G.J. FOX

fk 1 \ 1

m
)<FtmLp(l-k + m">Xm) -j.dctk(î--Xk(p)P~l)Bo,x

m=0 ^ '

+ E ~0- (* - «);x)•
m=0 ^ '

By evaluating the L-function, we obtain

C
w

1)Z,p(-1 ~~ ik~m)\Xm)-| Q j (l -
and thus

oo /1 -j \
J2( ~

J1mtmLp(l — (k — m)\Xm)
m=0 ^ m '

-\E {%(!"
m=0 ^ '

which implies that the sum converges for s 1 — k. Breaking this into two
sums

OO /1 1 \
E \qmrLp(\-{k-m)-Xm)
m=0 ^ '

-\è è C v"
m=0 ^ ' m=0 ^ ^

BKxk{qt)- Xk(p)pk~lBkM(p-V))

Lp(1 — k, t;x)Thus (21) holds for a sequence {1 — k}^ that has 0 as a limit point.
Lemma 2.5 then implies that Theorem 4.5 holds for all s in any neighborhood
about 0 common to the domains of the functions on either side of (21).

Now we will show that the domains, in s, of each of the functions on
either side of (21) contain D, except s ^ 1 when % 1.

This is obvious for the function Lp(s> t\ x) • Consider the function

OO / \ OO OO / \

^(m,)</V%(,+^Xm. E E
m=0 m=0 n=—l

We have seen that this sum converges for s — 1 — k9 where k e Z, k > 1.

Now we need to show that it converges for s £, where (gD, £ ^ 1 if
X 1, and £ 1 — k for k G Z, k > 1. So let £ satisfy these restrictions,
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and let e > 0. Note that |£ — 1 \p <r,wherer l\q\p
1

- Let r$ G R,
0 < r0 < r,such that |£ - 11 r0. Then for any Z, m > 0,

]£ + m- 1| p<max||m|p, |£ — l|p|
< max {1, r0}

implying that + + / 1. Let 6 G R such that r6 max{ 1, r0}.
Then 0 < 6 < 1, and

(22) |£ + m-l| p<r6.
Let N\ e Z such that

Then for any me Z, m > 1, such that m>N\, we must also have

< e.-

For me Z, m > 1, consider

+ m - 1)- <K~'kim

Note that, by (22),

(£ + m - 1)
1 lÉ+m-ll/ïï

(£ + m — 1)

1-e-V- 1)L

-1

/=1

Therefore

qmfa-ltXm(£i + m - 1)

and from the bound

m !L>|p|?-1)/(p~I).

we obtain

+ m — 1)_1 < \p-lq\p\p\;{X~6)(m~mp-l\q\(y6){m-l.

Thus if m>N\, then

qmtma-i^Xm{£j + m — 1)~ < 6.
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Now let N2 G Z such that

\fxP\,

Then we must also have

< e.

for any m,n e Z such that m > 0, n > 0, and max{m, n} > N2. Let us

consider

^an,Xm^ + m- !)" f-c\<
\mjp

KKxJJe + m-ir
where m,n e Z, m>0,n > 0. For all 0,

< Hirv»,
and by utilizing this along with (17) and (22), our expression becomes

-e
m

</VXXra(£ + m- 1)" <\m\(n+\)\r{\fxp\-\6^\q m-\-n

Since

\m\{n+\)\\ >\pt+n)/(p-l\
we obtain

m
qmfnantXm{i + m-l)n

Thus if max{m, n} > N2, then

^r^,Xw(e+m-ir < e.

Let N max{Ni,N2}, and let m,n G Z, m > 0, n > — 1. Then for
max{m,n} > iV, it must be true that

-0 qmflan^Xm{£)^m- 1f < 6.

Thus, by Proposition 2.4, the sum
OO OO / j.\

EE " +»-i)"
m=0n=:-l ^ '

must converge. This implies that the function on the right of (21) must converge
for all s ED, except s ^ 1 if x — 1

»
and the theorem must then hold.

Since we can now express Lp(s) t; x) in terms of a power series in t, we
can take a derivative of this function with respect to t.
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Lemma 4.6. Lett e Cp, \t\p < 1, except s f 1 1-

Then
dn (—isA
—Lp(s, /; x)

m

for n G Z, > 0.

Proof. If n — 0, then the lemma is obviously true. So consider n — 1.

Applying Proposition 2.6 to (21),

<9
00 7 iS"\

—Lp(s, t; x)X f Jjqmrn(s + m;
m— 1 ^ ^

Now,

\m / \m — \ J
so that

o 00 / -j \
—LP(J, t;x)X^ J_ 1

o + Xm)

/n=l ^ '
°° /— — 1 \X m

(5 + 1 +
m=0 ^ 2

-qsLp(s+ l,/;xi) •

Now suppose that

cf1 f—s\
q^lp(s, t;x) n\q"{

for some n £Z, « > 1. Then

Q1+i a /a« \" oi\dr
n[q"{n)jtLp{s + n^Xn)-

From the case for n 1, we see that

(7) Iip (*+ X"} (7)(~* "n)qLp

(n +\)\qn+l ^ ^ ^jLp l,*;x„+i)
Therefore

/ \
g^Lpis,t-x) — (« + 1)!9"+1 („ + !(5 + « + 1, r;X11+1)

and the lemma must hold by induction.
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With this result, we can derive a more general power series expansion of
Lp(s,t\ x)'

THEOREM 4.7. Let te CL, Iii < 1, and se D, except s 7^ 1 if x — 1
•

TTzerc/or aeCp) la^ < 1,

00 /— \
x) L m)qm^~~ a'>mLp ^ + m'a''Xm) '

m=0 ^ '

Remark. Note that Theorem 4.5 is the case of a 0 here.

Proof It follows from the Taylor series expansion of Lp(s,t;x) in the

variable t about a (see Proposition 2.6) that we can write Lp(s,t;x) in the

form
oo

Lp(s, t\X) X^j ßntt - a)m'
m=0

where

m! dtn
6>n '...7 \ '

From Lemma 4.6

and so

1 <9m

âï^5'r; x)
m

J ^ '

ßm — )q o; Xm) 7x m '

completing the proof.

4.3 Relating Lp(s, t; x) to some finite sums

From (4) it becomes obvious that the generalized Bernoulli polynomials
have a considerable significance in regard to sums of consecutive nonnegative

integers, each raised to the same power, itself a nonnegative integer. The

following illustrates how this can be extended with the use of Lp(s, t\ x).
For the character x» let Fo lcm(/%, q). Then fXn | F0 for each ne Z.

Also, let F be a positive multiple of pq~lpQ.
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Theorem 4.8. Let t g Cp, \t\ < 1, and s g 0, j ^ 1 if x 1-

Then

qF

(23) Lp(5, t +F; x) - LP(s,f, x) ~
Cl= 1

Proof Let t G Cp, |/|/; < 1, and let n G Z, n > 1. Then from (18),

Lp( 1 - n, r + F; x) - Fp(l - n, r, %) + F) - ô„(f»
n

Now, (19) implies

i„(r + F) - + F) - Xn(p)p"-]B,hx„ + F)))

- (B,hXn(qt)- X(p~xqt))
C Bn,x„(q(t+ O) - Bn,Xif(.qt))

-Xn(p)p"~l{B„tXnip~lq{t + F)) (f~V)) •

Thus, by (4), we can write

bn(t + F)-bn(t)
qF p~]qF

nY^Xn(a)(a +qt)'1-1 - nxn(p)p"~l L Xn(a)(a + p~lqt)"~l
a— 1 fl==l

qF qF

« L X»(a)(a + "«y Xn(a)(a +
a— 1

/?[a

Therefore,

qF

Lp(l - n,t + F\x) ~ Lp(l -n,t;x) ~ ^ Xn(a)(a + qtf~l
a=\

(a,P)= 1

Now, Xn SO that

Xn(a)(a+ qt)"~l Xi (a)oj^+ qt)n~x

Xi (a){a+ qt)'l~l

Thus

qF

Lp(\ — n,t+ F;x) — Lp{\— n, i; x) — ^ Xi(a)(a +
fl=l

(a ,/?)=!
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and (23) holds for all s 1 — n, where ne Z, n > 1. Therefore, since the

negative integers have 0 as a limit point, Lemma 2.5 implies that Theorem 4.8

holds for all s in any neighborhood about 0 common to the domains of the

functions on either side of (23).

It is obvious that the domains, in the variable s, of the functions on the

left of (23) contain D, except s ^ 1 when x 1
• Consider now the function

qF qF

- ^2 Xi (a)(a + qt)~s -
a—1 a—I

(a,p)= 1 (a,p)=Û

Since it consists of a finite sum of functions of the form (a + qt)1 where

a e Z, (a,p) — 1, we need only show that each such function is analytic on

D, and the proof will be complete.
The quantity (a + qt)1 can be written as

{a + qt)l~s exp ((1 - s)log(a + qt))

and by (9), the Taylor series expansion of the exponential function,
°o

{a + qty~s —(1 - s)m (log + qt))m
m=0

Since {a + qt) 1 (mod qo) for a e Z, (a,p) 1, and t e Cpf \t\ < 1,

we must also have log (a + qt) 0 (mod ^o) for such a and t. Thus

— (1 -s)m (log(a + qt))n < —:qm(s ~ ifml

for all m. By (8) we can write
1

-7qm(s - 1rml
< p-m/(p-l)qm(s-l)n

p-VtP-»q(s~l)
m

Thus if

then

- 1) < 1,

:(1 - s)m (log{a + qt))"

as in —> oo. So whenever |s— IL < |p| meaning that

we have convergence for the power series. Therefore, the functions on either

side of (23) have domains that contain D, except possibly for s 1 when

X 1, and the theorem must hold.
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Corollary 4.9. Let s eD, except 1 1-

qF

Lp(s,F-,x) Lp(s-,x)- ^2 xM{a)
a= 1

(<3,p)=l

Proof. This follows from Theorem 4.8 since Lp(s, 0; x) — X) f°r

any character x- D

We shall now consider how Corollary 4.9 can be utilized to derive a

collection of congruences related to the generalized Bernoulli polynomials.
Let Àc denote the forward difference operator, Acxn xn+c — xn. Repeated

application of this operator can be expressed in the form

This is the polynomial structure that we utilized with respect to generalizing
the p-adic L-functions. We will incorporate this structure in an extension

of the Kummer congruences, but the results that we derive will be without
restriction on either x or p.

THEOREM 4.10. Let n, c, and k be positive integers, and let r G Zp
such that Ir\p < \pq~lFo\p. Then the quantity q~kA^ßn^x(r) — q~kAkcßfhX(0) E

ZP[X]> and, modulo qZp[xl, is independent of n.

Proof Since Ac is a linear operator, Corollary 4.9 implies that

m=0

Recall that Fq — lcm(fXiq). For n E Z, n > 1, denote

4,x(0 --~ Xn(p)pn lB„)Xn (p

qF

AkcLp(l-n,F-,x) AkcLp(l-n-,x)- J2 Xi(a)Akc(a)n~\
a— 1

(a,p)= 1

where F is a positive multiple of pq 1Fq. Thus

qF

Acßn,x(F) ~ y.ßn,x(0) - (a)(a) lAk(a)n.
a—I

(a,p)= 1
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Note that

(24) A kc(a)n]T (kX-l)k-m{a)n+mc(a)n «- l)*
m=0

Now, (a) 1 (mod qZp), which implies that (a)c 1 (mod qZp), and thus

Ak{a)n 0 (mod £%).

Therefore

A*/?„iX(F) - A*&,x(0) 0 (mod P[X]),

and so q~kAkßnjX(F)—q~kAkßna(0) G Also, since (ß)n 1 (mod #Zp),

(25) q~kA%iX(F)- q~kA%,x(0)(—
«=i \ q J

(a,p)= 1

implies that the value of q~kAkßn^x{F) — q~kAkßna(0) modulo qZp[x\ is

independent of n.

Let r G pq~lFoZp. Since the set of positive integers in pq~lFoZ is dense

in pq~xF()Zp, there exists a sequence in pq~lF$Z, with n > 0 for
each z, such that 77 —> r. Now, Ai,x(0 is a polynomial, which implies that

ßn,x(Ti) ßn,x(r). Therefore

lim (Afj„.x(r;) - A*/?B x(0)) A^„,x(r) - A*/3„,x(0).
I—»OO

The left side of this equality is 0 modulo qkZp[xi, which implies that

A%tX(r)- A%,x(0) 0 (mod $%[*]),

and so q~kAkßn:X(r) - q~kAkßnjX(0) G Z/;[%]. Furthermore, for n' a positive

integer,

.lim {{q-*£ßn,x{Ti) - q~kA%,x(0))-;) -
((q~kA%,x(T) - q~kA%>x(0))- 0)))

Since 77 G pq~lF0Z for each z, the quantity on the left must also be 0 modulo

qZp[x\- Therefore the value of q~kAkßna(r) - q~kAkß,hX(0) modulo qZp[xi
is independent of n.
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Theorem 4.11. Let n, c, k, and k! be positive integers with k k!

(mod p — 1), and let r G Zp such that \r\p < |pq~lFo\ Then

q-k Akcßn,x(r)- q~kAkßn,x(0)

q~k'Ak'ß„a(r)-q~k'Ak'ßntX(0) (mod pZp[x])

Proof. Let k and k! be positive integers such that k k! (mod p — 1).
Without loss of generality, we can assume that k>k'. From (25),

(q~-kAkßn,x(F)- q-kAkßn,x(0))- (q'k'Ak-
- £ Xl(a){a)-'[^pp £ 'pf

(a,p)= 1 (a,p)= 1

(a,p)=l

where F is a positive multiple of pq~lF0. If a is such that

(a)c - 1 =é 0 (mod pqZp),

then

J -1=0 (mod

since k- k'0 (mod p - 1 Thus

q~kAkcßna(F)- q~kAkßntX(0)

q-k'Ak'ßn>x(F)- (mod pZpM) •

Now let r 6 pq~lF0Zp.Then there exists a sequence in
with T[ > 0 for each i, such that 77 —» r. Consider

.lim (ßq-kAkcßn,x(jß-q~kAkßnam - -
— (<7 AAi,x(t) — AA,x(0)) - * A* ßn,x(T) ~ 1~k A,x(0)) •

Since the left side of this equality must be 0 modulo pZp[x], the theorem
must hold.



272 G.J. FOX

THEOREM 4.12. Let n, c, and k be positive integers, and let r G Zp
such that \r\p < \pq~lFo\ Then the quantity

-r;Aßn,x(r)~[H t C)ß

and, modulo qZp[xl, is independent of n.

Proof We are once again working with a linear operator, so Corollary 4.9

implies that

fC^jLpV~n,F\x)(f kKyp{\-n-x)
a= 1

(a,p)—l

where F is a positive multiple of pq lF0. Then

)ßn,x(F)~ (f ^jA,x(0)=i- j
a=l

(a,p)=\

Utilizing (15), we can write

' m=0

1
k=—y] $(&, l)m

' m=0

which follows from (24). This can then be rewritten as

^w W" ^l<(">'-1)

Since # 1((^)c — 1) C for each a G Z with (a,p) 1, we see that

This then implies that

'AcV«,x(0 - ^Ä,*(°) e Z,[X].

Furthermore, since (a)n 1 (mod #ZP), the value of this quantity modulo

^Zp[x] is independent of n.
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Now let T e pq-lF0Zp, and let be a sequence in pq~lF0Z, with

Tj > 0 for each i,suchthat r,- -» r. We are working with polynomials, so

that

,i(C?c)Ä"(T')-(^äl)A'(0))

which must be in Zp[\] since the limit of any sequence in Zp[xl must also

be in Zp[xl- Now let n' be a positive integer, and consider

hm (((«>) ßna(rö-r;A0Â„x(O))- («>)&',x(0)))

((f>)ÄWM?>)/Vx(0)) - ((">)&/,x(r)- (?>)Ä',x(0)))

The quantity on the left must be 0 modulo qZp[xi, which implies that the

value of

(??C)Ä«(T)_t?C)A^0)

modulo qLplx1 is independent of n.

4.4 Generalized Bernoulli power series

In [9] we find a definition of ordinary Bernoulli numbers of negative index,
where n e Z, n > 1, in the field Qp, given by

(26) lim k)_n
/c—5-CC

where the limit is taken in a p-adic sense. Note that 4>{pk) —> 0 in as

/: — oc. Since |#,M|p is bounded for all me Z, m > 0, we must have

Um (l

/i ~ ^ _ n) L I1 - (/) - «) ; w~")

/iTp {n H~ 1 j oj n

implying that the limit exists and can be described in familiar terms.
Recall that Bm 0 for any odd me Z, m > 3. Thus (26) implies that

B_n —- 0 for any odd ne Z, n > 1. Furthermore, we have the following:
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THEOREM 4.13. Let n G Z be even, n> 2. Then

B-"+ ~ gZp>
r prime

(r—\)\n

where each prime r is taken to be a rational prime.

REMARK. Since l/r £ Zp for any rational prime r ^ p, this implies that

B-n + l/p G Zp whenever (p — 1) | n, and B-n G Zp otherwise.

Proof. By the von Staudt-Clausen theorem, we know that

Bm + - G Z
r pnme
(r— \)\m

for any even m G Z, m >2.
Let n G Z be even, n > 2. For any integer k > 2, </>(;/) is even and

(p — I) I <fi(pk). Thus </>(//) — ?z is even, and (p — \) \ n if and only if
(p — 1) I (f(pk) — n). Therefore, if k is sufficiently large,

B<t>(pk)-n+ ~ eZP>
r prime

{r—l)\n

and the result follows from (26).

In a similar manner we define generalized Bernoulli numbers of negative
index, where n G Z, n > 1, in the field Cp according to

(27) B—flim B^pk^_n^x
K—>-oo

where the limrMs once again taken in a p-adic sense. For each m G Z, m > 0,
the quantity is bounded. Thus, since — X f°r characters %

and for all k G Z, k > 1, we can write

X« (1 ~~

lim - (</> (/) - n)Lp(l - (<j> - n) ;
k—>oo

nLp(n+ 1 ;x«),

so that the limit exists. Since B^p^-n f°r n,k £ Z, with rc > 1

and k sufficiently large, we obtain B-n \ —B-n for all such n.
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If k>2, then 4>(pk)is even. Thus n and <£(/>*) - n are of the same

parity. Recall that

f 1, if X is odd
A ItO, if x is even.

Then B= 0 whenever n ^ 6X (mod 2), provided 0(//) — n > 1.

Because of this, the relation (27) implies that #-n,x 0 whenever

n^ 6X (mod 2) for all n eZ, n > 1. Furthermore, we can obtain

Theorem 4.14. Let x such that x^ h let ne Z, n> 1. 77zm

fxB—n,x ^ Z^M-

Proo/. Recall that when x / h fx^m,x ^ for all m G Z, m > 0.

Thus

fx^-'hX

must be in the p-adic completion of Z[x] for any ne Z, n > 1. Since the

p-adic completion of Z[x] is Z^txL the theorem must hold.

We now define what we shall refer to as generalized Bernoulli power series

of negative index in Zp[x\- For ne Z, n > 1, and for te Cp, V\P< kip.
let

B—n,x(t) ^lim B^pk^_n^x(t).

Then

-lim -{4>{pk)-n)Lp(l - (cp(pk)
k—>oo

nLp(n + M;**)
Since Zp(n + l,fiXn) exists for each n e Z, « > 1, and t e Cp, \t\ < l,

we see that B_,hX(qt) must also exist for such t. Thus B^x{t) exists for
t e Cp, It\p < \q\p. Now, by Theorem 4.5, we can expand this quantity as a

power series, obtaining
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Since \B^n+m)a\p<max{|p|p £, \fx\p*}and

- n\+ 1

m J \ m

this sum converges for \qt\ < 1. Thus we have the relation' ]p

oo

(28) ß_„,x(0
m̂—0

converging for all t G Cp, < 1. Note that this is in the same form as

(2) for the generalized Bernoulli polynomials having positive index, which we
can rewrite as

°° / \
m=0 ^ '

since (^) =0 for m,n e Z, m > n> 0. By setting t 0 in (28), we see

that B-niX(0) - B-nx for all ne Z, n > 1.

THEOREM 4.15. n eZ, n > 1. Then for any me Z, m > 1, such

that q I mfx,

mfx

B-n,X (mfx) ~ B-n,X(0)-/! y •

a=l
(a ,/?)=!

Proof By definition, since |m/x

^~niX (/hfx) (^x) ^4>(pk)—

m/x

lim (0(/)
a=l

/K

following from (4). Now, vp((j)(pk)) k — 1, and a^pk) 1 (mod /?*) for
(a,/?) 1. These imply that

mfx mfx

lim (^ (/)-«) V XW«-""1,
k-^-oo AZ—a=l a=l

(a ,/>)=!

completing the proof.
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THEOREM 4.16. Let n ez, n > 1. Then for all x and for all t G Cp,

1>

Proof Since
oo

wo 53
m=0

and B-n-m^x — 0 whenever n + mfk 6X (mod 2) for each m G Z, m > 1, we

see that B-thX{t) is either an odd or an even function according to whether

n + 6X is odd or even, respectively. Thus

B.n,x(-t) (-1 r+sxB-n,x(t)

(-l)BX(-l)B_„,x(0,

and the proof is complete.
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