Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 40 (1994)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: ENUMERATIVE COMBINATORICS AND CODING THEORY
Autor: Eliahou, Shalom

Kapitel: 6. The number of proper 4-colorings of a graph

DOI: https://doi.org/10.5169/seals-61109

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 08.12.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-61109
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

182 S. ELIAHOU

For example, all elements of weight 3 in K, , can be represented (up to
proper size and location) by the following picture:

or its vertical analogue. This picture represents a codeword of the form
E(k,lri,r) + E(k,I;r1,r3) + E(k, I 12, 713) .

Thus, the number of codewords of weight 3 in K, , is equal to

- () )+ () ()

Similarly, one can show that
wan) =3(3) (5) +9(5) (5) +3 (%) (3) 5

ws K ) =12(3) (5) +72(5) () +72(3) (5) +12(3) (5) +2(5) (3) -

As a last remark, note that an upper bound for the weights in the associated
code L, is given by §n3(n — 1), and that this bound is actually attained for
some # if and only if there exists a Hadamard matrix of order n. This follows
from, say, Corollary 3.

6. THE NUMBER OF PROPER 4-COLORINGS OF A GRAPH

Let G = (V, E) be a simple graph (no loops, no multiple edges) with vertex
set V and edge set E. We will identify V with {1, ..., n}, and denote the
cardinality of E by e.

A 4-coloring of G is the assignment to every vertex of one among four fixed
colors; such a coloring is proper if the colors assigned to the end vertices of
any edge are distinct. For a survey on the 4-colorings of planar graphs,
see [SK].

We will count the number of proper 4-colorings of G, in terms of the weight
enumerator of a certain code of length 3e.

STEP 1. The defining equations for proper 4-colorings.

As our palette of colors, we will choose the 4-set {1, — 1}2. The space of
all 4-colorings of G can thus be identified with {1, — 1}?", for example as
follows:
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Convention. If p = (py, ..., P2n) € {1, — 1}?", then the pair (p;, Pisn)
represents the color assigned to vertex i, for i =1, ..., n.
Consider now 2n variables xi, ..., X3,, and define

gijii= 1 +xx;) (1 +Xi1nXjsn)

for 1 <i,j<n.

If p is a 4-coloring of G, then g; ;(p) = 0 if and only if the colors
assigned to vertices i and j are distinct.

Thus, a 4-coloring p of G is proper if and only if

g,-,,-(p) =0 for all (l,]) e E.

STEP 2. Reduction to a single equation.
Let

8= Z g?,j-

(i,j)eE
By construction, g satisfies the following properties:
(1) g(p) = 0 for all 4-colorings p;
(2) g(p) = 0 if and only if p is proper.

Developing the expression for g, we obtain:

g= Y8l
= L+ XX+ XipnXjon + XiXj X4 nXj1n)?
=4 (L + XX+ Xipn Xjon + XiXjXionXjin)
=4de + 4 f,

where

f:= Z (XiXj+ XitnXjsn + XX XiinXjsn) .
E

(Here again, the computation was performed modulo x? =1 for all i.)
Obviously, f satisfies the following properties:

(1) f(p) = — e for all 4-colorings p;
(2) f(p) = — e if and only if p is proper.
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STEP 3. The code associated with f.

Let Kg:= L; be the dual of the code L, associated with f. To describe
it, we consider the map

bg: F3¥ — F3
E,.; 7 e+ e
Ei+n,j+n = eyt ej+n
Eiion joon ™ e +e+€in+ €y ((i,)) € E)

where {E; j,Eisn jonsEivan jr2nt, jere and {e;};cy denote the standard
bases of the left and right spaces, respectively. By construction,
Kc = Ker(de).

Here again, as a direct consequence of Theorem 4 and of the stated
properties of f, we have:

THEOREM 7. Let Ks be the code of length 3e defined above, and
let Pg(T) denote its weight enumerator. Then, the number vys(4) of
proper 4-colorings of G, is given by

O PE(-1),

4e-nel

where P (—~1) denotes the value at —1 of the e-th derivative of
Pg(T).
Proof. Apply the formula of Theorem 4 by replacing
e N, the length of the code, by 3e;
e v, a lower bound for the range of f, by — e;

e 1, the number of variables in f, by 2n. O]
Note that there are some obvious elements of weight 3 in Ks, namely

Eij+ Eiinjin+ Eivonjron ((i,j) €E).

More interestingly, every cycle of length r in G gives rise to at least
3 elements of weight r in Ks. Indeed, if (i, ...,i,) is a cycle, then

Ei ckniyrin+ Eiyeknis+iknt " Y Ei sin,ij+4n € Kg

for Kk =0,1, 2.
One can go a little bit further. A somewhat technical computation shows
that P5;(T) can be decomposed as follows:

T
Po(T) =1+ T3P (m) ,
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where K is the F,-code defined by the exact sequence
0—>K-F;~Fj,

with weight enumerator Pz (7). (The map on the right sends the basis vector
corresponding to an edge, to the formal sum of its two endvertices.)

With the above formula, we find that P& (—1) =3¢e! Pz (—3).
Plugging this into Theorem 7, we obtain

3e 1
XG(4)=46_HP12 ~3

In particular, G is 4-colorable if and only if Pg (— %) # 0. See also
[E, Theorem 5.7], for a different formulation and proof of this formula.
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