
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 43 (1997)

Heft: 3-4: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: QUATERNARY CUBIC FORMS AND PROJECTIVE ALGEBRAIC
THREEFOLDS

Autor: SCHMITT, Alexander

Kapitel: 2. A Projective Threefold with a Nodal Cubic as Cup Form

DOI: https://doi.org/10.5169/seals-63278

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 28.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-63278
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


QUATERNARY CUBIC FORMS 263

ii) Let C C Y be a smooth curve, and a : X —> Y be the blow up of Y along

this curve. Using the same notation as in i), the cup form of X is described

by the polynomial
n

q(xi,... ,xn) - 3 • ft/)*/*o) - degc(Nc/y)*o •

i=i

Here, C. a, stands for the evaluation of the homology class of C on Kj, and

Nc/y Is the normal bundle of C in Y.

Proof This follows easily from [GH], p.602ff.

1.3. Complete Intersections in Products of Projective Spaces.

Let P/7l x • • • xP7?;. be a product of projective spaces. Write 0{a\..... ar) for

the invertible sheaf nfö^ißi) G • • • G) 7t7T Opn/ (ar). Here, ?77 is the projection

onto the i-th factor. If all the af s are positive, this sheaf is very ample.

A section in it is given by a multihomogeneous polynomial of multidegree

(ü\ ar). We denote by

P„, I

a],the family of zero sets of sections of the sheaf

0(a\al)(£'--®0(a'ï,..., cÇ').

The members of this family are complete intersections of m hypersurfaces.

An iterated application of Theorem 5 shows that a general member X of
such a family is smooth and simply connected and that (h\,.... hm) with
ly := 7T*(ci ((2pn. 1 is a basis for H2(X. Z).

2. A Projective Threefold with a Nodal Cubic as Cup Form

We first compute
P4 I 1 2

Pi I 1 1
Let F be a smooth member of the family

the cup form of Y. Let (h^hf) be the canonical basis of H2(P4 x Pj.Z),
and {h\,hi) be the basis of H2(X. Z) as described in 1.3. We compute, e.g.,

h2Iî2 — h2h.2(h\ + hé(2hi + /o) 2/z|ho — 2

Here we have written the cup product followed by evaluation on the
fundamental class as multiplication. The cup form of Y is given by the polynomial

3x^ ~b 6X2X2
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Y contains four smooth curves Q Pj, i 1,..., 4, such that Q h\ =0,
Ci ./z2 1, and Nq/x — öp,(—1) 0 (7p, (—1). To see this, observe that Y is

defined by two equations Iq-xo+1\-x\ 0 and qo-xoFqi -vi =0. Here, xo and

xi are the homogeneous coordinates of Pi and /o,/i and qo,q\ are linear and

quadratic homogeneous polynomials in 5 variables (the homogeneous coordinates

of P4). It is easily computed that the image of Y under the projection
to P4 is the hypersurface Y := {kq\ — hqo — 0}- For a generic choice of
lo,h,qoiqi, the set S := Z(/o, /1,qo,q\) consists of 4 points (Thm. 5). It is

obvious that the projection Y —> Y is an isomorphism above Y \ S and that

the fibre above a point in S is of the type {s} x J*i. The description of the

normal bundle is a consequence of this. Let X be the blow up of Y in one of
these curves. By Theorem 6, the cup form of X is given by the polynomial

3xj + 6XJX2 — 3XQX2 + 2XQ

This defines an irreducible plane cubic with a node.

3. Quaternary Cubic Forms that are Cup Forms of Projective
Algebraic Manifolds

On the one hand, we know by [OV], Prop. 16, that cubic forms whose

Hessian vanishes identically cannot occur as cup forms of projective threefolds.

The Hessian of a quaternary cubic form / vanishes identically if and only if
the surface / 0 is a cone over a plane cubic curve. On the other hand, we
have collected a number of families in which we find cup forms of simply
connected projective threefolds. There are some families which are not covered

by these two results, for them the problem of realizability remains unsolved.

THEOREM 7. There are polynomials occurring as cup forms of projective

algebraic manifolds in the following families of non-singular forms :

(*), (*1)1 (*2), (*4) and (*5),

and in the following families of forms defining surfaces with isolated
singularities :

(AO, (2A0, (3A0, (4A0, (2A,A2), (A2), (2A2), (3A2) and

Furthermore, forms which define in P3 the union of a non-singular quadric
with a transversal plane, or the union of a quadric cone with a transversal

plane can be realized as cup forms of projective algebraic manifolds.
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