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120 P. ALESSANDRI AND V. BERTHÉ

is the Sturmian sequence obtained as the coding of the orbit of —p/a under
the rotation by angle 1 ja, with respect to the partition

{]0, 1 — 1/a], ]1 — 1/a, 1]}

Indeed, if n [am + p\, then [l/a(n+ 1) —p/a] m +1 1 + |~n/a — p/a],
and if [am-\-p\ <n< |_a(ra+ l)+pj, then \l/a(n+l)—p/a] \n/a — p/a].

5. The recurrence function

Let us deduce now from the three distance and three gap theorems a simple

proof of the following result originally due to Morse and Hedlund concerning
the recurrence function of a Sturmian sequence (see [40]).

Recall that a sequence u is called minimal or uniformly recurrent if every
factor of u appears infinitely often and with bounded gaps or, equivalently,
if for any integer n, there exists an integer m such that every factor of u of
length m contains every factor of u of length n. Note that it is equivalent
(see [30]) to the minimality of the dynamical system (0(u).T), i.e., the orbit
of every element of ö(u) is dense, or equivalently every sequence in the orbit
closure of u has the same set of factors as u.

The recurrence function <p of a minimal sequence u is defined by

{p(n) min {m G N such that VB G Lm, VA G Ln, A is a factor of B}

where Ln denotes the set of factors of u of length n, i.e., ip(ri) is the size of
the smallest window that contains all factors of length n whatever its position
in the sequence.

THEOREM 11. Let u be a Sturmian sequence with angle a. Let {qk)ken
denote the sequence of denominators of the convergents of the continued

fraction expansion of a. The recurrence function tp of this sequence satisfies

for any non zero integer n :

ip(n) =i n - 1 + qk + qk_ \, where qk_3 < n < qk

N
Proof of Theorem 11. Let u G {0,1} be a Sturmian sequence. There

exist a real number x and an irrational number a in ]0, 1[ such that

un — 0 <+> {x + na} G Iq, with /q [0, a[ or 70 =]0. a] (see Section 2.1). Let

Ii =» [a, 1[ (respectively, ]a, 1]) if 70 [0, a[ (respectively, 70 =]0, a]). Let

us denote by R the rotation of the circle by angle a. Assume we are given



THREE DISTANCE THEOREMS 121

a positive integer n. We have seen in Section 2.1 that the word W\W2 • • -w„
defined on {0,1} appears in u if and only if

/?—i

I(WiWn)- Pi rJ(/%|) 7^ 0
j=0

We deduce from this that every Sturmian sequence of angle a has the same

factors as u and thus belongs to the orbit closure of u. Conversely, each

sequence of the orbit closure of u is a Sturmian sequence of angle a. Hence

the closed orbit of any Sturmian sequence is equal to the set of all Sturmian

sequences of the same angle. This implies the minimality of any Sturmian

sequence and that Sturmian sequences of the same angle have the same

recurrence function ; hence we can suppose here that x 0.

Theorem 11 can easily be deduced from the following two lemmata. We

omit the proof of Lemma 5, which is straightforward.

LEMMA 4. Let 6n be the smallest length of the nonempty intervals

I(iu\..... wn), where tiq,..., wn belong to {0,1}. Let ln be the greatest
gap between the successive integers k such that {ka} G [0, Ôn[. We have

ip(n) n - 1 T /„ •

LEMMA 5. Let (qk)ken denote the sequence of denominators of the

convergents of the continued fraction expansion of a. Let k be an integer
such that qk-\ < n < q^. Then we have

rjk-1 and ln qk + qk-i •

Proof of Lemma 4. A set of points is said to visit an interval if one
of these points belongs to this interval. By definition of /„, every set of ln

consecutive points of the sequence ({ka})keN visits every interval of length 6„
(see above Remarks). Therefore they visit every nonempty interval of the form
I(wi,..., wn), by definition of 6n. Let B be a factor of u of length n - 1 + ln ;

there exists an integer K such that B corresponds to the n— 1 + ln consecutive
points {Ka} {(K + n — 1 + ln — 1) a}. The set of the ln first points of
this sequence of points visits every interval of the form 7(u>i,... 5 wn), thus
B contains every factor of u of length n. This implies that p(n) < n - 1 + ln.

By definition of ln and by density of ({to})^GN, there exists a sequence
of ln — 1 points of the sequence which do not visit an interval of
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the form l(wi,... ,wn) of length 6n ; therefore, there exists a factor of u of
length ln — 2 + n which does not contain the factor w\ • • • wn. This shows

that ip(ri) > n — 1 + ln. The lemma is thus proved.

Remark. Note that in the case of the Fibonacci sequence (a v^2~1

the recurrence function satisfies, for F^-i < n < Fk,

<p(n) n- 1 + Fk+1

where (Fn)nen denotes the Fibonacci sequence Fn+i Fn+Fn-i, with Fq 1

and F\—2.

This result is extended in [13] to the fixed point of the substitution a
introduced by Rauzy which generalizes the Fibonacci substitution and is

defined by cr(0) 01, <r( 1) 02, a(2) 0.

THEOREM 12. Let Tn denote the so-called Tribonacci sequence defined

as follows: Tk+3 Tk+2 + Tk+\ + Tk, with To 0, T\ 0, T\ 1.

The recurrence function (p of the fixed point beginning with 0 of the Rauzy
substitution satisfies for any positive integer n :

k-\-1 k~V2

(f(n) n — 1 + Tk+6, where
0 0

6. Higher-dimensional generalizations

6.1 Two-dimensional generalizations and Beatty sequences

Let us consider now some two-dimensional versions of the three distance

and three gap theorems. Such generalizations were introduced by Fraenkel and

Holzman in [26] in order to give an upper bound for the number of gaps in the

intersection of two Beatty sequences. They first reduce this problem to a two-
dimensional version of the three distance theorem, conjectured by Simpson
and Holzman and proved by Geelen and Simpson (see [29]). Then they deduce

from this theorem a bound for the number of gaps in the intersection of two

Beatty sequences, when at least one of the moduli is rational.

Let us first give the two-dimensional version of the three gap theorem

introduced by Fraenkel and Holzman. We will use the same notation as in

[26] : for any pair of real numbers (x,y), {(x,y)} means the equivalence class

of (x,y) mod Z2, i.e., {(x,y)} belongs to the torus T2.


	5. The recurrence function

