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HOMFLY POLYNOMIAL VIA AN INVARIANT OF
COLORED PLANE GRAPHS

by Hitoshi MURAKAMI, Tomotada OHTSUKI and Shuji YAMADA

ABSTRACT. After the first discovery of the quantum invariant associated with
SU(2) by V.F.R. Jones [3], the invariants associated with SU(n) were found by
several authors [1]. It was first proved by V.G. Turaev [16] that all these come from
so-called “quantum groups”, especially from their R-matrices corresponding to the
vector representations. There also exist various quantum invariants corresponding to
other representations (see for example [7], [14], [11]).

The aim of this paper is to give a graphical way to define SU(n) quantum
invariants for links. To do this we first construct an invariant of colored, oriented,
trivalent, plane graphs for each n (> 2). Then we show that the SU(n) polynomial
invariant corresponding to the vector representation (HOMFLY polynomial) can be
defined by using our graph invariant.

We can also show that our invariant defines the SU(n) polynomial invariant
corresponding to the anti-symmetric tensors of the vector representation.

We note that our graph invariant for SU(3) was first introduced by G. Kuperberg
in [8]. The second and the third authors used it in [12] to construct magic elements
and defined the quantum SU(3) invariants for 3-manifolds. Now [12] and the present
paper together give an elementary and self-contained proof of the existence of magic
elements for SU(3) and so that of the quantum SU(3) invariants of 3-manifolds just
like W.B.R. Lickorish did for SU(2) in [9] using the Kauffman bracket [5]. See [17]
for a similar approach to SU(n) invariants of 3-manifolds.

We also note that our graph invariant may be obtained (not checked yet) by direct
computations of the universal R-matrix. But the advantage of our definition is that it
does not require any knowledge of quantum groups nor representation theory. On the
contrary we can recover the R-matrix of the quantum group U,(sl(n, C)) corresponding
at least to the vector representation.

This work was inspired after conversation with M. Kosuda and J. Murakami, to whom the
authors express their gratitude.

The first named author was in the Department of Mathematics, Osaka City University
when the work was carried out and partially supported by Grant-in-Aid for Scientific Research
on Priority Areas 231 “Infinite Analysis”, the Ministry of Education, Science, Sports and Culture.
The second named author was in the Department of Mathematical Sciences. University of Tokyo.
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§1. INVARIANTS OF GRAPHS

In this section we define an invariant of colored, oriented, trivalent, plane
graphs.
Fix an integer n > 2 throughout this paper and put

N={-(n-1/2,~(n—1)J2+1,...,(n—1)/2}.
For disjoint subsets A; and A, of NV we put
(A1, A2) =#{(a1,a2) € A} X Ay | a1 > av}.

Let G be an oriented, trivalent, plane graph with “color” or “flow” on each
of its edges. Here a flow f is a map from the edge set to positive integers
less than or equal to n such that for every vertex v in G the sum of its
values on the edges coming into v is equal to that on the edges going out
from v (see Figure 1.1). So we may say that G is a network with infinite
capacity without source or sink. We also note that at each vertex two edges
are “in” and one edge is “out”, or two edges are “out” and one edge is “in”.
We call these two in- or out-edges the /egs and one out- or in-edge the head
of the vertex.

FIGURE 1.1
A graph with flow

A state o is an assignment of a subset A of A/ to each edge e such that
#(A) = f(e) and, moreover, at each vertex the union of subsets assigned to its
legs coincides with that assigned to its head, where #(A) is the number of
elements in A (see Figure 1.2). We denote by o(e) the subset of A/ assigned
to an edge e.
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{-1,0,1}

FIGURE 1.2
A state of the graph with flow in Figure 1.1

Given a state o, we define the weight wt(v; o) of a vertex v to be

qf(el)f(ez)/4~7f(0(€1),0(62))/2
Y]

where ¢ is an indeterminate, and e; and e, are left and right legs respectively
with respect to the orientation of G (Figure 1.3).

€y ]
or
€ )

FIGURE 1.3

If we replace every edge e with f(e) copies of parallel edges, assign each
copy an element of the subset determined by o, and connect at every vertex
each pair of edges with the same element, we have a union of simple closed
curves each of which equipped with the same element of A (Figure 1.4).

FIGURE 1.4
Simple closed curves defined by Figure 1.2



328 H. MURAKAMI, T. OHTSUKI AND S. YAMADA

Then we define the rotation number rot(c) to be

> a(C)rot(C)
c
where the sum is over all simple closed curves C equipped with o(C) € N/
and rot(C) is the rotation number of C (i.e., 1 if C is counter-clockwise and
—1 otherwise). For example rot(c) = 2 for the state described in Figure 1.2
(see Figure 1.4).
Now we define (G), as follows.

(G), = Z { H wt(v;a)}qmt(”).

o:state  v:vertex

We define (empty graph), = 1. It is clear that this is invariant under
ambient isotopy of R?. Note that our invariant can be regarded as a colored
graph invariant introduced by N.Yu. Reshetikhin and V.G. Turaev in [14]
replacing each vertex by a “coupon”. The coupon with two legs in would
correspond to a projection V; ® V; — V4, and that with two legs out to an
inclusion Vi, — V;®V;, where V; is the urreducible representation of SU(n)
corresponding to the i-fold anti-symmetric tensor of the vector representation.

§2. LOCAL PROPERTIES OF (G),
We will describe some local properties of (G ),. In what follows diagrams
indicated in each equality are identical outside the angle brackets ( ), and
each equality also holds if we reverse all the orientations of diagrams in both
hand sides. A number near an edge indicates its flow. If a flow in a diagram
exceeds n, we disregard the term where the diagram appears.
We put

k/2 _ ,—k/2

q

—q
(k] =
q\72

—4q

~1/2 >

[k]! = [1][2] - - - [A] ,

H L
JIme=a

In the following equations we mean that if we replace the graph appearing
in the left hand side with the one in the right hand side, we obtain the same
value.

and
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LEMMA 2.1.

Proof. From the definition the left hand side is equal to

(n—1)/2

>, 4,

i=—(n—1)/2

which is [n], completing the proof. [

LEMMA 2.2.

(.= [,

Proof. Consider a state o of the left hand side. First note that the top-most
and the bottom-most edges are equipped with the same subset. So we may
put it {a, 8} (a < B). Then there are two cases; (i) the left edge is equipped
with {a} and the right one with {$} and (ii) the left edge is equipped with
{8} and the right one with {«}. In the first case the weights of the upper
and lower vertex are the same and equal to ¢'/*. In the second case they
are also the same and equal to ¢~'/%. Therefore the contribution of the two
vertices 1is

¢\* +q7 1?2 =121,

which is independent of o and the conclusion follows.  []

(i) el ),

Proof. In this case the top-most and the bottom-most edges of the left
hand side are equipped with the same subset for any state o as the previous

lemma. So we put it {a}. If the right edge is equipped with {8} (8 # o),
then the weights of the two vertices are the same and equal to ¢%ig»(B—a)/4

LEMMA 2.3.




330 H. MURAKAMI, T. OHTSUKI AND S. YAMADA

Since its contribution to the rotation number is —/3, the contribution of the
left hand side is

a—1 (n—1)/2
quign(ﬁ—aw—ﬁ _ Z q—1/2—ﬁ + Z q1/2—[3
p#a B=—(n—1)/2 B=a+1

— q(n—2)/2 4 q(n—4)/2 NENE q_a_;_l/z
+ q—cx—l/Z I 5 q—(n—2)/2 =[n—1]

and the proof is complete. [

LEMMA 2.4.

Proof. There are three possibilities :
(1) the two edges at the top are equipped with {a} and the two edges at the
bottom are equipped with {4} (a # 5);

(2) both the top left and the bottom left edges are equipped with {«} and
both the top right and the bottom right edges are equipped with {3}
(o 7 B);

and
(3) all the four edges at the corners are equipped with {a}.

In the first case, the two horizontal edges are equipped with {7}
(o # v # ). So the contribution of the left hand side is |

( 3 qsign(a—7)/2+sign(ﬁ—v)/2q7> g~ D2 — [y _ 2] g~ @+B/2

a#z#ﬁ
which is equal to the contribution of the right hand side.

In the second case, the contribution of the first term of the right hand side
is zero. It is easy to see that the left hand side and the second term of the
right hand side coincide.

In the third case, the contribution of the left hand side is [n —2]g™“+1,
which is equal to that of the right hand side. This completes the proof. [
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LEMMA 2.5.
14

Proof. There are three possibilities :

(1) both the top left and the bottom left edges are equipped with {a} and
both the top right and the bottom right edges are equipped with {8, y}
(o, B and ~y are all distinct);

(2) the top left and the bottom left edges are equipped with {a} and {4}
respectively and the top right and the bottom right edges are equipped
with {8,~v} and {a,~} respectively («, 5 and ~ are all distinct);

and

(3) both the top left and the bottom left edges are equipped with {a} and
both the top right and the bottom right edges are equipped with {«, 8}
(a# f).

In the first case both the upper and the lower horizontal edges in the
left hand side are equipped with {5} or both of them are equipped with
{7}. So the contribution of the left hand side is g¥&"B—)/2+sign(y=F)/2 4
goienv=a)/24sienB=7/2  On the other hand that of the right hand side is
g ~™{eb 18D 1. Tt can be easily checked that these are the same.

The second and the third cases are easily checked and left to the reader. [

LEMMA 2.6.

Il

n’

Proof. This follows from the fact that
#{(a1,a2) €A| X Ay | ay > ap} +#{(a,a3) € (A| UAy) X Az la>as}
=#{(a,m) €A X Ay | a1 > ap}
+#{(a1,a3) €Ay X Az | ay > a3} +#{(ay,a3) € Ay x A3 | ax > a3}
=#{(a1,a) € A| x (A UA3) | a; > a} +#{(ay,a3) € Ay x As | az > a3}
]
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§3. INVARIANTS OF LINKS

In this section, we give a graphical definition of the HOMFLY polynomial
of oriented links. For an oriented link diagram D, we define (D), by the

(el T -(oe)

and

(=] T,

Then we have

THEOREM 3.1. (D), is invariant under the Reidemeister moves Il and III.

Proof. From Lemma 2.2, we have

>
5

11 1 1 1
N

Y- o

2
( n n 1 1 n

1 1 1
2 2
—-1/2
2
1 1 1

S

n
n

n
n
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We also have

N ) R 2 /!
) S)-E
) R 2 )N

from Lemmas 2.1, 2.3 and 2.4 and so (D), is invariant under the Reidemeister

move II. Next we prove the invariance under the Reidemeister move III. Since
we have

4 \ 14 1& 1 14

\ T B
=LA

n n

k A 14 1 M 1 1 M
\ 2
1/2

"
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it suffices to show that

1

"

Since

1)\ 1A\

'1

1/(

%
n .




'1

HOMFLY POLYNOMIAL

/\1

335

n
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we have the required formula from Lemma 2.6.

Since the Reidemeister move III with other types of orientations can be
obtained from the Reidemeister moves II and III described above (see [12]),
the proof is complete. [

If we define P,(D) = ¢"/2¥®) (D) with w(D) the writhe (the algebraic
sum of the crossings) of D, then we have

THEOREM 3.2. P,(D) is invariant under the Reidemeister moves I, II, and
Il and satisfies the following skein relation.

q"*Py(Dy) — g PPy(D_) = (¢* — ¢~ VH) Pu(Dy),

where Dy, D_ and Dy are identical link diagrams except near a crossing
as described in Figure 3.1.

D+:%, D_:X, DO:I I

FIGURE 3.1

skein triple

The proof of this theorem follows immediately from the following lemma.

= ([

and
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Proof. From Lemmas 2.1 and 2.3, we have

w (PP

1
(3.2) =(q1/2[n]—[n—1])< I >

Since
gl —[n—11=¢q"7,
the first equality follows. The second equality follows similarly and the proof
is complete. [

Therefore P, defines a link invariant and so we can put P,(L) = P,(D)
for the link L presented by D. Then P, is a version of the HOMFLY
polynomial [1], [13].

REMARK 3.4. If we define [D], to be

R T
[ e Tl

with A an indeterminate, we also have a framed link invariant.

When n=2 and A = q—l/ 4 we have a version of the Kauffman bracket
naturally defined from representation theory of U,(s((2,C)) [6, Theorem 4.3].

For n = 3 we have G. Kuperberg’s recursive formula [8] as follows.
Consider an oriented, trivalent, plane graph with flow less than or equal to
three. If we reverse the orientations of all the edges with flow two, remove all
the edges with flow three, and forget the flow, then we have a trivalent graph
without flow such that at every vertex all the edges are in or out. Putting
A = ¢g~/¢ and replacing g with ¢!, we have Kuperberg’s formula. (This
corresponds to the fact that the two-fold anti-symmetric tensor of the vector
representation of SU(3) is isomorphic to its dual.) See also [12].
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4. STATE MODEL OF TURAEV AND JONES

In this section we show that our definition of the HOMFLY polynomial
gives the state model due to V. G. Turaev and V.FE.R. Jones [16], [4]. Moreover
we can recover the R-matrix for the g-deformation of the universal enveloping
algebra U,(sl(n, C)) found by M. Jimbo [2].

For readers’ convenience, we first review Turaev’s state model. Let
R: V®: — V®2 be an isomorphism with V an #n-dimensional vector space
over C. It is called an R-matrix if it satisfies the so-called Yang-Baxter
equation :

(R®1d) o (1d®R) o (R ®1id) = (1d ®R) o (R ® 1d) o (1d ®R).

Let {e;,ez,...,e,} be a basis of V and RZ’; be the entry of R with respect
to a fixed basis of V, which is the coefficient of e, ® ¢; of R(e; ® ¢;).

Given a link diagram D, we regard it as a 4-valent graph (a crossing
corresponding to a 4-valent vertex) and denote it by D. See Figure 4.1. Here
the 4+ (—, respectively) sign indicates that the vertex comes from a positive
(negative, respectively) crossing.

R

FIGURE 4.1

Change crossings to 4-valent vertices

A state & of D is a mapping from the edge set of D to N. Then we
define the weight wtg(v, ) of a vertex v to be sz‘; if ¥ comes from a positive
crossing and (R_I)Zi if it comes from a negative one, where a,b,c,d € N
are the values of the four edges adjacent to v (see Figure 4.2).

FIGURE 4.2

State around a vertex T
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If we can define a suitable “rotation number” r’ovt(?i) for each state, then

the quantity
ST w3 pg™

Ustate  v:vertex

becomes a framed link invariant.
Now we will proceed conversely and define an R-matrix from our framed
link invariant (D)
First we define a weight wt(7, o) by using (D), as follows. We assume
that for a state o, a,b,c,d € N appear around a vertex v. We define

<c><d> <{C}K/{d}>
wt —
al T b @ .
{c} {d} {c} {d}
=q'/?wt — wt {a,b}
{a} {b} {a) {b}
N<c><d> <{c}*\/*{d}>
wt —
o " No! Nl Nw/,
{c} {d} {c} {d
:q_l/zwt< ] ] — wt {a,b}
{a} {b} {a) {b

Here the first terms of the right hand sides are zero if a # ¢ or b 55

and the second terms are zero if {a,b} # {c,d}. Therefore, for a,b € N
(a # b) we have

n

and
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Similarly we have

[ a b [ a a 12
Wtb + a:—l and Wta TNy =9

We have a similar formula for a negative crossing.

Therefore we see that our graph invariant gives an R-matrix of the form

(gl g1/ ifi=k>j=I,
R~ ! if i=1#j=k
ij q1/2 fi=j=k=1,
L0 otherwise;
and
( —q'/2 £ g2 ifi=k<j=1
ij = —1/2 fi=j=k=
q lfl—]—k—l’
L 0 otherwise;

which coincides with —R(g'/?)~', where R(g!/?) is the R-matrix given in
[16], replacing g with ¢'/2.

§5. INVARIANTS CORRESPONDING TO ANTI-SYMETRIC TENSORS

In this section, we will show briefly that our graph invariant gives the
quantum link invariant each of its component equipped with an anti-symmetric
tensor of the standard n-dimensional representation of SU(n).

Let D be a link diagram each of its component colored with an integer
i (1 <i<n). This corresponds to the i-fold anti-symmetric tensor of the
standard representation of SU(n).
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Then (D), is defined by
ZAJ_*_k_l A]
k/ _ — 1)U+ (i=k)/2 kA i), fori<j
ik kil
and

For a negative crossing, replace g with g~ .

Now we will show

THEOREM 5.1. The quantity (D), with D a colored link diagram is
invariant under the Reidemeister moves Il and Ill. Thus it is a colored framed
link invariant.

To prove the theorem above, we prepare some lemmas:
LEMMA 5.2.

i+1 /!

Proof. The proof of this lemma is similar to that of Lemma 2.4 and we
leave it to the reader. [




342 H. MURAKAMI, T. OHTSUKI AND S. YAMADA

LEMMA 5.3.

i j k i \jk k
(3.1) Y - / -
\Hj . i+l

Proof. It suffices to prove the case i =1 or j =1 since we have

=il
and the conclusion follows from the case i =1 or j = 1 and induction. Here
we use Lemma A.l in the first equality.

We only prove the case j = 1 and i < k since the remaining case is
similar. From the definition, the left hand side of (5.1) with j =1 equals

i\/‘l 1k

i+1 i+1)k+l 1
i i— s
2 :(_1)l+(k+1)(+1)q( I+1)/2 /
(=0 k+1 A Ai—l+1

k) Li+1
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The right hand side becomes

i k+i—i ]
Z(_1)l+(k+l)(i+l)q(i—l+l)/2 /—>-f/

=0

ket 4 -1 Al

(D ik (i—1) /2
+2 (=D 4 et 4
=0

i 1 k
k+1
k+l—i
=[i—1 i—l+14 +
k+ 4
- <
/ )
n k)\ Kl+1 n

i e ot

. +l—i +—i—

=[i — ] /—>—/ + P :
k+l 4 N —[+1 k+l A N—[+1

i+1

where the first equality follows from Lemma A.7 below.
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The second diagram turns out to be

it 1\ /*k

A k+1

N i—1+1

i+1
Therefore the right hand side of (5.1) becomes

i

{Z( 1)) g =11/ +Z 1)U itk (=0 /2 _ 1+1]}

=0
il 1\/k

Ak+1

k+l A A—I+1

; i+1

+Z(_1)I+(k+1)(i+1)q(i—~l+1)/2 /

I=0 k+1 A Ai—I+1

= § (= 1) DD k+i=i f
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i\/l Mk
i+1 4

+Z 1) DD g1 /2 )

k+l A Al—+1

k) A+l

We finally see that the right hand side of (5.1) minus the left hand side equals

it 1\/k
i A k+1
; k+l—i i+ 14 (k+1) (i+1)
Z(_l)l—i—(k-i—l)(z-i-l)—l—l / _ <_1>
=h k+1 A Al—l+1
\—(—\ n
kLot |
RN
i1 Ak+1
- k+1—i
— Z(_l)z+(k+1)(z+1)+l / —0.
= k+l A Ai—l+1
Kkl !l

n

Here the last equality follows from Lemma A.9, completing the proof.  []

PROOF OF THEOREM 5.1

The invariance under the Reidemeister move II. We will first show

ik j

N,
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It suffices to show the case i =1 from Lemmas A.1 and 5.3 since

i J
z'*\ j
ik j
) = % 1}1'1 = % 1>i1
N,
i )
I J
it
1 1 _
= m 1A }i—l = m ]<>l—l

l
<l¢ I]>
where the second equality follows from Lemma 5.3 and the fourth by
induction on i. Now we have

1& j

11 1 1 1 1 Jj 1 J
et Jj+ J+1

={ j/ —611/2 j 1 —q~1/2 1) +( 1
J+1 < J+l

1) n 1 -] n 1 J -] n 1 ]

n
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1)\ . A

1,4 J A.] n

where we use Lemma A.4 in the third equality.
Next we will show

Nl

s )7 I JJ
J—1
1/2 _
“q/ J 1 ‘611/2 1 -+
J-1 -
n ]‘ jn 1 ]+1 jn
1
: 1/2 1/2 : ]
=(n-i+0=a"n-N-q -0 T ) + [
1 I
1

Y Ty
NG +(—ql/zm—q—l/z[ﬂﬂw11)<1ﬁ.
L(_\

J+1
J/ a

347
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1 J
:([n—j+11—ql/Z[n—j]—q-l/z[n—ﬂ””‘f"”>< = >

AT 1)
1L,

where we use Lemma 5.2 in the third equality. Now the proof for the
Reidemeister move II is complete.

The invariance under the Reidemeister move III. This is proved by
repeated application of Lemma 5.3 and details are omitted. See the proof of
Theorem 3.1.

A. APPENDIX

In this appendix, we give proofs of lemmas used in the previous section.

LEMMA A.l.

for i>j>0.

Proof. The proof for j =1 is similar to that of Lemma 2.2 and omitted.
For j > 1 we have

-t <L, T,

where the second equality follows from Lemma 2.6 and the fourth by induction.
The proof is complete. [
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LEMMA A.2.
M . R Aj l‘)\ )\j
J+k—i Lk
J+k A Ai—k) = (i—kA AJ+k
1S VI R W) CAnd VA O

for j+k>i>k>0.

Proof. By a m-rotation and orientation reversing, we get the right hand
side from the left hand side. So there is a one to one correspondence between
the states of both hand sides and the equality follows from the definition. [

LEMMA A.3.

1)\ 1 1]

—— Ty I j
P -] 1

A A] n

for j > 1.

Proof. We can prove the equality directly from the definition as in the
proofs in the lemmas in §2. Details are omitted. [

LEMMA A 4.
1 k \J
11/ 1~ —11/1 j
k1 i = {£—1}<1%> n [J le I [ >
J/» "
1,k Ao,

for j>k>1.
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Proof. From Lemma A.3 (substituting j with k) the left hand side becomes

-2 T )

where the third equality follows from Lemma A.3. The proof is complete. [

LEMMA A.S.
2) )\j

3/\ /\j—l -

2)\ Aj n

for j > 2.
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Proof. We have
21 A ]

3 j-1) =

[j—1

T
1

1]
TEE

<2’ 7

2

b ¢ Y
[ g
=(1/ J+1 +[],~1] 12 1 ”

of 1oL

A

2/ 1

-] 1)
={14 1) + 12 :
o "

where we use Lemma A.2 in the third equality and Lemma A.4 in the fourth
equality. The proof is complete. [

—_
-
~.

S
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LEMMA A.6.

. .
\_<_\ ;
i+1 j-1) = (i-14 A1) = — 1]

i
[ 1 W 1)
T

il

oy
~
=
~.
>
7
>
~
=

i 2]
[j = 1]
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1 1 ]
i J
= (i-1 1+ =1 g
il i,

where we use Lemmas A.3 and A.4 in the third and the fourth equalities
respectively. The proof is complete.  []

LEMMA A.7.

for j>k>1.

Proof. We first prove the case k = 1. We will show

i " J i i—1 J
j_l = i+ + [] e 1]
1 i+j-1/, 1 i+j-1/ |

i+j—1

n

by induction on j. Note that Lemma A.3 is the case i = 1.
The left hand side becomes

1 [il L1 J28! Q—_l]<' i M >
AT N PR i N o VO B 1’ f],-ﬂ-_l ,,

1) =1 i1 IS
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l J
=L )+ Uy j+1 +[]—i}<l =N >
[1] [1] [ \i i+j-1
i1 1 2 i

:<i i+jj >+[J'][i_1]+[j-i]<i i1 |7 >
1 i1/ [1] | i1/

which is equal to the right hand side..Here we use Lemma A.6 in the first
equality and the inductive hypothesis in the second equality.
The proof for k£ > 1 is similar and omitted. [

LEMMA A.8.
i /ji/;__l./ﬂ j+1 j+1 i1
J+k A . \—k+1) = Jrk+1 ) A+ (i—k+14
j,\\_(_\,\iﬂ i+1 J

n n

for j>i>k>1.

Proof. For k=1 we have

l-/\ /El l-)

l’A . /\j+1 o (
J—i+1 _ J
(_)_/ J-itl
1 > 1
j+1 Al = —(j+14 Ai-1 AL ) = —(i=1

1 i N 1]
JA A i+1 n
jA jjl n j)

n

i1 Tj+1
¥*—\ I i J+1
= (i—1A \]+2 + ,
J—i+1 J +1/
JA A+l

where we use Lemma A.7 in the last equality.
The proof for k£ > 1 is similar and left to the reader. [
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PROPOSITION A.9.

i4+1

> (=D

k=0
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i/k. . Aj‘f‘l

JHk—i

>

M

.]A A l+1

Ai—k+1

=0.

n

Proof. From Lemma A.8, we see that the left hand side equals

k
A ~—
. . + E (=) ik
J i+1 n k=1 ]+k I A

. . . k

1o : k[ .

. . + Z(—l) i~k A jHk+1
J ), =

i

+ Z(—l) i—k+1 4

k=1

it J+1

AJ+k+1

[ i+1

i‘t 1 /41

\j‘f‘k

J)

Jrk—i—1)
i+1

A n

~.

‘A A

JFk—i

n

+ (—1)"+1<
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[ J+1
i+j+1
J +1/

JA AL [
i’\_,((_\‘jﬂ

+ZO DY ik JH” jHk+1 +(—1)"+1<
j,(—)_/\iﬂ

and the proof is complete.

n

[]

l

J

] j+1
I+j+1
] i+1
n
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More generally we have the following formula, which was suggested by
J. Murakami. The proof is left to the reader.

PROPOSITION A.10.

"Aj+k—i b+l | it ., T
!
[ [
J+k A Ai=k+l) = Z [ ] i—-m JHm+l
N\ k m=0

Jjl L+ j i+l

n

k—m

n

for j>i>k>1. Here [:} =0ify<0ory>x.




The following is the table of P,/[n] for knots with crossings less than or
equal to eight. (Note that P, is always divisible by [n].) We refer the reader
to [15] for the notations of knots. We used MAPLE V to tranlate the Homfly

HOMFLY POLYNOMIAL

B. TABLE OF THE INVARIANT

polynomial table in [10] to our invariants.

31 _q2n +qn+1 +qn—1

hilq'—q+1-q ' +q"

51 _q3n+1 _ q3n—1 +q2n+2 +q2n +q2”_2

52 __q3n +q2n+1 _ q2n +q2n—1 +q;?+1 . qn +qn—l

61 an __qn—i—l +qn _qn—l _q+2_q—l +q—11

62 q2n+l . q2n +q211—1 . q11+2 +q11+1 . 2qn +qn—1 _ qn—2 +q+q—l

63 _qn—H +qll _qn—l +C]2 _q+3 __q—l +q—2 _q—n—H +q—n __q—n—l

71 _q4n+2 _ q4n _ q4n—2 +q3n+3 +q3)7+1 + q3n—1 +q371—3

72 *q4n +q3n+1 . q3n +q3n—1 + q2n—f—1 _ 2q2n _I_q2n—1 + qn—i—l _ qn +ql1—1

73 q—2n+2 _ q—2n+1 +q—2n _ q—2n~1 __I_q—2n—2 +q—317+2 . q—3n—{—1 o 2q—3n
. q~3n—l _|_q—3n—2 _ q—4n+1 _ q—4n—1

T4 q—n—}-l . 2(]—;1 4 q—n—l 4+ 2q—2;1+1 . 2q—2n 3 zq—2n—1 4 q—3n+1 _ 2q—3l7
+q—3n——1 _q—4)z .

75 ~q4n+l + q4n _ q4n—1 + q3n+2 _ 2q3l7+1 + 2q312 . 2q3ll—1 ha q3n—2 + q2/7+2
_ q2n—l—1 +2q2n _ q2n—l _{_q2n——2

76 _q3n + 2q2n+1 _ 26]2” + 2q2n—l _ qn—|—2 + 2qn+l _ 3qn € zqn—l _ qn—2
+g—1+qg7"

77 _qn+1 +2qn_ql‘1—l +q2__2q+4_2q~1 _}_q-—2_2q—n+l __|_2q—n
_ 2q—n—1 + q—2n
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81 | ¢ — P P gt 42— — gt 2—g g

8y | g Pl P Pt g g 2 g ekl o
e e e L N S R R

8 | P —2q+3-2q" —qg N 42q — g — g 42 — g g

84 | TP P gt 2T 2 42— — P g 2
bg —g g g

85 | =" 4 2g 7 4 g2 — g g 3t =2 3 =]
R I

8 | ¢ — g 4 T — T2 _ 3 2 — g —
F24 — 3 42 — " g+ g

8 | —"+q—14+q ' —q 2 +q " - 43¢ 247" 4347
I D P LR L R

8 | = g — g P —2g+4—2g" g4 g T2
F3g " —2g " g g g g

8o 'qn+2__qn+1 +2qn_qn—l +q"_2—q3+q2~3q—}—3——3q_1 +q—2_q—3
g g p g gt g

80| —F+q—2+q ' —qltq P —g LA _2g T 4 A
I I W

8| 7 — g P = T L2 P A 2 — g — 1
g g3t 3y 3 - ?

82| —2¢"™ 4+ ¥ — 24 +38 + —3g+5-3q" +g 2 -2
+3¢g7"—2¢7 " g .

83| —g? ! £ — P h gt 2 LA 2 R -
+2¢7"—qg "+ ¢ -3g+4 -3¢ +q

84| T =247 4+ @ — L3P A 43— gt
43¢ —4q 438 — g —14q

815 | ¢ — 3T £ 2gM — 3 L2 PR L3l L5 i 343l g g3
4 o 3 g gt g g

816 | — 42 3P 42 P P 2 4 4 g
FAgT S 2 P 2g—242g7 — g




HOMFLY POLYNOMIAL 359

817 q11+2 _zqn—{—l +3qn _2qn—l _+_qn——2 _q3+2q2 _4q+5_4q—1 +2q—2
. q—3 + q—iz+2 . 2q—n+l + 3q—n _ zq—n—l T q—n—-?.

818 qn+2__3qn+l +3qn__3qn~l +qn—2_q3+3q2_4q+7__4q—~1 +3q—2
. q—3 + q—n—l-2 . 3q—n+l a 3q—n . 3q—n——1 + q—n—2

819 q——3n+3 +q—3n+l +q—3n __|_q—3n—~1 +q—3n—3 _ q—4n+2 . q—4n+1 . q—4n
_q—-4n—1 _q—4n—2 +q—5n

820 _q2n—|—1 . q2n—1 +C]”+2 +2qn +C]”_2 _ C]+ 1 — q—l

821 q3n+l o q3n rs q3n—l . q2n+2 + q2n+1 _ 3q2n + q2n—1 o q2n—2 + 2qn+1
_ qn 4 zqn——l

REFERENCES

[1] FreEYD, P, D. YETTER, J. HOsTE, W.B.R. LICKORISH, K. MILLETT and
A. OCNEANU. A new polynomial invariant of knots and links. Bull.
Amer. Math. Soc. (N.S.) 12 (1985), 239-246.

[2] JmMBO, M. Quantum R matrix for the generalized Toda system. Comm. Math.
Phys. 102 (1986), 537-547.

[3] JonEs, V.E.R. A polynomial invariant for knots via von Neumann algebras.
Bull. Amer. Math. Soc. (N.S.) 12 (1985), 103-111.

[4] —— On knot invariants related to some statistical mechanical models. Pacific
J. Math. 137 (1989), 311-336.

(5] KAUFFMAN, L. H. State models and the Jones polynomial. Topology 26 (1987),
395-407.

[6] KIRBY, R. and P. MELVIN. The 3-manifold invariants of Witten and Reshetikhin—
Turaev for sl(2,C). Invent. Math. 105 (1991), 473-545.

[77 KIRiLLOV, A.N. and N.YU. RESHETIKHIN. Representations of the algebra
U,(sl(2)), g-orthogonal polynomials and invariants of links. [Infinite
Dimensional Lie Algebras and Groups. V.G. Kac, ed., Advanced Series
in Mathematical Physics, vol. 7, World Scientifics, Singapore, 1989.

[8] KUPERBERG, G. The quantum G link invariant. Internat. J. Math. 5 (1994),
61-85.

[9] LickorisH, W.B.R. The skein method for three-manifold invariants. J. Knot
Theory Ramifications 2 (1993), 171-194.

[10] —— An Introduction to Knot Theory. Graduate Texts in Mathematics, vol.

[11]

175, Springer-Verlag, 1997.

MORTON, H.R. Invariants of links and 3-manifolds from skein theory and from

quantum groups. Topics in Knot Theory. MLE. Bozhiiyiik, ed., Kluwer,
1993.




360

[12]
[13]
[14]
[15]
[16]

[17]

H. MURAKAMI, T. OHTSUKI AND S. YAMADA

OHTSUKI, T. and S. YAMADA. Quantum SU(3) invariants of 3-manifolds via
linear skein theory. J. Knot Theory Ramifications 6 (1997), 373-404.

PRzYTYCKI, J.H. and P. TRACZYK. Invariant of links of Conway type. Kobe J.
Math. 4 (1988), 115-139.

RESHETIKHIN, N.YU. and V.G. TURAEV. Ribbon graphs and their invariants
derived from quantum groups. Comm. Math. Phys. 127 (1990), 1-26.

ROLFSEN. D. Knots and Links. Mathematics Lecture Series, vol. 7, Publish or
Perish, Inc., Houston, Texas, 1990. Second printing, with corrections.

TURAEV, V.G. The Yang-Baxter equation and invariants of links. Invent. Math.
92 (1988), 527-553.

YOKOTA, Y. Skeins and quantum SU(N) invariants of 3 -manifolds. Math. Ann.
307 (1997), 109-138.

(Recu le 10 mars 1998)

Hitoshi Murakami

Department of Mathematics
School of Science and Engineering
Waseda University

Ohkubo, Shinjuku-ku

Tokyo 169

Japan

email : hitoshi@uguisu.co.jp

Tomotada Ohtsuki

Department of Mathematical and Computing Sciences
Tokyo Institute of Technology

Oh-Okayama, Meguro-ku

Tokyo 152

Japan

email : tomotada@is.titech.ac.jp

Shuji Yamada

Department of Computer Science
Kyoto Sangyo University
Kamigamo Motoyama, Kita-ku
Kyoto 603

Japan

email : yamada@cc.kyoto-su.ac.jp




	HOMFLY POLYNOMIAL VIA AN INVARIANT OF COLORED PLANE GRAPHS
	...
	§1. Invariants of graphs
	§2. Local properties of $(G)_n$
	§3. Invariants of links
	§4. State model of Turaev and Jones
	§5. Invariants corresponding to anti-symetric tensors
	A. Appendix
	B. Table of the invariant
	...


