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Then we define the rotation number rot(<j) to be

^cr(C)rot(C)
c

where the sum is over all simple closed curves C equipped with cr{C) G Af
and rot(C) is the rotation number of C (i.e., 1 if C is counter-clockwise and

— 1 otherwise). For example rot(cr) 2 for the state described in Figure 1.2

(see Figure 1.4).

Now we define (G)n as follows.

<G>„= E{ II
cristate v:vertex

We define (empty graph) n
1. It is clear that this is invariant under

ambient isotopy of R2. Note that our invariant can be regarded as a colored

graph invariant introduced by N. Yu. Reshetikhin and V. G. Turaev in [14]

replacing each vertex by a ''coupon". The coupon with two legs in would
correspond to a projection V/ 0 Vj —» V/+7- and that with two legs out to an

inclusion Vi+j —> Vf0Vj, where V) is the irreducible representation of SU(n)
corresponding to the i-fold anti-symmetric tensor of the vector representation.

§2. Local properties of (G)n

We will describe some local properties of (G)n. In what follows diagrams
indicated in each equality are identical outside the angle brackets )n and

each equality also holds if we reverse all the orientations of diagrams in both

hand sides. A number near an edge indicates its flow. If a flow in a diagram
exceeds n, we disregard the term where the diagram appears.

We put

LJ qW-q-1/2'

[*]! [1][2] ••[*],
and

~i] [']!
J J [/]^-y]! '

In the following equations we mean that if we replace the graph appearing

in the left hand side with the one in the right hand side, we obtain the same

value.
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Lemma 2.1.

n

[n] <0>„.

Proof. From the definition the left hand side is equal to

(«—1)/2

E
i=-(n-1)/2

which is [n], completing the proof.

Lemma 2.2.

(2.1)
n

[2]

n

Proof. Consider a state a of the left hand side. First note that the top-most
and the bottom-most edges are equipped with the same subset. So we may

put it {a,ß} (a < ß). Then there are two cases; (i) the left edge is equipped
with {a} and the right one with {/?} and (ii) the left edge is equipped with
ßß} and the right one with {a}. In the first case the weights of the upper
and lower vertex are the same and equal to q1//4. In the second case they
are also the same and equal to q~x^. Therefore the contribution of the two
vertices is

Proof In this case the top-most and the bottom-most edges of the left
hand side are equipped with the same subset for any state o as the previous
lemma. So we put it {a}. If the right edge is equipped with {ß} (ß ^ a),
then the weights of the two vertices are the same and equal to qs'^(ß-a)/4 ^

~1/2 [2],

which is independent of o and the conclusion follows.

Lemma 2.3.
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Since its contribution to the rotation number is —/?, the contribution of the
left hand side is

_ a—l (n—1)/2

Y q^n(ß-a)/2-ß q-^2-ß Hh ^ qX/2~ß

ß¥^oc ß~-{n-\)/2 ß=a+1

^-2)/2 + ^"4)/2 + --.+^—+1/2

+ q~a~l/1 H h q~(n~2)/2 [n— 1]

and the proof is complete.

Lemma 2.4.

Proof. There are three possibilities :

(1) the two edges at the top are equipped with {a} and the two edges at the

bottom are equipped with {ß} (a ^ ß) ;

(2) both the top left and the bottom left edges are equipped with {a} and

both the top right and the bottom right edges are equipped with {ß}
ipL + ß) I

and

(3) all the four edges at the corners are equipped with {a}.
In the first case, the two horizontal edges are equipped with {7}

(a 7^ 7 7^ ß). So the contribution of the left hand side is

^ q^(a-j)/2^$ign(ß-j)/2q^q-(a+ß)/2 _ ^ _ 2] q-(ot+ß)ß
1

which is equal to the contribution of the right hand side.

In the second case, the contribution of the first term of the right hand side

is zero. It is easy to see that the left hand side and the second term of the

right hand side coincide.

In the third case, the contribution of the left hand side is [n — 2] q~a + 1,

which is equal to that of the right hand side. This completes the proof.
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Lemma 2.5.

Proof. There are three possibilities :

(1) both the top left and the bottom left edges are equipped with {a} and

both the top right and the bottom right edges are equipped with {/?, 7}
(a,ß and 7 are all distinct);

(2) the top left and the bottom left edges are equipped with {a} and {/?}
respectively and the top right and the bottom right edges are equipped
with {/3,7} and {0^,7} respectively (a,ß and 7 are all distinct);

and

(3) both the top left and the bottom left edges are equipped with {a} and

both the top right and the bottom right edges are equipped with {a,/?}
(a ^ ß).

In the first case both the upper and the lower horizontal edges in the
left hand side are equipped with {ß} or both of them are equipped with
{7}. So the contribution of the left hand side is qsl8fl(ß-ot)/2+sign(.7-ß)/2

gSign(7-oO/2+sign(/3-7)/2 Qn t^e 0ther hand that of the right hand side is
gi-7r({a}, 1/3,7» _j_ 1. it can be easily checked that these are the same.

The second and the third cases are easily checked and left to the reader.

\i\
i i

11

i+jj 77^
\ ii+j+k 1

*

\ i+j+,\ 1

Proof. This follows from the fact that

#{(<2i, CI2) G Ai x A2 I a\ > 02} + #{(<2, af) G (Ai U A2) x A3 \ a > a^}
#{(#i, af) G Aj x A2 I a\ > <22}

+ #{(tfi,<z3) G Ai x A3 I a\ > a3} + #{(ô2,<23) g A2 x A3 | a2 > a3}

#{(aua) GAi x (A2 U A3) | <21 > a] + #{(a2,a3) G A2 x A3 | a2 > a3}.
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