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7. THE PLANCHEREL FORMULA

Let L; denote the differential operator

P2 4I(l + 1)
d2+[(4n——1)cotht+3tanht]g“ “cosht

Proposition 4.3, Part 3, and Formula (4.39) prove that the restriction to A=R
of the 7;-spherical function (;; is the unique solution to the differential
equation

(7.56) L=

(7.57) Liu = (s* — p*)u

satisfying u(0) = 1 and #/(0) = 0. If s is not an integer, two linearly
independent solutions of (7.57) are also the functions ®; 4, defined by

(7.58) cbz,i_s(t):(2cosht)is—PF(p:2F 4, p—j— 1 11 F 51— tanh? ).

(;s is an even function of s € C. Therefore if s € C \ Z there exists a
constant ¢;(s) so that

(7.59) Cs = c1(8)P; 5 + c1(—85)D; s .

Formula 2.9(33) in [E™] gives ¢(s) explicitly as the meromorphic function

I'2n)I'(s)

= QP
(7.60) M= TEE (om0

The function ¢; determines the Plancherel measure for the ;- spherical
transform. We immediately give the information that will make this measure
explicit.

On the domain § = {s € C : s > 0}, the function ¢,(s) has a simple

pole at s =0 and, if 2/ > 2n — 1, ¢/(s) also has simple zeros at the points
of the set

(7.61) Dy = {5; = 2(~j+1)—p=2(—j—n)+1: j=0,1,... and 5, > 0}.

1

The singularity of ¢, at —s; can be removed by setting

T(2n) ResI(=9)

p(_p_%ﬁH) ResT (2% —1—1)

ci(—s;) =207
LT —n+1) —j)
FRn+HTrl—-n—j+1)°

(7.62) —2PHsi(—1y
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Since
Res [_1_} 25 (_1y I'21+ 1'—j) . 7
s=s5; | c;(s) Iren)li'2(l—n—jH+DIG+1)
we obtain from (7.62)
(7.63)
1 27 T(G+2n) TQRI+1-)) .
ersjs- [cl(s)cl(—s)} S T@n)? T(G+1) TQRUI—n—j))+ 1)[2(l =)

Setting o = 2n — 1, we can rewrite these residues in terms of the shifted
factorials

(@) :=ala+1) - --(a+a—-1)

as

G+ Da@U—=n+1) = )a

(7.64) Res @

1
=5 [Cz(S)Cz(—S)

Moreover, if s € R, then ¢;(—is) = ¢;(is) and

(7.65) |ewis)| 2 = 1%(_220)2 ssmh(m)lr(p+” )‘ lr(”+ls—z—1>|2.

} = 272" [2(I—n—))+1]

We have let the parameter [ range in the set N/2. Nevertheless, the explicit
formulas for the functions ¢; s, @, and ¢; allow us to consider / as a complex
variable. Indeed, Formulas (4.39), (7.58) and (7.60) show, respectively, that
for every fixed t € R, (; is holomorphic in (/,s) € C?, for fixed ¢ > 0, D,
is holomorphic in (I,s) € C?, and that ¢;(s) is an entire function of [ € C
and a meromorphic function of s € C.

Because of Remark 2.3 and Formula (1.6), for every f € D(G;x;) we
have

(7.66) fi9) =G / Ja)Gs(DA() dr
0

where C; is given by (6.55) and f(¢) := f(a,). Formula (7.66) can be employed
to define f, for every [ € C and every f € D, (R). Morera’s Theorem then
implies that ]?l(s) is a holomorphic function of (/,s) € C*.

Lemmas 2.1, 2.2 and 2.3 in [K1] prove:

1. For each r > 0O there is a constant K, > 0 such that
(7.67) ()| 7! < K1+ [s)>

if $s >0 and ¢(s") #£0 for | —s5| < r.
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2. For each § > 0 there is a constant K5 > 0 such that
(7.68) @, ()] < Kse™Fster
if Rs >0 and > 6 > 0.

3. There exists a constant K > 0 such that

G (B)] < K(1 4 1)elPl=or
for all + > 0 and all s € C.

L, is a symmetric operator on the space L?(A(f) df) of functions on (0, 0c0)
which are L?-integrable with respect to the measure A(r)dt. Greeen’s Formula
and Equation (7.57) satisfied by (;, give for every /,s € C and f € D (R)

LION(s) = (8" = p*)'F (s)
where L} = L;0---0L;. Note that, for k > 2n, Lif(f) A(r) is continuous and
e ——

n times

compactly supported on [0,00). If suppf C [—R, R], then (7.68) gives

169) (2~ VT < / LIFOICL0AW) di < Cel™IF
0

for some constant C > 0. The above estimates allow us to conclude: for
every r >0 and 6 > 0O there exists a constant K, s > 0 so that

r Dt (t _ 1 B
(7.70) |f1(,u + i,/)M_Q < K s(1+ |p+ Wl)Zn—,_ﬁ—Zne(R—r)p, ot

cl(p +iv)

if pw>0, ¢(s")#0 for |s/ —(u+iw) <r,and 1t >6§>0.
Let D; be as in (7.61), and set

{maXD;:2(Z—n)+1 if 21> 2n — 1
o =

0 otherwise.

Fix p; > po and define for ¢ > 0

1

~ i dv
e /f;(m + i)®; i (1)

ci(py + iv)

7)) @ =

where C; is given by (6.55). Observe that the integrand is a meromorphic
function of p +iv € C with singularities given by those of cfl. Because of
(7.70), Cauchy’s Theorem gives

dv

+oo
AN 1 N
7. V) = —— ; . -
( 71) (f])/ (t) 2’/TC[_/ f](:UJ+ ZV)(DI,—M—U/(Z) C[(,U,‘f- ”/)

for every u > po. Letting 1 — 400, we find that ()?l),v(t) =0 for t > R.
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7.1. THEOREM (Ihversion formula, first form). For every [ € C,
feEDLR) and t >0

(7.72) fO=F) 0.

Proof. Since (]?Z)}/ is an entire function of [, it is enough to establish
(7.72) when 0 <2/ < 2n— 1. In this case, (7.71) holds also for © = 0. We
then have to prove that for all # >0

(7.73) f@ =

/f[(”/)gl ll/(t)

2Cz |()12

The method of Gangolli-Helgason-Rosenberg applies to this purpose without
essential modifications. We therefore only sketch the proof, and refer to [Ros]
and to [GV], §6.6, for the details.

Endow D(R) with the usual inductive limit topology, and consider D, (R)
with the induced topology. Then the assignment

1 OOA_ dv
T(f) = 57;61 /fz(”/) m7 F€DLR),

defines a distribution 7 on D (R). As in the case of K -bi-invariant functions,
it is possible to show that 7' is indeed a measure, and hence there is a constant
C so that

(7.74) Tf = Cf(e)  for all £ € DL(R).

If fe€Dyi(R), so does its generalized translate

TTf(t) - /Oof(u)Kl(ta T, u)A(u) du )
0

where the kernel K;(t,7,u) is as in (4.42). T.f satisfies T.f(t) = T,f(7),
Tof =f and, because of (4.41),

THNs) = Co(T)f(s),  s,1€C,TER

Since T,f(0) = f(t), Formula (7.72) follows from (7.73) provided C = 1,
which can be proven true in the same lines of [Ros], p. 147. (]
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7.2. THEOREM (Inversion formula, second form). Let D; be the set defined
by Formula (7.61) if 21l > 2n—1 and D; = @ otherwise. Let C; be the constant
in (6.55). For every f € D(G; x;) and g € G,

1 1 -~
(7.75) flg) = G ;, [R—S W_'—)} ()G (9)

/f (lS)Cl zs(g)

2 21C jci( S)iz

Proof. Fix pu > o, and let ~, be the rectangular contour of vertices +iR
and p + iR. Integrating the function

1 fl)®y (1)
27TC1 C[(S)
along v, and letting R — oo, we obtain from (7.70), (7.61) and Theorem 7.1

(7.76)

flay =~ 3" [Re 2B 2y L [ s
Clt—c S lj -Ool L

ds
F o L Cz(‘) 2w C c(is)
for all + > 0. Equation (7.59) therefore proves the claim for ¢ = a,, t > 0,
and hence for all ¢ by continuity and evenness of the functions on both sides
of (7.75). Formula (7.75) thus holds for arbitrary g € G because of (2.14)

and (3.24). [

Since (, = Cs, the usual trick of replacing f with f* % f in (7.75)
evaluated at e gives the Plancherel formula.

7.3. THEOREM (Plancherel Theorem). Let D; and C; be as in Theo-
rem 7.1. Define a measure o; on iR, UD; by

' 1 1
wwukmmmwwjﬂ@f——hw

‘op, L= als)ei(=s)

1 O
* 27C ./0 9(is) |cl(ls)|2

Let L*(G;x;) denote the closure of D(G;x,)) in L*(G), and let L*(do)) be
the space of L2-im‘egmble functions on iRy U D, with respect to the measure

do;. Then the map f — f | extends to an isometric isomorphism of L*(G;y;)
onto L*(do)) :

(7.78) /V@ﬁm=/ If ()| doi(s)
JG JiRUD,
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The techniques employed to prove the inversion formula (that is, Koorn-
winder’s analytic continuation argument and the change of contour of integra-
tion) are the same used in [Shi] for the case of Hermitian symmetric pairs.
Our choice of this method of proof is motivated by the propaedeutic nature
of this paper. In fact, the computations involved in the proofs presented above
are very much in the spirit of those required for the decomposition of the
canonical representations in [DP].

We just mention a few alternative methods. First of all, because of Formula
(7.74) and Part 3 of Proposition 4.3, the spectral theorem for the 7;-spherical
transform can be deduced from the spectral theorem for the differential operator
L; (see (7.56)) on a suitable domain in L?*(A(f)df) on which it is self-adjoint.
The latter theorem can be classically determined as an application of the Weyl-
Titchmarsh Theorem. A second method is obtained observing the relation,
ensured by Formula (4.39), between the 7;-spherical transform and the Jacobi
transform. Theorems 2.3 and 2.4 of [K2] are then quickly translated to our
situation. Finally, observe that Koornwinder’s method with the Abel transform
can also be applied directly here because of Formula (6.54).
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