
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 43 (1997)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE NORMALISER ACTION AND STRONGLY MODULAR LATTICES

Autor: Nebe, Gabriele

Kapitel: 4. Obtaining Elements of N

DOI: https://doi.org/10.5169/seals-63272

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 27.04.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-63272
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


70 G. NEBE

For I e L,v e Qd we have vF(ln l)tr — va lnFltr and hence (Z/)#
L#an~l.

Since L' G 7r(L) one has U L# D ß_1L. Using this one obtains

Lan~2 L'an~l L#an_1 n Ln_1 (L')# H L' L,

since (.Lf)#/L is the orthogonal complement of Z//L in L#/L with respect to
the induced quadratic form with values in Q/Z. So a~ln2 G G.

Finally we check that n G AL Let g G G, then is in G Aut(F)
since Ln~lgn - L'gn Z/n L and

n~lgnFntrgtrn~tr — n~lagFgtrn~tr F.

4. Obtaining Elements of N

Now we give examples as to how one may construct elements n of the

normaliser N. To obtain similarities we are interested in n G N of determinant
±pd/2 for some (squarefree) natural number p such that p~ln2 G G. The
first method is an application of the normaliser principle to the situation (iii)
described in Section 2:

PROPOSITION 4. Let U < G be a normal subgroup of G and assume that
the commuting algebra K Cmxq)(U) is isomorphic to a number field. If
c G K satisfies c2 p G Q*Id> then c lies in N.

Proof Since G normalises U, it acts by conjugation (and hence as

Galois automorphisms) on the abelian number field K. Now let c G K, with
c2 =: p G Q*Id and ^ G G. Then g stabilises the subfield Q[c] and hence

g~lcg — ±c, which is equivalent to c~1gc ±g G G. Therefore c G N,
since we assumed that —Id G G.

The following construction described in [PIN 95] Proposition (II.4) also

allows us to find elements of N.
For i 1,2 let Gt < GLdi (Q) be finite rational irreducible matrix groups

with commuting algebras At Ç M^.(Q). Also let Q be a maximal common
subalgebra of dimension z of A\ and A2. Let d := an(j vjew q.
as subgroups of G] <S> G2 < GL^(Q). If there exist elements at G NcLd(Q)(Gi)
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centralising Gj and aj (1 < i f j < 2) and a squarefree natural number p f2 0

such that p~la2 G G;, the group

G := (Gi 0 G2,p ^1^2) 5

<2

generated by the elements of Gi 0 G2 and p~la\a2, is a finite subgroup of
Q

GLd(Q) containing Gi 0 G2 as a subgroup of index 2.
<2

For d < 31 and p > 1 we only need the case where a2 is an element of
2(p) 2(p)

the enveloping algebra of G2. Then G is denoted by Gi 0 G2 (or Gi K) G2
<2 ß

according to whether a\ is (or is not) a rational linear combination of elements

of Gi

Using this notation one immediately has the following proposition.

PROPOSITION 5. For f 1,2 the matrix al is an element of determinant
±pd/2 in the normaliser N of G.

A common feature of the situations in Propositions 4 and 5 is that we
extend the natural representation of G to a projective representation which is

realisable as a linear representation over a quadratic extension of Q.

PROPOSITION 6. Let G < E be a supergroup containing G of index 2.

Assume that Cm(1(Q)(G) Q and that the natural character of G extends to E
with character field Ql ^/p], where p G Z is not a square. Then there exists

n G N of determinant ±pd/2 with p~ln2 G G.

Proof By Clifford theory one may extend the natural representation A
of G to a representation 6{ ® ö2 E (Qty^l ® Md(Q))*, where 6\ and
62are projective representations Si(G) {1} and (<52)|G A. Let e G

Then

{8\{e) <g) 82(e))1 61(e)2 <g> è2(e)2 1 ® A(e2),

since e2 E G. Therefore b\(e)2 G Q. Replacing by a suitable
rational multiple (and multiplying 62(e) by the inverse) one may assume
that 6{(e)2 p~f Then n := 62(e) is an element of the normaliser N with
the desired properties.
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Aut(L) det(L) min(L) | Anin |
lattice
sparse

4 F4<g>F4 [2V+8.08+(2)]i6 28 4 4320 +
6

2(3)
[(57,2(9) 0 51,2(9)). 2],ö

oo,3
38 4 720 +

9 [(5/74(3) O c3) à SL2(3)]i6
V^3

28 • 38 6 960 +

14 [2. Altio] 16 58 6 2400 +

16 [SL2(5)êD2,+4 .Alt5]i6
OC • 2

28 • 58 8 1200 +

19
2(3)

[5L2(5) K> 5L2(9)]i6
oc >3

38 • 58 10 1440 +

21
2(3) 2

[5L2(5) K) (5L2(3) C3)]i6 28 • 38 • 58 12 480 +

25

26

2(3) ~
[2. Alt7 K)53]i6

2(3) ~
[5L2(7) K> 53]i6

V=7

38 '-j
8

38 78

12

10

1680

336

+

p ±2

3 [2. Coj]24 l24 4 196560 +

6

16

[6. C/4(3). 2 El 5L?(3)]24
x/^3

2(2)
[6.L3(4). 2®D%\ia

212

212 • 312

4

8

3024

3024 + 7560

p ± 3

+
17 [(5L2(3) o C4). 2 E) î/3(3)]24 212 • 312 8 4536 + 6048 +

18 a24 l24 2 600 p ^ 5

22 [2. J2 5L2(5)]24 512 8 37800 +

35
2(2)

[L2(7)(k)F4]24 712 8 1008 + 3024 P + 2

40 [5L2(13)D5L2(3)]24 1312 12 2 • 2184 A 8736 P + 2

42 [6. Alt7 : 2] 24 212 4 3024 +

43

44

2(2)

[3.Mio ^5L2(3)]24
v^3

2 2(2)

[Alt5 K)(C3E)D8)]24
+5

2(2)
[3. Mio È)Z)8]24

212 • 512

212 • 312 • 512

8

16

1080

360 + 2 • 720

P + 3

p ¥=2

45 212 312 • 512 16 1080+ 1080 +

64 [5L2(11) ED 5L2(3)]24
v^n

212 • 1112 12 1320 p ^ 2
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