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A DIOPHANTINE EQUATION INVOLVING FIFTH POWERS

by Ajai Choudhry

Abstract. The paper provides a parametric solution of the diophantine equation

aX\ +bX\ +cXl +dXl aY\ +bYl -f c735 +dY5A where a, b, c, d are arbitrary non-zero

integers.

While several parametric solutions of the diophantine equation

has not been considered earlier. In this paper we give a parametric solution
of (1) when a,b,c,d are arbitrary non-zero integers.

To solve (1), we write

' X\ m\p\u + m2va, X2 m\q\u-Y

X3 nip2u + n2va, X4 n\q2u + n2vß,
(2) <

Y\ m\r\u + m2va, Y2 m2vß,

I T3 n\r2u + n2va, Y4—n2vß,

where muiiupuqurum2,n29p2,q2,r2iu, v,a,ß are arbitrary. Substituting
these values in (1), we get an equation which may be written as

xl + x52 + xl + r? + + y| + y45

are known [1,2,3], the diophantine equation

(1) aX\ + bX\ + cX2+ dXl aif + + cY53 + dY%

5

0) Y2^u'v5 ' mîm2 ' {rS)°;5 '}

+ n\n\'{c(pl2 - r'2)a5 ' + ' } 0.
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(4)

We now choose p\, q\, r\ ,p2, q2. r2 as follows :

jpi aa5 — bß5. q\ — 2aa4ß. r\ — aa5 + bp5,
1

P2 —coß + dß5, q2 —2ca4ß, r2 — -co? — dß5

With these values of p\, q\, r\,p2. q2. r2 (and m\.n\.m2^n2 arbitrary), we find
that the coefficients of uv4 and u2v3 in equation (3) become zero. The
coefficient of u3v2 in (3) will also vanish if

(5) abm\m\{a2a]0 — b2ß10) — cdn3nl(c2a10 — d2ß10) =a 0

We accordingly choose

(6)
m\ n2, tî\ m2

m2 ab(a2a]0 — b2ß]0), n2 b= cJ(c2a10 — d2ßw).

so that (5) is satisfied. Now, equation (3) has only the terms involving u4v

and u5 and it is readily solved to give the following solution for u. v :

(7)

m — 2Qa2ba6rn[m2(a2aX{) — b2ß10)

- 20c2da6n4n2(c2a]0 - d2ßm),

v —- a/?mj(lla4a20 — 10a2£>2a10/310 — b4ß2Q>)

- cdn5(\\c4a2Ç) - 10c2d2amßm - d4/?20).

Thus, a parametric solution of equation (1) in terms of the parameters a and

ß is given by (2), where m\,n\,m2.n2 are defined by (6), p\yq\^r\.p2,q2,r2
by (4), and v by (7).

As a numerical example, when a — 1, b 2, c — 3, <7 6, taking

a 1, /3 2, we get the following solution of (1) :

(A] W2W3W4) «= (1955587.2963474.121184667,242404434),

(Ti, y2, T3, T4) (1022467,2992634, 121219227,242403354).
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