Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 43 (1997)

Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: QUATERNARY CUBIC FORMS AND PROJECTIVE ALGEBRAIC
THREEFOLDS

Autor: SCHMITT, Alexander

Kapitel: 4. Real Cubic Forms which are not Cup Forms of Projective Algebraic
Manifolds

DOI: https://doi.org/10.5169/seals-63278

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 16.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-63278
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

268 A. SCHMITT

3.12. (3A;). Let X = (P; x Py x P))(p) be the blow up of P; x Py x P,
in the point p. The cup form of X is

xf{ + 6x1x0x3 .

3.13. (2A1A,). Consider the curve C = Z(s) C P; x Py x P; where
s € HY(O(1,1,0)02 0(0,0.1)) is a general section, and let X be the blow up
of P; x P, xP; along C. The cup form

’) i
6x1x2x3 — 3x15 — 3x0%35 — 23

of X defines a cubic surface with A)-singularities in [1 : 0 : 0 : 0] and
[0:1:0:0] and an Aj-singularity in [0:0:1:0].

3.14. (D). Let X :=P; x Py(p1.p») be the blow up of Py x P, in the
points p; and p,. Its cup form is described by the polynomial

3x15 + X3 + X5 -
This polynomial is the equation of a cubic surface with a Dy-singularity in
[1:0:0:0].

3.15. A Non-Singular Quadric with a Transversal Plane. Manifolds with
such cup forms may be obtained as suitable P;-bundles over surfaces. Indeed,
let Y be a smooth surface with b, = 3. W. r. t. a suitable basis (hy, &y, h3)
of H*(Y.Z), its cup form is given by x7 + x5 + x3. Now, let E be a vector
bundle of rank 2 such that c%(E)—cz(E) £ 0. Let X := P(E)~=Y and choose
(7*hy, 7wy, T h3. ¢1(Ox(1))) as a basis of H*(X.Z). Then, by [OV], Prop.
15, the cup form of X is given by

(CH(E) — co(E))x; + x4(x + x5 +x3).

3.16. A Quadric Cone with a Transversal Plane. Let Y be a simply
connected surface with b, = 3 and torsion free homology. The cup form of
Y is given by a quadratic polynomial ¢(x.x;.x3) defining a smooth conic.
Thus, the cup form of ¥ x P; 1s given by

X4 q(X1,%2.X3) .

4. REeaL CuBIiC FORMS WHICH ARE NOT CurP FORMS OF PROJECTIVE
- ALGEBRAIC MANIFOLDS

In the paper [Sch2], the author investigated the restrictions on the real
cubic forms of projective manifolds imposed by the so called Hodge-Riemann
bilinear relations :
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THEOREM 8. Let X be a Kihlerian threefold and h € H*(X,R) be a
Kdihler class. Then the map

(.,.): H*X,R)x H*X,R) — R
(a,b) — aUbUh

is a non-degenerate, symmetric bilinear form of signature (2h*°+1, bt —1).
One can restate this theorem in such a form as to obtain — at least in theory
— some explicit inequalities in the coefficients of cubic polynomials which

are satisfied by the cup forms of Kéhlerian and hence projective algebraic
threefolds. The main result of [Sch2] is

THEOREM 9. For n > 4, the polynomial

4 —
x0< 4nx(2)—3x%—---—3x,21)

cannot occur as the (real) cup form of a projective algebraic threefold with
by =0 and b; = 0.

As a corollary, one obtains the following generalization of a result of
Campana and Peternell [CP]:

THEOREM 10. For n > 4, twistor spaces over ' P, are not homeomor-
phic to projective algebraic threefolds.
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