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ii) Let C C Y be a smooth curve, and o: X — Y be the blow up of Y along
this curve. Using the same notation as in 1), the cup form of X is described
by the polynomial

g(x1,. ., %) — 3~ (Z(C : /i,-)xix%) — degC(NC/Y)xS .
i=1

Here, C.k; stands for the evaluation of the homology class of C on ki, and
Necyy is the normal bundle of C in Y.

Proof. This follows easily from [GH], p.602ff. [

1.3. Complete Intersections in Products of Projective Spaces.

Let P, x---xP, be a product of projective spaces. Write O(ay.....a,) for
the invertible sheaf ﬂf@pﬂl (a))®---@m;Op, (a,). Here, 7; is the projection
onto the i-th factor. If all the a;’s are positive, this sheaf is very ample.
A section in it is given by a multihomogeneous polynomial of multidegree

(aj.....a,). We denote by
P, | a ... a7

1 m
P, | a ... 4

the family of zero sets of sections of the sheaf
O(a%;...,a,l.)@ -8 0@, ....al).

The members of this family are complete intersections of m hypersurfaces.
An iterated application of Theorem 5 shows that a general member X of
such a family is smooth and simply connected and that (k;.....h,) with
hi = w7 (c1(Op,, (1)) is a basis for H*(X,Z).

2. A PROJECTIVE THREEFOLD WITH A NODAL CUBIC AS CUP FORM
Let Y be a smooth member of the family {gf = i ?] . We first compute

the cup form of Y. Let (El,ﬁg) be the canonical basis of H*>(P4 x P,.Z),
and (h;,h,) be the basis of H*(X.Z) as described in 1.3. We compute, e.g.,

/’l%hz = E%EQ(%] + ’1712)(2};1 + Zz) = 27”2?7’1/2 =2,

Here we have written the cup product followed by evaluation on the funda-
mental class as multiplication. The cup form of Y is given by the polynomial

3X% + 6)(%)62 :
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Y contains four smooth curves C; = P;, i=1,...,4, such that C;.h =0,
Ci.hp =1, and N¢,/x = Op,(—1) @ Op,(—1). To see this, observe that ¥ is
defined by two equations ly-xo+[;-x; = 0 and gg-x0+¢g1-x; = 0. Here, xp and
x; are the homogeneous coordinates of P; and [y, /; and gg,q; are linear and
quadratic homogeneous polynomials in 5 variables (the homogeneous coordi-
nates of Py). It is easily computed that the image of Y under the projection
to P, is the hypersurface Y := {log1 — l1go = 0}. For a generic choice of
lo, 11, q0,q1, the set S := Z(ly, [, 40, q1) consists of 4 points (Thm 5). It is
obvious that the projection ¥ — Y is an isomorphism above Y \ S and that
the fibre above a point in S is of the type {s} x P;. The description of the
normal bundle is a consequence of this. Let X be the blow up of ¥ in one of
these curves. By Theorem 6, the cup form of X is given by the polynomial

3x7 + 6x7xy — 3xhxy + 23 .

This defines an irreducible plane cubic with a node.

3. QUATERNARY CUBIC FORMS THAT ARE CUP FORMS OF PROJECTIVE
ALGEBRAIC MANIFOLDS

On the one hand, we know by [OV], Prop. 16, that cubic forms whose
Hessian vanishes identically cannot occur as cup forms of projective threefolds.
The Hessian of a quaternary cubic form f vanishes identically if and only if
the surface f = 0 is a cone over a plane cubic curve. On the other hand, we
have collected a number of families in which we find cup forms of simply
connected projective threefolds. There are some families which are not covered
by these two results, for them the problem of realizability remains unsolved.

THEOREM 7. There are polynomials occurring as cup forms of projective
algebraic manifolds in the following families of non-singular forms:

(*)J (*1)7 (*2)7 (*4) and (*5)7

and in the following families of forms defining surfaces with isolated singu-
larities :

(A, (24)), (A1), (4A1), (2A142), (A2), (242), (3A2) and (D).

Furthermore, forms which define in P3 the union of a non-singular quadric
with a transversal plane, or the union of a quadric cone with a transversal
plane can be realized as cup forms of projective algebraic manifolds.
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