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0

Figure 5

Sets An and Bn

Bn ={zGH;-R< Re(z)<R,eR>Im(z) > e~"~R}

U {z G H; -R + n< Re(z) < n > Im(z) > e~"~R}

U {zeH\—R <Re(z)<n+R, > Im(z) > e"R}

U {z G H; —R<Re(z)<n + R, e~"+R > Im(z) > e""~R}

One can see that

I|y2 ~ ft-i \An\fl ^ I •

This shows that is a generalized F0lner sequence. Thus

\\p\y(H,dHz)^LHH,dHz)/
J\z-i\=R

4.4 Wreath products

Let G and F be finitely generated groups. We define the wreath product

GIF of these groups as follows. Elements of GIF are couples (<7,71) where

g: F —> G is a function such that g(7) is different from the identity element

idc of G only for finitely many elements 7 in F, and where 71 is an element

of F. The multiplication in GIF is defined as follows :

(51,71X92,72) (93,7172)

where
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03(7) 0i(7)02(77i) for 7 G F

If SG and Sp are generators of G and F respectively then

{(0? 7) > (0CO — idci 7 E or (g(F \ idp) z7?g, 9(idp) G Sg? 7 zd/r)}

is a generating subset for GIF.
Let n and is be symmetric, finitely supported probability measures on F

and G respectively.
As there is a natural embedding of F and G into GIF, one can view

the measures p and z/ as measures on GIF. More precisely :

is(g(idp)) if 7 idp and g(F \ idp) idG
^(0» 7)= n t0 otherwise,

f M(7) if 0OF) idG
M(0,7) S

At 0 otherwise.

Then p * v * p is a symmetric measure on GIF. Explicitly we have :

At(7(7o)_1)M7oM0(7o)) if fK-F \ 7o) idG
H*vkpg,7)t 0 otherwise.

We want to prove:

THEOREM 7. F azid G be finitely generated groups. If F is amenable
then the spectral radius of is on G is the same as the spectral radius of
p*is * p on GIF.

Proof. We will prove Theorem 7 by constructing on GIF a positive
function / which is an eigenfunction for the convolution by p* is * p with
eigenvalue IMI/2(G)-w2(G) anc* ^or which there exists a generalized Fplner

sequence.
Let / be a positive eigenfunction for the operator which is a convolution

on /2(G) by z/, corresponding to the eigenvalue \\is\\, i.e.

(12) f * v \\is\\f.

We can normalize / so that

(13) f(idG) 1.

By Theorem 3 (and the remark after its proof) there exists a sequence of finite
subsets AncG, such that
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E7göa„/2(7)
n

E7eA,/2(7)

As the group F is amenable there exists a sequence of finite subsets Bn C F,
such that

#dBn

mn n^°° o.

For technical reasons let us choose the sequences Bn and An in such a way
that

#dBn1 E7g^„/2(7 _J_}
#Bn <nanE7Sa,/2(7)

Now, on GIF we define / as follows

7(5 j 7i)
7 GE

The function / is well defined because by (13), f(g(7)) is different from 1

only for finitely many 7 G F. This function is of course positive and does

not depend on 71. From (12) one has

||z/|| |7|

To complete the proof of Theorem 7 it is enough to construct a generalized
Fplner sequence Cn C GIF for /. We define Cn as follows :

c„ {(y,7i);7i g Bn, g{Bn)Cg'l{G \ C Bnj

LEMMA 5. The sequence Cn C Gl F is a generalized Fqlner sequence
for f.

Proof. Let us define sets Dn and dDn as follows :

Dn t {g: F ->G; g(Bn)c An, g"l{G \ c Bnj

dD„ - {g : F->G;thereexists 70 Bn such that 5(70)

g(B„ \ 7o) C An, g~\G\ c

Thus

Cn Dn x Bn^

dCn (dDn X Bn) u (Dn X dBn)
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We have then

\255 </(3,7I))2= XI (n/(f(7))
(9,7i)C,i (g,70GC,, 7GF

E (riAff(7))) -#5.E(II^7))
(Pj7i)^AI xß„ 7GE gGAi 7GE

On the other hand

\ 2
55 (/(5>7i)) 55 (nAsw)

(S>7i)G'9C„ (5,7l)ëdC„ 76F

But

E (I1a5(7))
(g,-ri)C(dDnxBn)U(DnxdBn) 7GF

=#3Bn53(n/(^(7)))2+#B„ 53 (n/^(7))
gGZ)„ 7GF g£dDn 7 GF

~ #£„ E À 7i))
0,7i)^C„

EseaA,(n7ef/(5(7))) 2
H 7- 5v 7(5,7i)J

Ey. D„(iI / /Gl?))) (5>7l)ec„

s (n/W»)2=E (n/<»w>)2
£/GÖA, 7GE Z-^aeAnJ v ^

^GDn 7GF

Thus by (14)

E E 7(9.T))2
0,7,)£9C„

V w / (ffi7l)G|

E (À5,7i))2,
(£,7i )GC„

which shows that Cn is a generalized F0lner sequence for /.

This ends the proof of Theorem 7.
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