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taking x of order d and using induction: we start with n = d and then
successively remove prime factors from d. It remains to show the claim.

By Frobenius reciprocity one has (x%,15)¢ = (x, 1§ |p)p, Which is equal
to the multiplicity of y in the complex representation C[G/H] of D. The
D-set G/H is D-isomorphic to a disjoint union ][, D/Dx, where X runs
over the D-orbits of G/H, and each Dy is a subgroup of D. The multiplicity
of x in C[D/Dx] is either 0 or 1, and it is 1 if and only if Dx C Kerx.
Since N C Kery, and D/N is cyclic, it follows that (x“,1§)¢ is equal to
the number of X for which the order of x divides [D : NDx]. This index is
the number of N-orbits of D/Dy, so the claim follows. [

If for a prime number p the roots of unity in L of p-power order generate
a cyclic extension of K, then one can show with the lemma (with D = G)
that the p-part of w(L¥) is a factorizable Q*-valued function of H. The
condition holds for all p > 2, so the odd part of w(L¥) is factorizable.

For any prime p of K and d € Z the number of primes in L¥ extending p
with residue degree d is a Z-valued factorizable function of H. This follows
from the lemma if we take D and N to be the decomposition group and
the inertia group of p. If p has a cyclic decomposition group D then one
can also take N = 1, and deduce the same statement with “residue degree”
replaced by “local degree”.

It follows that the factor n(H) in (4.1) can be replaced by the product
of the ramification indices in the extension L/L¥ of those primes p € S(H)
that extend to a prime of L with non-cyclic decomposition group in L/K. In
particular, n(H) 1s factorizable if S contains no finite ramified primes.

5. APPLICATIONS

Without giving proofs we indicate some concrete applications of the factor
equivalence results given in the last two sections.

(5.1) CYCLIC SUBFIELD INTEGER INDEX. Let K be a Galois exten-
sion of Q with abelian Galois group G and ring of integers Ox. For a
Z[G]-module M let c¢g(M) be the index in M of S~ MH | where the sum is
taken over those subgroups H of G for which G/H is cyclic. In particular,
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cc(Ok) is the index in Ok of the lattice generated by integers in the cyclic
subfields of K. An argument of Gillard (see [2, Prop. 1]) implies that c¢g(M)
only depends on the Z[G]-module structure of M up to factor equivalence.
With (3.1) it follows that cg(Ok) = cg(Z[G]). Therefore, one only needs to
consider the group ring for the computation of this “cyclic subfield integer
index”. An explicit formula for cg(Z[G]) is given in [6]. For instance, if G has
type (p,p) for some prime number p then one obtains ¢g(Og) = p??~ /2 In
this case one can deduce in particular that every integral basis of Ok contains
a primitive element of K (cf.[5]).

(5.2) CLASS NUMBER INEQUALITIES. Theorem (4.1) gives a relation
between the relative position of the groups of units of fields, and their class
numbers. Let us consider the fields of degree 8 of Perlis [13]: we take
a € Z with |al| not a square or twice a square. The fields K = Q(¥a)
and K' = Q(3/16a) are the invariant fields under subgroups H and H’' of
G = Gal(L/Q) with L = Q((3, </a). The fields K and K’ are “arithmetically
equivalent”, i.e., they have the same zeta-function. One way to see this is
by checking that 1% = 1§,. Since w(K) = w(K’), Brauer’s theorem implies
that hR = W'R’, where h,h' and R,R’ are the class number and regu-
lator of K and K’. There exist integers a for which h # h’, such as
a= —15; see [7].

Choose any Z[G]-linear embedding ¢: Xg — Ug(L), where S 1is the set
of infinite primes of L. Suppose that we also have an injective Z[G]-linear
homomorphism f: Z[G/H'] — Z[G/H]. Applying the functors Homg(—, Xs)
and HomG(—, US(L)> to f we get a commutative diagram

x{ Xl

J{‘Pl Jﬁm
Us(K) —— Us(K') .
With (4.1) and this diagram one sees that the quotient A/A’ is given by

h  #Cokp,  #Ker fy - #Cok fy [XE: (X))

W #Cokyy #Cok fy [Us(K") = prfu(Us(K))]

Thus, h/k is equal to the index ir = [X¥ : fx(X¥)] divided by some positive
integer. One obtains a bound in the other direction by switching the role of K
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and K’. The index ir is an entirely combinatorial object; it only depends
on f and the signature of K. With a judicious choice of the map f as in
[13, p. 507] one can get if = 16 if a > 0, and if = 4 if a < 0. One now
recovers [13, Th. 8]: we have h/h' = 2% with |k| <4 if a >0 and [k| <2
if a <O0.
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