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FIGURE 5
Sets A, and B,

B,={z€ H; —R<Re(z) <R, ¥ >Im(zx) > e " "}
Ufz€H; -R+n<Re@<n+R, & >Im@) > e "}
U{z€H; —R<Re(® <n+R, e >Im(z) > e "}
U{z€H; —R<Re(x) <n+R, e "R >1Im(z) > e " "},

One can see that

2

Balp =, |Aplp =n”.

This shows that {A,}°2, is a generalized Fglner sequence. Thus

1P 2t ey — 20 due) = / Vv Im(z) dmg(z) .

|z—i|=R

4.4 WREATH PRODUCTS

Let G and F be finitely generated groups. We define the wreath product
G F of these groups as follows. Elements of GUF are couples (g,vy;) where
g: F — G is a function such that g(v) is different from the identity element
id; of G only for finitely many elements v in F, and where -y, is an element
of F. The multiplication in G ¢ F 1s defined as follows:

(91,71) (92, 72) = (93, 7172)

~ where



342 A. ZUK

53(7) = g1(Mg(ym1) for vy € F .

If S¢ and Sr are generators of G and F respectively then

{(9,7); (9(F) =idg, v € Sp) or (9(F \ idp) = idg, g(idr) € Sg, v = idp) }

1S a generating subset for G F.

Let 1 and v be symmetric, finitely supported probability measures on F
and G respectively.

As there is a natural embedding of F and G into G F, one can view
the measures ;1 and v as measures on G F. More precisely :

v(g(idp)) if v =idp and g(F \ idr) = idg
v(g,7) = .

0 otherwise,

() it g(F) = idg
(g,y) = :

0 otherwise.

Then p+ v+ p is a symmetric measure on G F. Explicitly we have:

p(y(v0) " Hu(vo)v(g(vo))  if g(F \ ) = idg

* U %k s 1) = |
7 (g, ) { 0 otherwise .

We want to prove:

THEOREM 7. Let F and G be finitely generated groups. If F is amenable
then the spectral radius of v on G is the same as the spectral radius of
pxvxp on GULF.

Proof. We will prove Theorem 7 by constructing on G F a positive
function f which is an eigenfunction for the convolution by p* v x  with
eigenvalue ||v[|z) . and for which there exists a generalized Fglner
sequence.

Let f be a positive eigenfunction for the operator which is a convolution
on /*(G) by v, corresponding to the eigenvalue ||v||, i.e.

(12) frv=|vllf.
We can normalize f so that
(13) flidg) = 1.

By Theorem 3 (and the remark after its proof) there exists a sequence of finite
subsets A, C G, such that
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Z’YE@A” f2 (’Y)
ny €A, f 2 (7)

As the group F is amenable there exists a sequence of finite subsets B, C E,
such that

n—00 0.

#0B,
#B,,

For technical reasons let us choose the sequences B, and A, in such a way
that

n— 00 0.

#0B, _ 1 > con M) 1

#B, n nyeA,,fz(’Y) < n#B,)

(14)

Now, on G F we define ]7 as follows

Flg,m) =[] flan.

YEF

The function f is well defined because by (13), f(g(7y)) is different from 1
only for finitely many v € F. This function is of course positive and does
not depend on <y;. From (12) one has

frpxvxp=frvxp=|v|frxp=|v|f.

To complete the proof of Theorem 7 it 1s enough to construct a generalized
Fglner sequence C, C G F for f. We define C,, as follows:

Cn = {(9771);’71 S Bna g(Bn) C Ana Q‘I(G \ ldG) - Bn} .
LEMMA 5. The sequence C, C GUF is a generalized Folner sequence
for f.
Proof. Let us define sets D, and 0D, as follows:
D, ={g: F — G; g(B,) C Ay, g~'(G\ idg) C B,},
0D, = {g: F — G; there exists vy € B, such that g(y) € 0A,,
9(Bn \ Y0) C Ay, g7'(G\ idg) C By} .
Thus

Cn — Dn, X Bna
acn == (aDn X Bn) U (Dn X aBn)
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We have then

> Fem) = Y (Treon)

(g,7D€EC, (g,v)EC, ~YEF
= Y ([reo) =3 ([Trem)
(9, 71)EDyXB, ~EF g€D, ~EF

On the other hand

> (Few)= Y (Il

(g)’Yl)EaCn (gawl)eacn 'YEF

- > (TLreem)”

(g,7)C(OD, X B, )U(D, xOB,) ~YEF

= %08, 3 ([T o) +#8, 3 ([Trwm)

geD, ~€EF geodD, ~EF

S (flgm)’

B (9,7)€EC,

2
> gcon, \ T erf(gn) ~
n geaD( YEF )2 Z (f(gyﬁ))z
EQEDH (HyeFf(g(’Y))> (9, 7)EC,

#88

But

S (TLraen) =B, Za@% Jf(( )) S (T reem)

geID, ~EF g€D, ~EF

Thus by (14)

~ #OB, 2acon S (@) iz
ST (flew)’ = (#Bn ”Zejrﬁ(a)) ST (flgm)’

(97’)’1)63@ (g”)’l)ecn
2
Z Z (f (9, ’71)
(g,)€Cy
which shows that C, is a generalized Fglner sequence for f []

This ends the proof of Theorem 7.
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