Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 40 (1994)

Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: THE THEOREM OF KEREKJARTO ON PERIODIC
HOMEOMORPHISMS OF THE DISC AND THE SPHERE

Autor: Constantin, Adrian / Kolev, Boris

Kapitel: 4. Periodic homeomorphisms of the sphere

DOI: https://doi.org/10.5169/seals-61111

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 12.03.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-61111
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

THEOREM OF KEREKJARTO 201
4. PERIODIC HOMEOMORPHISMS OF THE SPHERE
The main result of this section is

THEOREM 4.1. Let f:S8*— S? be a periodic homeomorphism. Then
there exists re OB) and a homeomorphism h:S?>— S? such that
f=hrh-1.

Proof of 4.1. We will divide the proof of Theorem 4.1 into two cases
according to whether or not f has at least one fixed point.

Suppose first that f has a fixed point. Using 2.5, we deduce the existence
of an invariant simple closed curve ¢ which divides S? into two invariant
discs D, and D,.

If f is orientation preserving and f # Id, then f has no fixed point on ¢
(cf. 3.2). Therefore, by Brouwer’s fixed point theorem we know then that f
has at least two fixed points; after a conjugacy, we can suppose that f fixes
the two poles N and S of S2. Using the results of last section, we are able to
find n arcs joining N and S such that their union is an invariant set under f.
As in Section 3, we can then construct a conjugacy between f and a rotation
by angle 2kn/n around the South-North axis.

If f is orientation-reversing, then f has two fixed points on c. In each of
the invariant disc D! and D?, the fixed point set of f consists of a simple arc
which joins the two fixed points of f on ¢. The union of these two arcs is a
simple closed curve which coincides with the fixed point set of f on S2. It is
then easy to construct a conjugacy between f and the reflection about the
equator.

Let now suppose that f has no fixed point on S2. Up to conjugacy, we
can assume that the second iterate of f, f? is a periodic rotation around the
North-South axis. In particular the points N and S are exchanged by f.
For t € (= 1, 1), let C, be the circle obtained by cutting the sphere by the
plane z = ¢, D, the disc bordered by C, on S? which contains N and:

to=inf{te(-1,1); D,n f(D,) =0}.

We write D = D, and C = C,, for convenience. Then D meets f(D) on its
boundary and only on its boundary (see Figure 4). Let P, € C N S(C) and
Py, Py, ..., P,_y, the orbit of P, under f. The points P,, P,, ..., P, and
P, Py, ..., P,_, are distinct because f2 is a rotation of period n/2.
Suppose that there exists i € {1,3,...,n — 1} such that P, and P; = fi(Py)
coincide. Then Py, S and N are fixed by f2/ so f2/ = Id. Therefore 2i = n.



202 A. CONSTANTIN AND B. KOLEV

Let by be the arc of great circle that joins N to P, in D and b,,, its image
under f7/2. Then b = by U b,,, is a simple arc joining N and S and not
meeting its first(n/2) — 1 iterates under f away from N and S. These arcs
divide the sphere into n/2 sectors and we can build a conjugacy between f
and the composition of a rotation of period #n/2 around the North-South axis
with a reflexion about the equator.

Suppose now that the points P,, P,, ..., P,_, are distinct. Let b, an arc
of great circle joining N and P, in D and b§ an arc joining S to P, in f(D)
disjoint from f(by) and from its first n» — 1 iterates (which is possible
since f? is a rotation). The union of these two arcs is again a simple arc
joining N and S which does not meet its first » — 1 iterates under f away
from N and S. The union of this arc and its iterates divides the sphere S?
into n disjoint sectors. In that case, f is topologically equivalent to the
composition of a rotation of period n around the North-South axis with a
reflexion about the equator. [

N

FIGURE 4

COROLLARY 4.2. Let f:R?—>R? be a periodic homeomorphism.
Then f is topologically conjugate to a finite order rotation around the origin
or to the reflexion about the x-axis.

Proof of 4.2. We can extend f to a homeomorphism of the Sphere S?
by identifying the plane R? with the complement of the North pole using the
stereographic projection. Looking at the proof of 4.1, f is either equivalent
to a rotation around the North-South pole or to a reflexion about a great circle
which we can assume to pass through the north pole N. It is not difficult to
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show that the conjugacy can be chosen to fix also the North pole N. This
equivalence induces, therefore, a topological equivalence between f and a
rotation or a reflexion about the x-axis. [l

Remark. The investigation of periodic homeomorphisms on surfaces of
positive genus has been studied extensively. We cannot give here a complete
bibliography on the subject. We would just like to cite original works of
Kerékjartd [4] and Nielsen [13] which lead to the conclusion that a periodic
homeomorphism of a Riemannian surface of positive genus is conjugate to a
conformal isometry.
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