
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 45 (1999)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: TEICHMÜLLER SPACE AND FUNDAMENTAL DOMAINS OF
FUCHSIAN GROUPS

Autor: SCHMUTZ SCHALLER, Paul

Kapitel: 3. FUNDAMENTAL DOMAINS AND CANONICAL POLYGONS

DOI: https://doi.org/10.5169/seals-64444

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 22.02.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-64444
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


TEICHMÜLLER SPACE AND FUNDAMENTAL DOMAINS 173

THEOREM 4. Let T be a Fuchsian group without elliptic elements (an

element 7 G PSL(2,R) is elliptic if |tr(-y) | < 2 where tr is the trace). Then

H/r is a complete connected orientable Riemannian manifold of dimension 2

with a metric of constant curvature — 1.

DEFINITION. A hyperbolic surface is a connected orientable manifold

M — H/r as in Theorem 4 (where T is a Fuchsian group without elliptic
elements). M is called closed if M is compact and has no boundary.

3. Fundamental domains and canonical polygons

Definition (Compare Figure 2). Let g > 2 be an integer. A canonical

polygon P(g) is a polygon with 4g sides, denoted by a\,.,., a^g, ordered

clockwise, and angles ay between at and a{+1, i 1,...,4g (indices are
taken modulo 4g), such that

(I) at and ai+2g have the same length, z 1,..., 2g ;

(II) the sum of the angles of P(g) is 2i\ ;

(III) 0 < OLi < 7T, z 1,. 4g ;

(IV) a\ a2g+\ ;

9 29 9 2g

(V) E a2i— 1 + ^ ] Ci2i — ^ ] U?/ + ^ ] 02/_ 1

/= 1 fr=p+l /=1 i=g+1

I shall speak of condition (I) (or (II) or (III) or (IV) or (V) referring to
this definition.

Figure 2

A canonical polygon P(g) for g 2
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REMARKS, (i) Note that, by condition (II), both sides of the equation in
condition (V) equal ir.

(ii) The terminology canonical polygon is not standard, one finds different
objects called canonical polygons in the literature (see for example in [15]).

DEFINITION. Let T be a Fuchsian group. A fundamental domain for T
is a measurable subset D of H such that

(i) U7er7(£)=»H, and

(ii) int D j H int (7 D 0 for id 7 G T. Here, int(S) is the interior
of a set S and id is the unit matrix.

THEOREM 5 (Poincaré). A canonical polygon P P(g) is the fundamental
domain of a Fuchsian group T and H/T is a closed hyperbolic surface of
genus g. The group T is generated by the 2g elements 7/ where 7; is

defined by the conditions 7fP) fl int(P) 0 and 7fiaï) ai+2g if i is odd
and 7/(fl/+2^ï ai tf i Is even, i 1,. ,2g.

Remarks, (i) For a proof see for example Poincaré [10], Siegel [15],
Beardon [1], Iversen [5]. The theorem holds for much more general polygons.
A general proof was first given by Maskit [9] and by de Rham [11].

(ii) Traditionally, the 2g generators 71 of a Fuchsian group corresponding
to a closed hyperbolic surface of genus g are chosen such that the relation

29

Il [72/-1,72/] id
1=1

holds where

[72/-1, 72/] 72 i-172/(72/-1 )"1 (72/)"1 •

With the choice made here, the relation

7172 • • •72g(7i)~1(72)~1 ••(72g)~1 id

holds. Compare the introduction for the reasons for this choice.

(iii) Let P(g) be a canonical polygon and M H/T be the corresponding
closed hyperbolic surface. Then the vertices of P(g) correspond to a unique

point Q in M and the side af (as well as «2.9+/ of P{g) corresponds to

a simple closed curve ut in M, i — 1,..., 2g. These curves all intersect

transversally in Q and intersect in no other point. Moreover, these curves are

geodesic loops based in Q, this means that the curves may have an angle

/ 7r in ß, but outside Q, they are geodesic. Further, condition (IV) and
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condition (V) of canonical polygons are equivalent to the condition that ux

and U2 are simple closed geodesies in M.

Remark. By abuse of notation a side of a polygon will often be identified

with its length.

The following theorem is standard (for a proof see for example [1], [2]).

THEOREM 6. Let T be a triangle with angles a, /3,7 and sides of length

a,b,c with the the notation of Figure 3. Then

sinh a sinh b sinh c

sin a sin/3 sin7
(ii) cosh c cosh a cosh b — sinh a sinh b cos 7 ;

(iii) cos 7 — cos a cos ß + sin a sin ß cosh c

LEMMA 7. Let T be a triangle with the notation of Figure 3. Let T' be

a triangle with sides of length a' ,b', c' and angles af, ß', 7'. Let a a' and
b — b'. Then

Proof The first equivalence is a consequence of Theorem 6 (ii).
Let Z be the centre of the side c and let u be the geodesic segment, of

length d/2 say, between Z and the vertex C of T. The segment u separates
T into two triangles (compare Figure 4). Applying Theorem 6 (ii) to them,
we obtain

4. Trigonometry

c

Figure 3

The notation for a triangle

c > c 7' > 7 öl + ß' < a + ß

cosh a cosh(c/2) cosh(J/2) - sinh(c/2) sinh(<7/2) cos <5
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