Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 45 (1999)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ON THE CONSTRUCTION OF GENERALIZED JACOBIANS
Autor: Fu, Lei

Kapitel: 4. From birational groups to algebraic groups

DOI: https://doi.org/10.5169/seals-64440

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 16.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-64440
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

26 LEI FU

Note that @ is a regular morphism defined on U and © is a regular
morphism defined on V. Since

®OD,Dy) = (Dy,D;) and O D(Dy,Dy) = (Dy,Ds)

whenever the left-hand sides are defined, the maps @ and © induce regular
morphisms ®@: UN®~ (V) — VNO~(U) and ©: VNO~(U) — UN®~ (V).
To show that @ and ©® are birational inverses to each other, it is enough to
check that UN®~ (V) and VN O~I(U) are non-empty.

Note that (Dy,D,) € UN®~(V) if and only if (D;,D,) € U and
[n(m(Dy,Dy) — D1 +7mPy) =1, I(m(Dy,D;) — Dy + 7Py —m)=0.
Since m(Dy, D,) ~w D1 + Dy — mPg, the above equations are equivalent to
(D) =1, 1Dy —m)=0.
Applying Lemma 3.3 to the divisor Dy = 0, we conclude that the set
Vo={DeX - |1,(D)=0, KD—m)=0}

is open and non-empty. Since (X — S)™ x (X — $)™ is irreducible, the set
UN((X—=S)™ x Vy) is also open and non-empty. This set is exactly UN®~ (V).
So UN®~Y(V) is non-empty.

Similarly VN ©~1(U) is also non-empty. This completes the proof of the
proposition.

4. FROM BIRATIONAL GROUPS TO ALGEBRAIC GROUPS

Let k& be an algebraically closed field, let V be a connected nonsingular
variety over k, and let m: V. xV — V, (a,b) — ab be a rational map
satisfying (ab)c = a(bc). Assume the rational maps P(a,b) = (a,ab) and
Y(a,b) = (b,ab) are birational. Then there exist open subsets X, Yo, Xy
and Yy in V x V such that @ induces an isomorphism X¢ =2 Yp and ¥
induces an isomorphism Xy = Yy. Put Z = X N Yo N Xy N Yy.

It is convenient to write the formulae for ®~! and ¥~! as ® (g, b) =
(a,a”'b) and ¥~ 1(a,b) = (ba™!,a).
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LEMMA 4.1. Replacing V by an open subset, we may assume the two
projections p;: Z — 'V (i =1,2) are surjective.

Proof. Note that the two projections p;: VXV — V, (i =1,2) are flat
since V — spec(k) is flat. So the p; are open by [EGA] IV, §2.4.6. Hence
the p;(Z) are open. Let V' = pi(Z) N pr(Z). We claim V' has the property
stated in the lemma. Let C =V — V' and let A = (C x V) U (V x C). The
subset Xo' of V' x V' corresponding to Xg is the complement in Xg¢ of
S=XoNAUD (Yo NA). We claim that if the fiber of p;: X — V at
v € V is contained in S, then v € C. Thus p;: Xo' — V'’ is surjective.

Let us prove the claim. Assume (v X V)N Xe C S, but v ¢ C. We have

(wxV)NXep C S CAUDTIHA) C (CxV)U(Vx CO)UD~HCx VIUD (VX ().
Since V 1is urreducible, we must have
WxV)NXe CCxV, VxC, O N CxV), or® 1V xC).
Since v ¢ C, we have
WxWVMNXeZ CxV, dHCxV).

So
(VX V)NXe CVXCor NV xCO).

Assume (v X V)N Xgp C V x C. Note that since v ¢ C, we have v € V'.
Hence (v X V)N Xg is not empty. So we have

dim V = dim((v x V) N Xge) = dim(((v x V) N Xe) N (V x C))
< dim(v x C) < dimV,

that is, dim V < dim V. This is impossible.

Assume (v X V)N Xgp C ® YV x C). Then DO((v xV)NXp) CVxC.
Since @ is birational, we have

dimV = dim @((v x V) N Xg) = dim(®((v x V) N Xgp) N (V x )
< dim(v x C) < dimV ,

which is again impossible. So we must have v € C.
Next we show that if the fiber of py: Xp — V at v € V is contained in S
then v € C, and hence p,: Xo' — V/ is surjective.

Assume (V x v) N Xp C S but v ¢ C. As before we have

?

(VXu)NXe CCxV, VxC, dNCxV)or d (Vx().
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Since v ¢ C, we have (V xv)NXep ¢ V x C. By counting dimensions,
one can show (V xv)NXe ¢ C x V. Since ®~1(C x V) C C x V, we have
(Vxv)NXe ¢ ®H(Cx V). So we can only have (Vxv)NXep C ®~H(VxO).
Then we have a rational map

VS (Vxo)NXe B VxCBC

where ¢)(x) = (x,v). This map p,®t,: V — C is nothing but x — xv and it
is birational. (Its birational inverse is p;W ™ !1,, where 15(x) = (v,x).) So V
is birational to C. This is impossible since dimV # dim C. So we must have
v € C. This finishes the proof of the surjectivity of p,: Xo' — V.

Similarly p;: X§,Ye', Xg, Yy — V' are surjective. Since the fibers of
pi: VxV — V are irreducible, the projection p;: Z’ = X NY{NXyNYy — V'
1s also surjective.

Having replaced V as in Lemma 4.1, we may assume V satisfies the
following properties :

PROPERTY 4.2. There exists an open set Z C V x V such that ®,®~ 1P,
and W~ are defined on Z, the restrictions ®|; and |z are open immersions,
and the projections p;: Z — V are surjective. Hence for every v € V, the
maps ©, ®~', ¥ and WY~ are defined at (v,x) and at (x,v), provided x
is generic, i.e. lies in an open set.

LEMMA 4.3. Assume 4.2 holds. Denote the closure of the graph of m in
V xVxV by I'. Then the projections p;: I' — VxV (1 <i<j<3) are
open 1mmersions.

Proof. By [EGA] III, §4.4.9, it suffices to show that the maps p; are
set-theoretically injective. Let x be a point of V. The two rational maps
I' — V defined by

(a,b,c) — (xa)b and (a,b,c)+— xc

are equal by the associative law. Let (a,b,c), (a,b,c’) € T'. Choose x
so that (xa)b is defined and (x,c), (x,c¢’) € Z. Then xc = (xa)b = xc’.
Hence ®(x,c) = ®(x,c¢’). Since @ is an open immersion on Z, we have
(x,c) = (x,c’). Hence ¢ = ¢’. This shows that pj;: I’ = V x V is injective.
Similarly one can show the other projections are injective.

We will now expand V to the group we want by glueing translates of V.
Let s be a point of V and let V; be a copy of V thought of as the
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translate Vy = {vs | v € V}. The subset Wy = (V x s x V) NI is closed in
VxsxVZVxV, and the two projections Wy — V are open immersions
because they are the base extensions of the open immersions p;: I' — V XV
by the base changes Vxs — VxV and sxV — VxV, respectively. Therefore
W, defines glueing data and yields a separated scheme V' =V Uy, V.

LEMMA 4.4. V is an open dense subset of V' and V' satisfies 4.2.

Proof. Since xs is defined for generic x € V, the set VNV is not empty.
So V' is irreducible and V is dense in V/. We have

VixVi=(Vx VYUV XxV)UVsx VYUV, x V).

For every point v € V, denote by v, the point v considered as a point in V.
Note that if (v,s) € Z, then vs € V and v, € V; are glued together in V’.
Define R;: V — Vi by v+ v,. Let

Wi ={(a.b)eVxV|(ab), (s,a) and (b,sa”') are all in Z}.

This is a non-empty open subset of Z. Take Z; = (id x R)(W;) C V x V..
We define @, ¥, ®~! and ¥~! on Z, by
D(a, by) = (a,(ab);) € V x Vi,
Y(a, bs) = (by, (ab);) € V, x Vi,
D~ '(a,by) = (a,(a" b)) € V X Vj,
Y~ a,by) = (b(sa™"),a) e V x V
for any (a,b,) € Z;. Let
Wy ={(a,b)e VxV
| (a,b), (s,b), (a,sb), (s,a”'b) and (bs™"',a) are all in Z}.
This is a non-empty open subset of Z. Take Z, = (Ry x id)(W,) C V, x V.
We define @, ¥, @', and ¥~! on Z, by
D(as, b) = (ay,a(sb)) € Vy x V,
Y(as,b) = (b,a(sh)) € V x V,
O~ (ay,b) = (a5,s (@™ 'B) €V, x V,
¥~ as,b) = ((bs™a~" a,) € V x V,
for any (as,b) € Z,.

Let Z/ = ZUZ UZ,. It is an open subset of V' x V', and @, ¥,
®~', W~ are defined on it. One can show that @[z and W|; are open
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immersions. Given v € V', we need to show there exists x € V/ such that
(x,v) and (v,x) are in Z’. This is true if v € V by the property of Z. If
v €V, then v = a; for some a € V. We leave it to the reader to show that
(x,a5) € Z, and (as,x) € Z, for generic x in V. This completes the proof of
the lemma.

The above lemma allows us to replace V by V’, hence to expand V
whenever there exists a point s in V such that vs is not defined for all
v € V, and we can expand V' if there exists a point s* € V' such that v's’ is
not defined for all v’ € V’. Denote the result of finitely many such expansions
also by V/, and let U C V x V x V' be the closure of I". By Lemma 4.3
applied to V’, the projection pjp: U — V x V is an open immersion. Its
image is the set of points (a,b) such that m: V x V — V'’ is defined at
(a,b). If V x s ¢ p;p(U) for some point s in V, then replacing V' by
V' UV, increases both V' and pio(U). Using noetherian induction on open
subschemes of V x V, we may assume that after finitely many expansions,
V x's C p1p(U) for all points s € V. Then we have pj,(U)=V x V.

PROPOSITION 4.5. Let V, V', and U be as above. If pi1o(U) =V x V,
then the operation m: V' x V' — V' is everywhere defined on V' and makes
V' an algebraic group.

Proof. Take (a’,b") in V' x V'. Choose a point x so that a’x and x~'d’
are both defined and lie in V. Then we can define m(a’,b") = (a’x)(x~'b").
Similarly one can define @’~'4’ and b'a’~!. In this way we extend m, @,
¥, & ! and ¥~! to V' x V. The verification of the group axioms is routine
and is omitted.

5. FUNDAMENTAL PROPERTIES OF GENERALIZED JACOBIANS

Keep the notations in §3. We have proved that there is a birational group
structure on (X —S)"™ . The algebraic group associated to this birational group
is called the generalized jacobian of X, and 1s denoted by J,. It is a
commutative algebraic group.

Let Dy be a divisor on X prime to § of degree 0. By Lemma 3.3, the
set

Vo, ={D € (X =)™ | In(D +Dy) =1, D+ Dy —m) = 0}

is a non-empty open subset of (X — S)™. We have the following




	4. From birational groups to algebraic groups

