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6. Tests for the equalities du f and du f in the weak sense

Let Q ç R" be a fixed open set in Rn. In this section we let «^(Q) denote
the collection of all rectangles Q contained in Q and having p(Q) ^ c0, for
a fixed real number 1 < c0 < + oo.

First, we shall give a coordinate free definition of the exterior differentiation

operation. This builds on the classical work of Pompeiu [Po2] for
the case n 2 (cf. also the results in §7).

Definition 6.1. A (n— I)-form u which is locally (n - l)-integrable
on Q is said to be exteriorly differentiable at a e Q if the limit

1 [
c : — lim I u

Q \ a Xn (Q) J g q

exists in C. More specifically, we assume that there exists a complex
number c so that, for any s > 0, there exists an open neighborhood
U c Q of a such that

u - cXn(Q) < Z^n(Q)

for all Q e Q C U.

We then set u'{a):=c and dua : cni a • • • a nn, where

are the canonical coordinate projections of Rn.

For n 1, u' becomes the usual derivative of the function u. Our next
theorem collects several exterior differentiability criteria for (n - 1)-forms.

nTheorem 6.2. Let u £/=i(- 1),_ lutdxi a • • • a<7x/a • • • /\dxn
be a locally {n - 1 )-integrable form on Q.

(1) If the function uifi 1,..., « are differentiable at a e Q,
then u is exteriorly differentiable at a and

A du,
«'(«) Z — («) •

im 1 dXi

(2) If u satisfies one of the equivalent conditions in Theorem 1.3,

then u is exteriorly differentiable at almost every point of Q and
u' e Lx (Q, loc). In particular-, this is the case if u is absolutely
continuous or integrally Lipschitz on Q.
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Proof. By hypotheses, there exist some numbers e R and some

functions £,/ which are continuous and vanish at a, such that

n

Ui(x) Ui(a) + £ CijiXj-aj) + Ç/(x)||*- a\\, /= 1,2, ...,«.
7=1

A straightforward computation then yields u'(a) I-=1C//.
The second part of the conclusion follows directly from Theorem 1.3

and Lebesgue's differentiation theorem.

Now we consider a /»-form u £|'7| ^puidx! on Q, 0 ^ p ^ n - 1.

Here £ ' indicates that the sum is performed over the set of all strictly

increasing multi-indices I of length p, i.e. all ordered ^-tuples of the

form I (û ip), with 1 ^ ix < • • • < ip ^ n. Also, dx1 stands for

dxh A-" a dXi if I (ii, ip). For each strictly increasing multi-index J
of length p + 1 we introduce the (n - l)-form

uJ := X (~ 1)/_1 D' 8 !/ un dx i a • • • A ; A • • • Ar/xn
i-i \|/| P J

Here s y 0 unless {/} u / - /, in which case s/ is the sign of the

permutation taking //, the concatenation of {/} and /, onto /.
The forms uJ will be called the (n - \)-forms associated to u. Since,

clearly, the application

u {uJ; \j\=p+ 1}

is one-to-one, we can represent a given differential form either by its

coefficients, or by the (n - l)-forms associated to it. In fact, for p — n - 1,

the functions uJ, \j\ n, are precisely the coefficients of the form u.

Furthermore, one can easily check that u is locally integrable if and only
each of its associated (n - l)-forms is locally integrable.

It is natural to use the associated (n - l)-forms to extend the concepts
already defined for p ^ n - 1 to the general case of /?-forms, p ^ n - 1.

More specifically, a /?-form is called locally (n - \)~integrable, exteriorly
differentiable at a, etc, if all its associated (n — 1)-forms have that particular
property. In the case when uJ,s are exteriorly differentiable at a e Q,
we also set

dua : Yé (uJ)'(a)nJ
\j\ P+ i

where nJ:nh a • • • a njp+if Uu-Jp+i)-
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Suppose now that u £ ni
l - 1) 1 ^1 ut dxi a • • • a clXi a • • • a dxn is a

(n - l)-form on Q. For 0 ^ r < l,xeQ, and 0 < s < dist(x, 6Q), we set

v
II "W - "(z) Il

cöx(w, s): sup —
y±z e 5e(x) Il 7 — Z II r

where Bz(x) C R" is the ball of radius 8 centered at x and u(x) is identified
with the point (ux{x), u„(x)) of R", etc.

For a (n — l)-form u on Q and a subset C C Q, we consider the following
conditions :

Condition (a). \i„_i{C) 0, u is locally (n - l)-integrable on Q and

uniformly locally (n - l)-integrable on a neighborhood of C.

Condition (ß). There exists some 0 < r ^ 1 such that \xn + r-i (C) 0,

u is uniformly locally (n - l)-integrable on Q and has the property that

(6.1) <£x(u, 8) O(l), as 8 -> 0

at each point x of Q outside some closed, j -negligible set ACQ.
Condition (y). There exists some 0 ^ r < 1 such that \xn + r^x {C)

< + oo, u is uniformly locally (n - l)-integrable on Q and has the

property that

(6.2) cox(w, 8) o(l), as 8 0

at each point x of Q outside some closed, 5 -negligible set A C Q.

The main results of this section are the following.

Theorem 6.3. Consider a complex-valued, locally (n - \)-integrable
p-form u on Q. Let (Cv)v be an at most countable collection

of closed subsets of Q such that, for each v and each associated

(n - I)-form uJ of u, the pair (uJ,Cv) satisfies one of the conditions

(a)-(y) stated above. Furthermore, assume that for any multiindex J

1

(6.3) limsup
qIx k„(Q) 9 Q

< + 00

at any xeQ\(uvCv).
Then, for each /, the restriction of uJ to any relatively compact open

subdomain of Q is integrally Lipschitz. In particular, u is exteriorly
differentiable almost everywhere on Q.

Theorem 6.4. Let u be a complex-valued locally integrable p-form
which is locally (n - \)-integrable on Q and let (Cv)v be a as in
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Theorem 6.3. Also, set A: uVCV and consider a complex-valued

(p + 1 )-form f in Ll (£1, loc). Furthermore, assume that at least one of
the following conditions is fulfilled:

(1) A is closed, u is integrally continuous on Q\A and du f in

the distribution sense on Q\A;
(2) u is exteriorly differentiable on Q\A and dux - fx at each

point x e Q\A.
Then du f in the distribution sense on Q.

Remark 6.5. For integrally continuous forms u such that the limit
in (6.3) vanishes for each /, Theorem 6.3 gives sufficient conditions for the

equality du — 0 to hold in the distribution sense on Q.

Moreover, in the case / 0, Theorem 6.4 furnishes tests for a p-form
to be closed, too. Theorem 6.3 also gives absolute continuity criteria for
integrally continuous forms. In turn, these can be used to further improve
the main results of §4 and §5.

The proofs of these theorems will be accomplished in a series of lemmas.

Lemma 6.6. Let u be a locally (n - \)-integrable (n — I)-form
on Q, / a locally integrable n-form on Q, and let

(6.4) (p(Q) : u- /,
Jaq JJQ

for Q e M(Q). Also, let C be a closed subset of Q. If the pair
(u, C) fulfills one of the conditions (a)-(y) stated above, then the set C
is (cp, 0)-negligible.

Proof. If (a) is the fulfilled condition, then the statement follows from
an obvious variant of Lemma 4.2, (3). To complete the proof in the remaining
cases, let us consider 0 ^ r < 1 such that C has finite (n + r - 1)-dimensional
Hausdorff measure. Also, let A C Q with |i«_i(A) 0 be the exceptional
set appearing in the statement of the conditions (ß) and (y). Finally, we
fix a rectangle Q e &(Q) and two small numbers 8, Ô > 0.

Consider now two paved sets P,R c Q such that Q n C C P and
Q n A CR. Without any loss of generality we can assume that 0 < 8

< dist(A, dP) and that p„_j(0i?) < 6. We can also assume that there exist
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finitely many cubes .Ri, ...,Rm with diameters inferior to 8 so that (Rv)=1
o

is a subdivision of P\R and such that

m

£ diam(i?v)" + ''~1 ^ n„ + r_!(C) + e

v 1

Next, let (Qi)iei be a subdivision of Q such that (Qi)ieix (jRv)i
for some Ix ç / and that, for some I2 Q /, (Ô/)/e/2 is a subdivision of R.
We set / := /i u /2. As a consequence, g, n A 0 for each i $J. Also,

S <P (Qi) — X I u + I u
ieJ v= 1 J QRV J ôi?

11 /.
Going further, for v 1, m we fix some points xv e Rv and set

u(xv):= Y, (~ 1 Ui(xv)dxi a • • • a chci a • • • dxn
/ i

Then

(w - W(xv)) < I (w - M(Xv))

where the sum runs over the faces of Rv. For instance, if o is a face of Rv

on which X\ constant, then

(ui - U\ (xv)) dx2 a • • • a dxn
a

All in all, we get that

^ SUp I Ui(x) - U\ (xv) I \in- i((5)

^ cn(ùXv(u, s) diam(i?v)"

for some positive constant cn depending solely on n. Adding up in v we

obtain

(6.5) ^ ^ni<\^n + r- \ (G) + s) max co(w, s)
1 ^ v ^ m

Now, given 0 > 0, there exist s0, 80 > 0 such that for any 0< 8 < e0,
0 < 5 < 80 we have | | < 6/3. Also, if 80 is sufficiently small,
from the uniform locally (n - l)-integrability of u we infer that

1 Je*« I < 6/3-
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At this point, we fix s0, 60 and, by (6.1) (or 6.2), respectively), conclude

that coXv(M,e) O(l) (or o(1), respectively) as e0, uniformly in v.

Using this, (6.4) and the assumptions concerning the size of \in + r-i(C),
we get I I < 0/3, provided s is small enough.

Summarizing, for 8 and ô as above, we see that | H/6j(p(ô/)| < Q,

and the conclusion follows.

Lemma 6.7. Let u be a (n - \)-form which is locally (n - \)-inte-
grable on Q and has real-valued coefficients, and let (Cv)v be an at
most countable collection of closed subsets of Q such that each pair
(w, Cv) satisfies one of the conditions (a) - (y). Set A: uVCV and
let f be a locally integrable n-form on Q, also having real-valued

coefficients.

If u is exteriorly differentiable on Q\A and u'(x)^f(x) for
all ig Q\v4, then

(6.6) I u ^ /
J

9Q J J Ö

for any Q e &(Q).

Proof. Let us first assume that / is lower semi-continuous on Q. We

shall verify the condition (2) in Theorem 3.4 for the additive functions (p

introduced in (6.3), and t: Xn. To this effect, let us fix a e Q\Z and
consider a nested sequence of rectangles (Qv)v such that c\vQv {a}.
Since u is exteriorly differentiable at a and since / is lower semi-continuous
it follows that

liminf I U u'(a) ^ f(a) ^ limsup II /.v M6v)Jaß> - ^v(Öv) J Je/
Consequently,

r <p(6v) ^ nlimmf ^ 0
v K(Qv)

and the conclusion is provided in this case by the equivalence (1) & (2)
in Theorem 3.4.

Finally, as

|| / inf < || g; g lower semi-continuous and ^ /
the general case obviously reduces to the one just considered.
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Lemma 6.8. Suppose that u,f,A, are as in the first part of
Lemma 6.6. In addition, assume that at least one of the following two
conditions holds:

(1) A is closed and \QQu \\Qf for any Q e &(Q) such that
Q nA 0;

(2) u is exteriorly differentiable on Q\A and dux fx for all
x e Q\A.

Then

L-II/
for any Q e &(Q).

Proof. In the first case the assertion follows directly from Lemma 6.6

and Theorem 3.4. As for the second one, the conclusion is immediately seen

from Lemma 6.6.

Lemma 6.9. Consider f= ^\j\ p + \fjdxJ a locally integrable
(P + I)-form on Q, and let u be a locally integrable p-form on Q.
Then du f in the distribution sense if and only if duJ fjdxx
a • • • a dxn in the distribution sense for any J, | J | p + 1.

Proof. For any smooth form u and for any |/| p + 1, a routine
calculation shows that

dvJ (dv)jdxi a • • • a dxn

The general case then follows from this observation and a standard

regularization technique.

Now we are ready to present the proofs of the main results of this
section.

Proof of Theorem 6.3. The conclusions of the theorem are readily seen

from Lemma 6.6, Theorem 3.5 and Theorem 6.2.

Proof of Theorem 6.4. Using Lemma 6.8 one can reduce matters

to p n - 1, in which case the theorem follows from Lemma 6.7 and

Theorem 1.3.
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In the last part of this section we shall present similar results for the usual

8 operator acting on differential forms. Let Q C Cn be an open set, and let

u= E' £' uI,KdzIAdzK
\I\ P \K\ - q

be a (p, ^)-form onQ,0^p^n,0^q^n- 1. For any multi-indices /, J

with 111 « p and | J | q + 1, we set

w/,j:= (_ !)*+/>£ (- îy-1 I zjjKuI>Kj dz{l>2>-'n} Adz iA • • • Adz / A din-

The forms u^J are called the (n, n - l)-/orras associated to u. The concepts

of integral continuity, etc, are introduced for (p, #)-forms as in the real

case. We have the following.

Theorem 6.10. Let u be a locally integrable, complex-valued form

of type (p, q), which is also locally (n - \)-integrable on an open

subset Q of Cn. Let (Cv)v be a sequence of closed subsets of Q

such that each pair (V-7, Cv) satisfies one of the conditions (a)-(y).
Also, let A uVCV anc/ let f be a locally integrable form of type

(/?, q + 1) Q.

Assume that at least one of the following conditions is valid:

(1) A is closed, u is integrally continuous on Q\^4 and du f
in the distribution sense on Q\^4;

(2) u is exteriorly differentiable on Q\A and dux fx at each

point x e Q\A.
Then du f in the distribution sense on Q.

The proof is completely similar to the proof of the Theorem 6.4, hence

omitted.

Remark 6.11. For / 0 we obtain tests for a (p,q)~form to be

8-closed, and for p q 0 tests for a function u to be holomorphic. The

latter are well-known and due to Pompeiu [Pol] in the case n 1. Our
theorem also extends the holomorphy tests of [BM] and [Shi] in the case

n ^ 2. Note that for n 2, p q 0, A 0 and / 0, we obtain the
classical Goursat lemma.

Before we conclude this section, let us note that Theorem 6.3 naturally
extends to the several complex variable setting and that this can also be used

to obtain holomorphy criteria (cf. also [L]).
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