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ON CYCLOTOMIC POLYNOMIALS,
POWER RESIDUES, AND RECIPROCITY LAWS

by Romyar T. SHARIFI

ABSTRACT. For a positive integer n, let ®,(X) be the nth cyclotomic polynomial
over the rationals, i.e., the monic irreducible polynomial which has as its roots the
primitive nth roots of unity. Fix an odd prime ¢ and let s be the largest integer such
that ¢* divides n. If p is a prime of the form p = ®,(gx) for some integer x, then all
integers dividing x are ¢'th powers modulo p. An analogous statement holds for the
case g = 2. The proofs make use of norm residue symbols in cyclotomic extensions
of the g-adic rationals.

1. INTRODUCTION

This paper is concerned with an interesting property of power residues
of primes which appear as values of a cyclotomic polynomial. To gain an
understanding of power residues, we could start by looking for patterns in
a list of primes and the index of various integers modulo these primes. The
case of quadratic residues is well-known, dating back to Euler, Legendre,
and Gauss. We might notice, for instance, that a number a i1s a quadratic
residue modulo primes of the form 4x 4 1, where x is a multiple of a. In
general, those primes which have a given number a as a quadratic residue are
completely determinable using the law of quadratic reciprocity. Indeed, this
problem was one of the main motivations for the formulation of this law.

As an attempt to extend the quadratic case, we can look for a polynomial
that produces primes which have a as a cubic residue. In doing so, we
may discover that a is a cubic residue of primes of the form 9x* + 3x + 1,
where x is a multiple of a. A complete classification of cubic residues is
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