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Proof. Let us consider a coding of the rotation by angle a under the left-

closed and right-open partition of the unit circle bounded by all the points of
the form {na + 7/}, for 0 < n < 77 and 1 < i < d ; let /3o, • • •, ßP-i denote

these consecutive points. The letter associated with the interval 4 [ßk, ßk+1 [

has a unique right extension, except when 4 contains points of the form

{ßi — a}. Suppose there are q> 2 points of this form; the associated letter

has q+ 1 right extensions. Since there are at most d points of this type, we

obtain p{2) — p( 1) < d. We deduce from Theorem 6 that there are at most

3d different frequencies for the letters of the coding, i.e., there are at most

3d different lengths for the intervals 4-

Remark. The start and finish intervals as introduced by Liang in his

proof in [37] correspond exactly to the beginning of the branches in the graph
of words. Indeed, Liang shows that any interval is associated either with a start

point {7/} (i.e., with one extension of a factor having more than one right
extension) or with a finish point {(77 — l)a + 7,•} (i.e., with a factor having
more than one left extension). Counting the finish and start points defined
in [37] (there are 3d such points) is equivalent to counting the number of
branches in the graph of words.

As in the remark of the previous section, we can consider a coding of the
rotation by irrational angle 1 — a under the partition {[71,72 [,..., [7^, 71 [}.
For such a coding, the 3d distance theorem can be rephrased as follows.

THEOREM 20. The frequencies of the factors of given length n > 7r(1) of
a coding of a rotation by irrational angle under a partition in d intervals
take at most 3d values, where ;?(1) denotes the connectedness index.

Acknowledgements. We would like to thank Arnoux, Berstel, Daudé,
Dumont, Liardet and Shallit for their bibliographic help. Furthermore, we are
greatly indebted to Allouche for his many useful comments and to Ferenczi
and Jenkinson who read carefully a previous version of this paper.

REFERENCES

[1] Alessandri, P. Codages de rotations et basses complexités. Université Aix-
Marseille II. Thèse, 1996.

[2] ALLOUCHE, J.-P. Sur la complexité des suites infinies. Bull. Belg. Math. Soc.
Simon Stevin 1 (1994), 133-143.



130 P. ALESSANDRI AND V. BERTHÉ

[3] BERTHE, V. Fréquences des facteurs des suites sturmiennes. Theoret. Comput.
Sei. 165 (1996), 295-309.

[4] Berthe, V. and L. Vuillon. Tilings and rotations. Prétirage 97-19, Institut
de Mathématiques de Luminy.

[5] Berthe, V., N. Chekhova, and S. Ferenczi. Covering numbers: arithmetics
and dynamics for rotations and interval exchanges. Prétirage 97-20,
Institut de Mathématiques de Luminy.

[6] BERSTEL, J. Recent results in Sturmian words. Developments in Language
Theory 11 (Magdeburg 1995). World Scientific (96), 13-24.

[7] Bessi, G. and J.-L. Nicolas. Nombres 2-hautement composés. J. Math. Pures
Appl. 56 (1977), 307-326.

[8] BOSHERNITZAN, M. A condition for minimal interval exchange maps to be

uniquely ergodic. Duke Math. J. 52 (1985), 723-752.

[9] BROWN, T. C. Descriptions of the characteristic sequence of an irrational. Canad.
Math. Bull. 36 (1993), 15-21.

[10] CASSAIGNE, J. Special factors of sequences with linear subword complexity.
Developments in Language Theory II (Magdeburg 1995). World Scientific
(96), 25-34.

[11] Complexité et facteurs spéciaux. Bull. Belg. Math. Soc. Simon Stevin 4

(1997), 67-88.

[12] CHEKHOVA, N. Covering numbers of rotations. Theoret. Comput. Sei., to appear.

[13] Chekhova, N., P. Hubert and A. Messaoudi. Propriétés combinatoires,
ergodiques et arithmétiques de la substitution de Tribonacci. Preprint.

[14] Chevallier, N. Distances dans la suite des multiples d'un point du tore à

deux dimensions. Acta Arith. 74 (1996), 47-59.

[15] Géométrie des suites de Kronecker. Manuscripta Math. 94 (1997), 231—

241.

[16] Meilleures approximations d'un élément du tore T2 et géométrie de la
suite des multiples de cet élément. Acta Arith. 78 (1996), 19-35.

[17] Chvâtal, V., D. A. Klarner and D. E. Knuth. Selected combinatorial research

problems. Stanford CS report 292 (1972).

[18] CHUNG, F. R. K. and R. L. Graham. On the set of distances determined by the
union of arithmetic progressions. Ars Combin. 1 (1976), 57-76.

[19] Coven, E. M. and G.A. Hedlund. Sequences with minimal block growth.
Math. Systems Theory 7 (1973), 138-153.

[20] DEKKING, F. M. On the Thue-Morse measure. Acta Univ. Carolin. Math. Phys.
33 (1992), 35-40.

[21] DelÉGLISE, M. Recouvrement optimal du cercle par les multiples d'un
intervalle. Acta Arith. 59 (1991), 21-35.

[22] Didier, G. Caractérisation des N-écritures et applications à l'étude des suites
de complexité ultimement n + cste. Theoret. Comput. Sei., to appear.

[23] Combinatoire des codages de rotations. Acta Arith., to appear.

[24] Ferenczi, S. Les transformations de Chacon: combinatoire, structure géomé¬

trique, lien avec les systèmes de complexité 2n + 1. Bull. Soc. Math.
France 123 (1995), 271-292.

[25] FLOREK, K. Une remarque sur la répartition des nombres (mod 1). Colloq.
Math. 2 (1951), 323-324.



THREE DISTANCE THEOREMS 131

Fraenkel, A. S. and R. Holzman. Gap problems for integer part and fractional

part sequences. J. Number Theory 50 (1995), 66-86.

Fraenkel, A. S., M. Mushkin, and U. Tassa. Determination of [nO] by its

sequence of differences. Canad. Math. Bull. 21 (1978), 441-446.

Fried, E. and V.T. Sös. A generalization of the three-distance theorem for
groups. Algebra Universalis 29 (1992), 136-149.

Geelen, A.S. and R.J. Simpson. A two dimensional Steinhaus theorem.
Australas. J. Combin. 8 (1993), 169-197.

Gottschalk, W. H. and G.A. Hedlund. Topological dynamics. American
Math. Soc. Colloquium Publications 36 (1955).

Halton, J. H. The distribution of the sequence {n£} (n 0,1,2,... Proc.

Cambridge Philos. Soc. 61 (1965), 665-670.

Hardy, G. H. and E. M. Wright. An Introduction to the Theory of Numbers.

(Fifth ed.) Oxford University Press (1979).

Hartman, S. Über die Abstände von Punkten «£ auf der Kreisperipherie.
Ann. Soc. Polon. Math. 25 (1952), 110-114.

KNUTH, D.E. The Art of Computer Programming. Vol. 3, Ex. 6.4.10. Addison
Wesley, New York, 1973.

LANGEVIN, M. Stimulateur cardiaque et suites de Farey. Period. Math. Hungar.
23 (1991), 75-86.

LefÈvre, V. An algorithm that computes a lower bound on the distance between
a segment and Z2. Rapport de recherche LIP 18 (1997).

LIANG, F. M. A short proof of the 3d distance theorem. Discrete Math. 28
(1979), 325-326.

Marzec, C. and J. Kappraff. Properties of maximal spacing on a circle
related to phyllotaxis and to the golden mean. J. Theor. Biol. 103 (1983),
201-226.

Morse, M. and G. A. Hedlund. Symbolic dynamics. Amer. J. Math. 60 (1938),
815-866.

Morse, M. and G.A. Hedlund. Symbolic dynamics II: Sturmian trajectories.
Amer. J. Math. 62 (1940), 1-42.

Rauzy, G. Suites à termes dans un alphabet fini. Sém. de Théorie des Nombres
de Bordeaux (1983), 25-01-25-16.

van Ravenstein, T. On the discrepancy of the sequence formed from multiples
of an irrational number. Bull. Austral. Math. Soc. 31 (1985), 329-338.
Optimal spacing of points on a circle. Fibonacci Quart. 27 (1989), 18-24.
The three gap theorem (Steinhaus conjecture). J. Austral. Math. Soc. Ser.
A 45 (1988), 360-370.

van Ravenstein, T. G. Winley and K. Tognetti. Characteristics and the
three gap theorem. Fibonacci Quart. 28 (1990), 204-214.

Rote, G. Sequences with subword complexity 2n. J. Number Theory 46 (1994)
196-213.

Shallit, J.O. Automaticity IV: Sequences, sets, and diversity. J. Théor.
Nombres Bordeaux 8 (1996), 347-367.

Siegel, A. Théorème des trois longueurs et suites sturmiennes : mots
d'agencement des longueurs. Preprint.



132 P. ALESSANDRI AND V. BERTHÉ

[49] SLATER, N.B. The distribution of the integers N for which {67V} < <f. Proc.
Cambridge Philos. Soc. 46 (1950), 525-534.

[50] Distribution problems and physical applications. Compositio Math. 16
(1964), 176-183.

[51] Gaps and steps for the sequence nO mod 1. Proc. Cambridge Philos.
Soc. 63 (1967), 1115-1123.

[52] SÖS, V.T. On the theory of diophantine approximations I. Acta Math. Acad.
Sei. Hungar. 8 (1957), 461-472.

[53] On the distribution mod 1 of the sequence na. Ann. Univ. Sei. Budapest.
Eötvös Sect. Math. 1 (1958), 127-134.

[54] STOLARSKY, K. Beatty sequences, continued fractions, and certain shift opera¬
tors. Canad. Math. Bull. 19 (1976), 473-482.

[55] SurÄNYI, J. Über die Anordnung der Vielfachen einer reellen Zahl mod 1.

Ann. Univ. Sei. Budapest, Eötvös Sect. Math. 1 (1958), 107-111.

[56] SwiERCZKOWSKl, S. On successive settings of an arc on the circumference of
a circle. Fund. Math. 46 (1958), 187-189.

[57] VuiLLON, L. Contribution à l'étude des pavages et des surfaces discrétisées.
Theoret. Comput. Sei., to appear.

[58] Wolff, A. and J. PITMAN. Lattice points in strips. Tech. Rep., University of
Adelaide, Australia, 1990.

(Reçu le 10 janvier 1997; version révisée reçue le 12 février 1998)

Pascal Alessandri
Valérie Berthé

I. M. L.
Case 907
163, av. de Luminy
F-13288 Marseille Cedex 09
France
e-mail : berthe@iml.univ-mrs.fr


	...

