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7. SOME APPLICATIONS TO HYPERCOMPLEX FUNCTION THEORY

The Clifford algebra associated with R” endowed with the Euclidean
metric is the enlargement of R” to a unitary algebra .7, not generated (as an
algebra) by any proper subspace of R” and such that x2 = — |x
any x € R”. By polarization, this identity becomes

2 for

Xy +yx=—2{x,)),

for any x,y e R". In particular, if {e;}7_, is the standard basis of R”,
one should have

eje,+exe = — 26jk .

Consequently, ef = —1 and e;e, = — e e; for any j # k. In particular,
any element u € ./, can be uniquely represented in the form u = EZZO
Zl’,lzku,e,, with u; € R, where e; stands for the product e; -e;, - ... - e;
if I =(i,1,,...,i;) (we make the convention that e, :=1). More detailed
accounts on these matters can be found in [BDS], [Mi].

The higher dimensional analogue of the form dz extensively used in the

complex analysis of one variable is the .«Z,-valued (n — 1)-form

wi= Y (= 1)i-lejdx A AAX A AdX, .
j=1

For a compact Lipschitz domain Q in R”, we let do stand for the usual
surface measure induced on 8Q by the Euclidean metric on R”, and let N
denote the outward unit normal to Q defined do-almost everywhere on 0Q.
As R" C o/,, the vector valued function N can also be regarded as
a .o7,-valued function on 8Q. In fact, if 1 denotes the inclusion of 3Q
into R", then

1*¥(w) = Ndo .

An .o7,-valued function u defined on an open subset Q of R” is called
integrally continuous, etc, provided the .o7,-valued (n — 1)-form uw has
the corresponding property. Recall the generalized Cauchy-Riemann operator

D:= Z €; 8,- .
j=1
Let Z(Q) be as defined at the beginning of §6. We also make the following
definition.
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DEFINITION 7.1.

(1) If u= Y ure; Is an o/,-valued function defined on £ C R”
whose components (u;); are differentiable functions at a point a € Q
then we define the action of D on u at ae€Q by

n , 6
DOw) @):=Y ¥ 2 (a)eres .
i—1 1 0X;

2) If u and f are two locally integrable .<f,-valued Sfunctions
on Q, then we say that Du = f in the distribution sense on € provided

H (Dy)udx = —“ v fdx

for any real-valued, smooth functions \, compactly supported in .

(3) A locally (n— 1)-integrable, .</,-valued function u is called
Clifford differentiable at a € Q if the limit

1
u'(a):= lim Nudo
( ) Qia }‘vn(Q) saQ

exists in .<Z,.

The solutions of the (generalized) Cauchy-Riemann equations Du = 0
are called monogenic functions.

The theorems we are about to describe now are more or less immediate
corollaries of the results obtained so far and we shall omit the proofs.

THEOREM 7.2. Let u be a integrally continuous </,-valued function
on the open set Q of R" C «Z,. The following are equivalent.

(1) There exists f e L. (Q, «/,) such that

loc

S Nudo = H JSdx
00 0
for any Qe Z(Q).

(2) There exists a real-valued, positive function g e L'(Q,loc) such

that
Q

s Nudo
8Q

for any Q e Z#(Q).
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(3) Forany Qe #(Q) andany &> 0, thereexists & >0 such that

S Niudﬁi
0Q;

Jor any subdivision (Q;))iec;r of Q and any JCI such that
Ziejkn(Qi)SS-

(4) The function u is Clifford differentiable almost everywhere on Q,
u’ is locally integrable on Q and

s Nudo = “l u'dx
3Q 0
Jor any Q e #(Q).

(5) The function u is Clifford differentiable almost everywhere on Q,
u’ is locally integrable on Q and

5 Nudcs:gj u'dx
0K K

for any compact Lipschitz domain K C Q.
(6) Du, taken in the distribution sense, belongs to L[ (Q, .Z,).

loc

))

ield

<E,

If these equivalent conditions are fulfilled, then also u’ = Du a.e. on Q.

THEOREM 7.3. Let u be a o/,-valued, uniformly (n — 1)-integrable
Sunction in R", which is absolutely continuous in the special Lipschitz
domain Q of R" C «,. Also, suppose that suppu is compact.

Wa_i(suppu N Q\Q) =0,

u is integrable on bQ, and that Du is integrable on Q.

Then
§ Nudo = §§ Dudx .
hQ o)

The next application is a refined version of the Pompeiu integral repre-
sentation formula for .7, -valued functions ([Mo], [Te]). To this effect, we
shall call a locally (n — 1)-integrable function wu mean-continuous at

aeQ if

Qla un—l(Q)

Also, let w, stand for the area of the unit sphere in R”.

lim—l—s | u(x) — u(a)|dos =0 .
9Q
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THEOREM 7.4. Let Q be a compact Lipschitz domain in R" C o,
and let u be a f,-valued, uniformly (n — 1)-locally integrable function
on R7", which is absolutely continuous on Q and meaig—conz‘inuous
almost everywhere on Q. Then, at almost every point a € Q, we have

X742 (Du)(x)dx.

Q|x_a$n

1 Z2~X 1
u(a) = — — NM®u(x)do(x) + — H
W Joqla—x]|" O,
This extends the results in [Te], [Mol, [Bol, [BDS], [HL]. Moreover, a
similar result is valid for the Martinelli-Bochner integral representation
formula (cf. [HL}).

THEOREM 7.5. Assume that Q is an open subset of R" C .o7,.
Let u be a locally integrable, </,-valued function which is also locally
(n — 1)-integrable on Q. Let (C,), be an at most countable collection of
closed subsets of Q such that each pair (u,C,) satisfies one of the
conditions (a)-(y) stated in §6. Set A:= u,C, and also let [ be a
locally integrable </,-valued function on Q.

Assume that at least one of the following conditions holds:

(1) A isclosed, u isintegrally continuouson Q\A and Du = f in
the distribution sense on Q\A;

(2) u is Clifford differentiable at each point of Q\A and
u'(x) = f(x) forany xe Q\A.

Then Du = f in the distribution sense on .

Note that, for f = 0, Theorem 7.3 gives sufficient conditions for u to be
monogenic. These are substantially weaker than the ones presented in the
literature (cf. e.g. [BDS]).

In our final application we briefly explain how the above theorem
extends to more general linear first order differential operators. In doing
so, it is convenient to slightly alter the definition of uniform locally
(n — 1)-integrability, and replace (4.1) by

S luldo < ¢.
C

With this modification, the uniform locally (n — 1)-integrability condition

becomes invariant under multiplication with locally bounded functions.
Also, a locally (n — 1)-integrable function will be called locally integrally

bounded in Q, if for any K € comp (Q2) there exist 6, k > 0 such that for
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any Lipschitz (n — 1)-dimensional submanifold C of R”, C C K, with
L,-1(C) < 6 we have ‘

s |luldo < x .
C

Consider now a linear, first order, differential operator

n
P=ay(x)+ ) a;(x)d;,
j=1
where the .2/,-valued functions «,, ..., a, are locally Lipschitz continuous
on Q, and aq is a locally essentially bounded function on Q. Let P* stand
for the formal transpose of P, i.e.

P* = (ao(x) —.Z (;a;) (x))+ Y aj(x)9; .

j=1
Also, for any & € R”, the symbol of P is defined by 6,(§) : = Z;zléjejaj.
Recall that for two .7,-valued, locally integrable functions # and f on Q
we have that Pu = f in the distribution sense, if

oo

for any real-valued test function y on Q.
Let u be a locally (n — 1)-integrable function on Q. We shall say that u
is P-differentiable at x € € provided that the limit

Pu(x):= lim

1
Pr(1)u + (N ud
lexn<Q){§SQ ’ LQG - G}

exists in .«Z,. Proceeding as in Theorem 6.2, one can readily see that if u
is actually differentiable at x € Q, and if

lim

i Hglaom —ap(x)|dy =0,

then u is P-differentiable at x and Pu(x) = ao(x)u(x) + Z;z a4 (x)0;u(x).
The following result is an extension of Theorem 3.1.10 in [HO].

THEOREM 7.6. With the above definitions, consider u,f two locally
integrable /,-valued functions on Q, and let (C,), be an at most
countable collection of closed subsets of Q. Assume that u is also locally
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integrally bounded. Suppose that at least one of the following conditions
holds:

(1) for each v, the pair (u,C,) satisfies the condition (o),

(2) a,=0 and for each v, the pair (u,C,) satisfies one of the
conditions (a.) — (y).

Finally, set A:= u,C, and assume that u is P-differentiable at each

point of Q\A and that Pu(x)= f(x) for any xe€ Q\A. Then
Pu = f in the distribution sense on Q.

Let us finally note that, due to the non-commutativity of the Clifford
algebra .o/, for n > 3, the results presented in this section are not in the most
general form. For instance, one could consider the Clifford differentiation
operator defined for ordered pairs of .</,,-valued functions (u, v) by

(u,v) := lim

ola An(Q)

for which all our techniques apply as well (cf. also [Hel, 2]). However, we
leave the details of this matter to the interested reader.
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