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a normal subgroup of H then D{7) is in this subgroup (note that there are

finitely many such normal subgroups).
Since D{7) has infinite order (if 7 is non-trivial), (D(7)) has positive

dimension so that it contains a non-trivial one-parameter group. Hence

every non trivial semi-simple element in DÇT) yields a one-parameter group
contained in Ho. We now show that these one-parameter subgroups generate the

connected component of the identity in H. Observe the following elementary
fact : if a family of vectors spans the Lie algebra of a Lie group, then the one-

parameter groups generated by these vectors generate the connected component
of the identity. Therefore, we consider the linear span <£ in the Lie algebra
S) of H of the Lie algebras of all the subgroups (D(7)) for 7 semi-simple.
It is enough to show that (£ S). Note that (£ is certainly non-trivial since

semi-simple elements are Zariski dense in H. Note also that (£ is invariant
under the adjoint action of D(T), hence under the adjoint action of H since

D(T) is Zariski dense in H. It follows that (£ coincides with the product of
some of the simple factors of S). The only possibility is that (£ S) since

otherwise, all the semi-simple D(7) would have some power contained in the

same product of some but not all of the simple factors of H (note that the

algebraic Abelian group (D(7)) has a finite number of connected components).
This implies that all semi-simple elements of D(r) are contained in some non
trivial normal subgroup of H. This is not possible by the following argument.
In the algebraic group H, there is a non-empty open Zariski set consisting
of semi-simple elements which are not contained in any non-trivial normal

subgroup of H. Since DÇT) is Zariski dense in //, it intersects non-trivially
this open set.

It follows that H0 contains the connected component of the identity of
H. Therefore Ho is a semi-simple Lie group of finite index in H. By
Kushnirenko's theorem, we can analytically linearize <f(H) (one also uses

Remark 2.1) and in particular O(F).
Theorem 10.4 is proved.

REFERENCES

[1] Abraham, R. and J. E. Marsden. Foundations of Mechanics. 2nd ed.,

Benjamin/Cummings, 1978.

[2] D'Ambra, G. and M. GROMOV. Lectures on transformation groups : geometry
and dynamics. Surveys in Differential Geometry, No. 1 (1991), 19-111.
Supplement to the Journal of Differential Geometry.

[3] BAKER, A. Transcendental numbers. Cambridge University Press, 1975.



THE LOCAL LINEARIZATION PROBLEM 169

Bing, R. H. A homeomorphism between the 3-sphere and the sum of two
solid horned spheres. Ann. of Math. 56 (1952), 354-362.

Inequivalent families of periodic homeomorphisms of E3. Ann. of
Math. 80 (1964), 78-93.

Bredon, G. E. Topology and Geometiy. Springer-Verlag, 1993.

Brjuno, A. D. Analytical form of differential equations, I and II. Trans.

Moscow Math. Soc. 25 (1971), 131-288, and 26 (1972), 199-239.

Dynkin, E. B. Maximal subgroups of semi-simple Lie algebras. Amer. Math.
Soc. Transi. (Series 2) 6 (1957), 111-244.

Eilenberg, S. Sur les transformations périodiques de la surface de sphère.
Fund. Math. 22 (1934), 28-41.

Flato, M., G. Pinczon and J. Simon. Non linear representations of Lie groups.
Ann. Sei. École Norm. Sup. 10 (1977), 405-418.

Guillemin, V. W. and S. Sternberg. Remarks on a paper of Hermann. Trans.
Amer. Math. Soc. 130 (1968), 110-116.

Hartman, R Ordinary differential equations. 2nd ed., Birkhäuser, 1982.

Hermann, R. The formal linearization of a semisimple Lie algebra of vector
fields about a singular point. Trans. Amer. Math. Soc. 130 (1968), 105—

109.

Hilton, R J. and U. Stammbach. A Course in Homological Algebra. Springer-
Verlag, 1971.

Hsiang, W.-C. A note on free differentiable actions of Sl and S3 on homotopy
spheres. Ann. of Math. 83 (1966), 266-272.

Jacobson, N. Lie Algebras. Dover, 1979.

Katok, A. and B. HASSELBLATT. Introduction to the Modern Theory of
Dynamical Systems. Cambridge University Press, 1995.

KlRBY, R. C. and L. C. SIEBENMANN. Foundational essays on topological
manifolds, smoothings and triangulations. Princeton University Press,
1977.

Kobayashi, S. Transformation Groups in Differential Geometry. Springer-
Verlag, 1972.

Koras, M. Linearization of reductive group-actions. Lecture Notes Math. 956
(1982), 92-98.

Kraft, H., T. Petrie and G. W. Schwarz. Topological Methods in Algebraic
Transformation Groups. Birkhäuser, 1989.

Kushnirenko, A. G. Linear-equivalent action of a semisimple Lie group in
the neighborhood of a stationary point. Functional Anal. Appl. 1 (1967)
89-90.

Lie, S. Theorie der Transformationsgruppen. Math. Ann. 16 (1880), 441-
528. See also Sophus Lie's Transformation group paper, translated by
M. Ackermann, comments by R. Hermann, Math. Sei. Press (1975).

Livingston, E. S. and D. L. Elliott. Linearization of families of vector
fields. J. Diff. Equations 55 (1984), 289-299.

LUBOTZKY, A. Discrete Groups, Expanding Graphs and Invariant Measures.
Birkhäuser, 1994.



170 G. CAIRNS AND É. GHYS

[26] Lychagin, V. V. Singularities of solutions, spectral sequences, and normal
forms of Lie algebras of vector fields. Math. USSR Izvestiya 30 (1988),
549-575.

[27] MARGULIS, G. A. Discrete Subgroups of Semisimple Lie Groups. Springer-
Verlag, 1991.

[28] Martinet, J. Normalisation des champs de vecteurs holomorphes, séminaire
Bourbaki, exposé 564, novembre 1980. Lecture Notes Math. 901.

[29] Montgomery, D. and C. T. Yang. Differentiate actions on homotopy seven
spheres. Trans. Amer. Math. Soc. 122 (1966), 480-498.

[30] Montgomery, D. and L. Zippin. Topological Transformation Groups. Inter-
science Publ., 1955.

[31] Narasimhan, R. Analysis on real and complex manifolds. Masson & Cie and

North-Holland, 1973.

[32] Neuman, M. Integral Matrices. Academic Press, 1972.

[33] ONISHCHIK, A. L. Lie Groups and Lie Algebras 1. Springer-Verlag, 1993.

[34] PoiNCARÉ, H. Sur les propriétés des fonctions définies par les équations aux
différences partielles. Thèse, Paris, (1879). Œuvres, tome I, pp. XLIV à

CXXIX, Gauthier-Villars, 1951.

[35] POUREZZA, I. and J. Hubbard. The space of closed subgroups of R2.

Topology 18 (1979), 143-146.

[36] ROBINSON, D. J. S. A Course in the Theory of Groups. Springer-Verlag, 1993.

[37] SCHNEIDER, C. R. SL(2,R) actions on surfaces. Amer. J. Math. 96 (1974),
511-528.

[38] SCHWARZ, G. W. Exotic algebraic group actions. C. R. Acad. Sei. Paris, Sér. I,
309 (1989), 89-94.

[39] Smale, S. Generalized Poincaré conjecture in dimensions greater than four.
Ann. of Math. 74 (1961), 391-406.

[40] STEINBERG, R. Some consequences of the elementary relations in SLn, Finite
groups—coming of age (Montreal, Que., 1982). Contemp. Math. 45.
Amer. Math. Soc., Providence, R.I. (1985), 335-350

[41] STERNBERG, S. On local Cn contractions of the real line. Duke Math. J. 24
(1957), 97-102.

[4,2] Local contractions and a theorem of Poincaré. Amer. J. Math. 79 (1957),
809-824.

[43] On the structure of local homeomorphisms of Euclidean n-space II. Amer.
J. Math. 80 (1958), 623-631.

[44] The structure of local homeomorphisms III. Amer. J. Math. 81 (1959),
578-604.

[45] Thurston, W. P. A generalization of the Reeb stability theorem. Topology 13

(1974), 347-352.

[46] UCHIDA, F. Real analytic SL(n, R) actions on spheres. Tohoku Math. J. 33

(1981), 145-175.

[47] Construction of a continuous NL(3,R) action on 4-sphere. Publ. Res.

Inst. Math. Sei. 21 (1985), 425-431.

[48] Real analytic actions of complex symplectic groups and other classical
Lie groups on spheres. J. Math. Soc. Japan 38 (1986), 661-677.



THE LOCAL LINEARIZATION PROBLEM 171

[49] Van Est, W. T. On the algebraic cohomology concepts in Lie groups, I and
II. Indagationes Math. 15 (1955), 225-233 and 286-294.

[50] ZlMMER, R. J. Ergodic Theory and Semisimple Groups. Birkhäuser, 1984.

(Reçu le 19 décembre 1996; version révisée reçue le 10 mars 1997)

Grant Cairns

School of Mathematics
La Trohe University
Melbourne 3083
Australia
E-mail: G.Cairns@latrobe.edu.au

Etienne Ghys

École Normale Supérieure de Lyon
UMPA, UMR 128 CNRS
69364 Lyon Cedex 07
France
E-mail : ghys@umpa.ens-lyon.fr




	...

