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(Both Lh(f;k)andLh(f ; k) have an interpretation in terms of Nielsen fixed

point theory, but we will not make use of this.)

Theorem 6.16 together with the proof of (6.12) yields the following

formula. For all sufficiently large p:

H + V<?

Xi(*;Q)(Y)= I (ïï*(/';Q).
i H + 1

Since this formula is valid for all sufficiently large p, it is easy to see

(because of periodicity and the appearance of the coefficients j) that.

Corollary 6.17. For all sufficiently large i, Lh(fl;Q) 0.

Thus:

Corollary 6.18. For all sufficiently large p:

0, -
;

E /CO) •

In particular, if f is also homotopy equivalence

(vq-l
\

0,- Eu/OL

7. More on groups of type y
We consider in more detail the special case of the mapping torus of a

homotopy equivalence of an aspherical complex.
Let H be an arbitrary group, let 0 : H-> H be an automorphism, and

let G be the semidirect product (H, t \ tht~l 0(/z) for all h e H). Write
Fix(0) {h g H \ Q(h) h} and write <x> for the cyclic subgroup generated

by x e G. Let Out(//) Aut(L/)/Inn(//) be the group of outer
automorphisms of H, i.e. the quotient of the group, Aut(//), of automorphisms
of H by the normal subgroup Inn (LT) of inner automorphisms.

Lemma 7.1. If 0 has infinite order in Out (TT), then Z(G)
Z(H) n Fix(0). If 0 has finite order r in Out(7T), and

h0e H is such that 0r( • h0( • )/z0"1, there are two cases:

(1) No positive power of h0 lies in Z(H)Fix(0). Then Z(G) Z(H)
n Fix(0).



44 R. GEOGHEGAN AND A. NICAS

(2) Some positive power of h0 lies in Z(H)Fix(ô). Let p be the

smallest positive integer such that h$p e Z{H)Fix(0) and let

x uhQPtrp where u e Z(H) is such that uh^p e Fix(0). Then

Z{G) (Z(H) n Fix(0)) <x>.

Proof. Suppose htm e Z(G) where h e H. Then Mm(h') h'§n(h)
for every h' e H, n e Z. In particular, taking h' - 1 and n 1, h e Fix(0).
Taking h' arbitrary and n= 1, 0m(/F) h~lh'h for all h' e H. Thus,
if 0 has infinite order in Out(//) and htm e Z(G) then m 0 and
h e Z(H). So Z(G) C Z(H) n Fix(0), and the reverse inclusion is clear.

If 0 has finite order r in Out(//) and htm e Z(G), the above argument
shows that m vr for some v g Z. So 0vr( • h ~1 • )h hv0 • )/^v,
implying hh\ e Z(H). Conversely, it is straightforward to show that any htvr
with h g Fix(0) n /z0~vZ{H) lies in Z(G); hence: Z(G) {/^v/" g G | v e Z,
h g Fix(0) n /z0~vZ(//)}. If no positive power of h0 lies in Z(H)Fix(0)
then htvr e Z(G) if and only if v 0 and h g Z(H) n Fix(0). If some

positive power of A0 lies in Z(//)Fix(0), let p and w be as above. Then

any htvr e Z{G) can be written as (hhnQp u ~n) (uh qP trp)n where v np
(observe that hhnf u~n g Z(H) n Fix(0)).

Addendum 1.2. If 0 has finite order r in Out(//) and

0r(*) h0(')h-1 then

Z(G) {hPr gG|vgZ,//g Fix(0), hh\ g Z(H)}

Proof. In case (1) of Lemma 7.1 this is clear, and in case (2) it is part
of the last proof.

We are very grateful to Peter Neumann for providing us with the proof
of the following proposition which shows that (1) in Lemma 7.1 cannot occur.

Proposition 7.3. Let 0 ://-// be an automorphism whose

image in Out (H) has finite order r, and let h0 g H be such that

0r(• h0(')h~l. Then hr0 e Z(H)Fix(0).

Proof. Let 0r(*) /z0(-)^o_1- Since 0r0 00r, we have 6(h0) h0Ç

for some Ç e Z{H). For i 0, r - 1, let 0'(Q. The identity
h0 Qr(h0) implies that Ç0Çi * * * Cr-1 1- Define x

1

Ci_2 * * * Çr-2-
Then

0(x) - h^0-lÇf2 • • • ^r_2
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(the second equality uses Çr_i (CoCi Cr-2) 1 and the fact that the

group generated by hQ and Z(H) is abelian). Thus a e Fix(0) and so

hr0eZ(H) Fix(0).

Remark. In [GN3] we called an automorphism 0 as in Case (2) of
Lemma 7.1 special. In view of Proposition 7.3, we abandon this terminology
here.

Remark. The hypothesis of Proposition 7.3 yields a homomorphism

Z/rZ Out(iT) and hence a homomorphism Z/qZ-+0\xt(H) for any

multiple q of r. There is a well-known obstruction Oq e H3 (Z/qZ, Z(H))
whose vanishing is equivalent to the existence of an extension 1 H E

Z/qZ -> 1 with the given outer action. The content of Proposition 7.3

is that Or2 0. For more on this, see [GN4].
Combining Lemma 7.1 and Proposition 7.3, we have the following

structure theorem for the center of the semidirect product G:

Theorem 7.4. If 0 has infinite order in Out (FT), then Z(G)
Z(H) n Fix(0). If 0 has finite order r in Out(JT) then

Z(G) (.Z(H) n Fix(0))<x> where x uhgptrp p is the smallest
positive integer dividing r such that h^p e Z(F/)Fix(0) and u e Z(H)
is such that uh$p e Fix(0).

Definition 7.5. Let §:H-+H be an automorphism whose image
in Out (Ff) has finite order r, and let h0 e H be such that 0 r( • h0 • /?0~1.

The period of 0 is the integer q pr where p is the least positive integer
such h~p e Z(i/)Fix(0).

Note that Proposition 7.3 guarantees that the period q exists. It is
straightforward to show that q depends only on the image of 0 in Out(//).
From Definition 7.5, we have that r, the order of 0 in Out(//), divides q
and by Proposition 7.3 q divides r2.

Proposition 7.6. Suppose 0 :H-*H has finite order m in
Aut(//). Then the period of 0 divides m.

Proof. Let hQ e H be such that Qr(-) h0(-)hQl where r is the order
of the image of 0 in Out(H). Then hn0 e Z(H) C Z(//)Fix(0) where
n — m/r.

We give some sufficient conditions for the period of an automorphism
to coincide with its order in Out (TT).
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Proposition 7.7. Suppose Q:H-*H has finite order r in Out (//),
the restriction of 0 to Z(H) is the identity, and Z(H) and has no
I-torsion for I dividing r. Then the period of 0 is r.

Proof. Let 0r(*) h0(')hQl. Using 0'0 00A, we have co /*o0(/*o~*)

e Z{H). The restriction of 0 to Z(H) is the identity so co 07(co)
0-/(/2o)0y+1(/*o~1) for any j. Thus cor =* njloQJ(h0)QJ+1 (h^ l)

m h0%r(hä!) 1. Since Z(H) has no /-torsion for I dividing r, co 1.

Hence h0 e Fix(0).

A similar argument shows:

Proposition 7.8. Suppose 0://-+// has finite odd order r in

Out {H) and the restriction of 0 to Z(H) is given by h^ h~l. Then

the period of 0 is r.

Let Z be a (not necessarily finite) K(H, 1) complex and let /: Z Z
be a continuous map which induces 0 (after choosing a basepoint and

basepath). The homomorphism (pf)*:G-+ Z of §6 is identified with
htm - m. Since T 7ii (^(Z), id) Z(G), the rotation degree

homomorphism P*: Z(G) Z is just the restriction of (p/)*. We immediately
conclude from Theorem 7.4:

Corollary 7.9. There is an an exact sequence 0 - Z(H) n Fix(0)

Z(G) ^ Z such that P*{Z(G)) qZ where q 0 if 0 has

infinite order in Out (//) and q > 0 is the period of 0 if the image

of 0 has finite order in Out (//).
Theorem 6.3 and the discussion preceding it yield:

Proposition 7.10. The map f is an eventually coherent periodic
homotopy idempotent of period q > 0 if and only if 0 has finite order

in Out (H) and has period q > 0.

Now suppose H is of type so that we may take Z to be a finite

K(H, 1) complex. Assume / is cellular. Then X=T(Z,f) is a finite

K(G, 1) complex. By (6.12) and Proposition 6.18,

Theorem 7.11. If 0 has infinite order in Out (H) then %x (G) 0.

If 0 has finite order r in Out (H) and period q > 0 then
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Xi(G)(ht^) I Vc-1)M(trace([ £ £(/<))
\ n ^ 0 / 0 i 0 /

and

X,(G;Q)(hr«)lo,-(q/r)v £ Z,(/'')) («//> £ !(/'){'}
\ i o / r=o

where h e Fix(0) n hüvq/r Z(H).

Similarly, one can read off formulae for Xi(G) from Theorem 6.14

and the rational version from Theorem 6.16.

8. Outer automorphisms of groups of type

In this section we apply the preceding theory to prove the following
theorem which relates the algebraic topology of an automorphism 0 : H H
of a group H of type such that 0 has finite order in Out {H) to the fixed
group of 0.

Theorem 8.1. Let H be a group of type IF which has the Weak

Bass Property over Q. Suppose that §\H-+H is an automorphism
whose order in Out(iT) is r ^ 1. If the sum of the Lefschetz numbers

£ •IoT(0/) is non-zero then Z(H) n Fix(0) (1).

Before proving this we note that the quantity £/IoL(0O appearing
above has the following interpretation:

Proposition 8.2. L/IoL(0z) r times the Euler characteristic

of the 0-invariant part of the homology of H, i.e.,

r - 1

S L(Q!) r I (- 1)7rank ker(id - 0y : Hj(H) Hj(//))
1=0 j^O

Proof. By elementary linear algebra, for any square complex matrix A
with Ar I we have trace(£ rdimker(7- A). The conclusion
easily follows.

Proof of Theorem 8.1. Let G be the semidirect product G H x0 T
where T is infinite cyclic. By Lemma 8.7, below, G also has the WBP
over Q. Applying Theorem 7.11 to G, we have that %i(G;Q)=éO. By
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