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It is related to the well-known inequality ¢; < 3¢, and has been solved to
a considerable extent.

Though in the case of 6-folds the corresponding question about the
realisability of cubic forms is definitely weaker than the question which
6-folds carry a complex or algebraic structure, it still remains of much
interest. In the second half of this paper we say something about algebra
and arithmetic of cubic forms and consider the apparently largely untouched
question of the realisability of complex forms by complex manifolds. Apart
from a considerable number of examples some conditions for Kahler
manifolds are given. And to show how few 6-folds of the type in question
actually carry Kahler structures, we add a theorem about Ké&hler structures
on the set of 6-folds with b, = 1, by < constant and w, # 0.

The first part of this paper surveys the results of Wall and Jupp referred
to before, and deals with the homotopy classification. By putting together
(for the first time?) all this in a rather systematic way we hope to contribute
to the knowledge of complex 3-folds from a topological point of view.

Acknowledgements: We would like to thank the following mathematicians
for very helpful remarks and suggestions: F. Grunewald, G. Harder,
F. Hirzebruch, and R. Schulze-Pillot. We also want to acknowledge support
by the Science project ‘“Geometry of Algebraic Varieties’”” SCI-0398-C(A);
by the Max-Planck-Institut fiir Mathematik in Bonn, and by the Schweizer
Nationalfond (Nr. 21-36111.92).

1. TOPOLOGICAL CLASSIFICATION OF CERTAIN 6-MANIFOLDS

The topological classification of 1-connected, closed, oriented,
6-dimensional manifolds has been developped in a sequence of papers by
C.T.C. Wall [W], P. Jupp [J], and A. Zubr [Z1], [Z2], [Z3]. Roughly
speaking, their main result is that the topological classification of these
6-manifolds is equivalent to the arithmetic classification of certain systems
of invariants naturally associated with them.

The aim of this section is to review these results and to reformulate the
arithmetic classification problem in a way which makes it accessible to further
investigation.

1.1 HOMEOMORPHISM TYPES AND C *®-STRUCTURES

Let X be a closed, oriented, 6-dimensional topological manifold; we
assume that X is 1-connected with torsion-free homology. The basic invariants
of X are [J]:
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1) H%*(X, Z), a finitely generated free abelian group;
1) b3(X) = rkz H?*(X, Z), a natural number which is even since H? (X, Z)
admits a non-degenerate symplectic form;
1) Fy: H>*(X,Z) Q H*(X,Z) ® H*(X,Z) > Z, a symmetric trilinear
form given by the cup-product evaluated on the orientation class;

iv) p1(X) €e H*(X, Z), the first Pontrjagin class which is always integral
because the inclusion of BO in BTOP induces an isomorphism
H*(BTOP,Z) > H*(BO, Z) [J];

V) w,(X) e H?>(X,Z,;), the second Stiefel-Whitney class; w,(X) is
determined by the Steenrod square Sq?: H*(X,Z,,) > H%(X,Z,,),
S$q*(8) = ma(X) - EVE e HY(X,Z,,) [W];

vi) (X)) e H*(X,Z,,), the triangulation class which is the obstruction
to lifting the stable tangent bundle of Y to a PL bundle [J].

These invariants satisfy one fundamental relation
(*) W3=(p (X)+24T) - W(mod 48)

for all integral classes W e H?*(X,Z), T € H*(X,Z) with W= w, (X) (mod 2),
T = T(x) (mod 2).

For smooth manifolds (*) is simply the ﬁ—integrality theorem of A. Borel
and F. Hirzebruch [B/H], whereas for topological manifolds additional
surgery arguments are necessary [J].

In the sequel we shall use Poincaré duality to identify H*(X, Z) with
Hom,(H?2(X,Z),Z), so that p,;(X) can be considered as a linear form
on H?(X,Z), and we will write x -y -z instead of Fx(x ® y ® z) for
elements x, y,z € H*(X, Z).

DEFINITION 1. A system of invariants is a 6-tuple (r, H, w,t, F, p) con-
sisting of a non-negative integer r, a finitely generated free abelian
group H, elements weH/,y; and 1€ HY/,yv, a symmetric
trilinear form F e S*HY, and a linear form p e HY. The system
(H,r,w, 1, F,p) is admissible iff for every W e H and T e HY with
W= w(mod2) and T = 1(mod2) the following congruence holds:

(*) W3=(p+24T) (W) (mod 48) .

Two systems of invariants (H,r,w,t,F,p) and H',r',w’,t",F',p’)
are equivalent iff r =r', and there exists an isomorphism o:H — H’
such that:

a(w)=w'", a*(t)=1, o*F)=F, a*(p)=p.
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The main classification result can now be formulated in the following way:

THEOREM 1 (Jupp). The assignment
X (28, H2(X, ), wy (X), 7(X), Fx, p1 (X))

induces a I-1 correspondence between oriented homeomorphism classes of
I-connected, closed, oriented, 6-dimensional topological manifolds with
torsion-free homology, and equivalence classes of admissible systems of
invariants.

Furthermore, a topological manifold X as above admits a C=-structure
if and only if the triangulation class t(X) vanishes; the C*-structure is
then unique.

REMARK 1. The classification theorem is due to C.T.C. Wall in the
special case of differentiable spin-manifolds [W]; the final form above was
obtained by P. Jupp [J].

A. Zubr generalized Wall’s result in another direction; he proved a
classification theorem for 1-connected, smooth spin-manifolds with not
necessarily torsion-free homology [Z1]; in two further papers [Z2], [Z3] he also
obtains P. Jupp’s classification, and he asserts in addition, that algebraic
isomorphisms of systems of invariants can always be realized by orientation
preserving homeomorphisms (diffeomorphisms in the smooth case).

Note that the first invariant @ of the system is completely independent
of the remaining invariants, so that the following splitting theorem holds:

COROLLARY 1. Every I-connected, closed, oriented, 6-dimensional,

topological (differentiable) manifold X with torsion-free homology admits

a topological (differentiable) splitting X = XO#D%Y—)(S3 X S83) as a

connected sum of a core X, with b;(Xy,) =0, and @ copies

of 83X 83. The oriented homeomorphism (diffeomorphism) type of X,
IS unique.

EXAMPLE 1. The I-connected, closed, oriented 6-manifolds X with
H,(X,Z) =0 are S¢ and the connected sums § ,S3 x S of r > 1 copies

of §3 x S3[Sm].
1.2 HOMOTOPY TYPES

In order to describe the homotopy classification of the 6-manifolds
above, we need some more preparations.



302 CH. OKONEK AND A. VAN DE VEN

Let (H,F) be a pair consisting of a finitely generated free abelian
group H, and a symmetric trilinear form F; consider the following subgroup
of HV/48 HY.

Up:={le H"/ gy | Ju € H with I(x) = 24u? - x(mod 48) Vx € H} .

If (H',F’") is another such pair, and a:H — H’ an isomorphism with
a*(F’) = F, then there is an induced isomorphism

(1*ZH’V/4gHrv/U;:_)HV/48Hv/UF

of the quotients. Denote the class of a linear form / € HV in the quotient
HY/guv/u, by [I].

DEFINITION 2. Two systems of invariants (r,H,w,1,F,p) and
(r'xH',w',t',F',p") are weakly equivalent iff r =r’, and there exists
an isomorphism o:H — H’ such that:

a(w) =wi,a*(F')=F, and o*[p’'+24T'1 = [p + 24T]
forall Te H,T'e H'Y with T=1(mod2), T’ = 1’'(mod2).

With this definition we can phrase the homotopy classification in the
following way:

THEOREM 2 (Zubr). The assighment
X = (2, H2(X, ), w(X), ©(X), Fx, p1 (X))

induces a 1-1 correspondence between oriented homotopy classes of
1-connected, closed, oriented, 6-dimensional topological manifolds with
torsion-free homology and weak equivalence classes of admissible systems
of invariants.

REMARK 2. Zubr’s theorem corrects and generalizes the homotopy
classification in the papers by Wall [W] and Jupp [J]; he also treats manifolds
with not necessarily torsion-free homology, and states without proof that
algebraic isomorphisms of weak equivalence classes of systems of invariants
are always realizable by orientation preserving homotopy equivalences [Z3].

EXAMPLE 2. Manifolds with b,(X) = 1.

Let X be a 1-connected, closed, oriented, 6-dimensional manifold with
H,(X,Z) = Z. Splitting off possible copies of S3 x S3 we may assume
b;(X) = 0. Choosing a Z-basis of H?(X,Z) we see that systems of
invariants can be identified with 4-tuples (W, T, d,p)eZl,, X L,, Xx L X Z
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where the ‘degree’ d corresponds to the cubic form. Such a 4-tuple is
admissible iff dQx + W)3=(p +24T) - 2x + W) (mod 48)_holds for every
integer x. This is equivalent to p = 4d (_mod 24) if W=0, and to
p =d + 24T (mod 48) with d = 0(mod 2) if W # 0.

Two admissible 4-tuples (W, T, d, p) and (W', T',d’, p') are equivalent
iff W' =W, T'=T and (d’,p’) = +(d,p). Taking the degree d non-
negative, we find:

PROPOSITION 1. There is a 1I-1 correspondence between orient_ed _homeo-
morphism types of cores X, with b,(Xy) =1, and 4-tuples (W, T,d,p),
normalized so that d >0, and p=>=0 if d=0, which satisfy
p=4dmod24) if W=0, and d=0(@mod2),p=d + 24T (mod48)
if W%0.

In order to classify the associated homotopy types we first have to deter-
mine the subgroup Upr associated to a given cubic form F. By definition we
find Up=0 if d =0(mod2), Ur=2Z,, if d = 1(mod 2). Two normalized
4-tuples (W, T, d,p) and (I/_V’, T, d’,p’) are weakly -equivalent iff
d =d, W' =W, and p+ 24T =p’ +24T'(mod48) if d = 0(mod?2),
p = p’'(mod 24) if d = 1 (mod 2).

Putting everything together, we find a single oriented homotopy type for
every odd degree d > 0, which is necessarily spin, and 3 oriented homotopy
types for every even degree d > 0; one of these 3 types has W # 0, the
other two are spin, and they are distinguished by p + 24 T(mod 48)
i.e. p = 4d(mod 48), or p = 4d + 24 (mod 48).

2. REALIZATION OF CUBIC FORMS

In the previous section the (homotopy) topological classification of
1-connected, closed, oriented, 6-dimensional manifolds with torsion-free
homology has been transformed into an arithmetical moduli problem: to
describe the sets of (weak) equivalence classes of admissible systems of
invariants. In this section we begin to investigate the latter problem; we give
a simple criterion for the realizability of cubic forms by smooth manifolds,

and we describe, at least in principle, the classification of homotopy types of
manifolds with a given cohomology ring.
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