
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 42 (1996)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: KLYACHKO'S METHODS AND THE SOLUTION OF EQUATIONS
OVER TORSION-FREE GROUPS

Autor: Fenn, Roger / Rourke, Colin

Kurzfassung

DOI: https://doi.org/10.5169/seals-87871

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.12.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-87871
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


L'Enseignement Mathématique, t. 42 (1996), p. 49-74

KLYACHKO'S METHODS AND THE SOLUTION OF EQUATIONS

OVER TORSION-FREE GROUPS

by Roger Fenn and Colin Rourke

Summary. The question we are concerned with here is the following:

Let G be a torsion-free group and consider the free product G * (t) of G

with an infinite cyclic group (generator t). Let w be an element of G * (t) - G

and «w» denote the normal closure of w in G * </>, then is the natural

homomorphism

c^G*(t)
«w»

injective?

Klyachko's paper: "Funny property of sphere and equations over groups" [Kl]
contains a proof that it is injective in the case in which the exponent sum of t in w

is 1. If the exponent sum is not ± 1 then G*^ has a non-trivial cyclic quotient. So

the following is implied:

Corollary (Kervaire conjecture for torsion-free groups). Let G be a non-
trivial torsion-free group then is non-trivial.

The proof for exponent sum 1 is based on Klyachko's "funny property of
sphere". This is the following: Let K be a cell subdivision of the 2-sphere with at
least one 1-cell. Let a car drive round the boundary of each 2-cell in an
anticlockwise sense (the cars travel at arbitrary speeds, never stop and visit each point
of the boundary of the cell infinitely often). Then there must be at least two places
on the sphere where complete crashes occur (a complete crash is either a head-on
collision in the middle of a 1-cell or a crash at a vertex involving all the cars from
neighbouring 2-cells).

Klyachko describes this property as "suitable for a school mathematics
tournament". The property is used to show that the diagram for a potential
counterexample to the Kervaire conjecture must have at least one interior vertex
with all labels being the same element of G, hence this element has finite order.

In this paper we shall give an exposition of Klyachko's methods and theorems. We
use his techniques to give a positive answer to the question for other exponents under
a technical condition on the t-shape of w, for details here see section 5.
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