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L'Enseignement Mathématique, t. 40 (1994), p. 109-111

CORRIGENDUM TO "BARKER SEQUENCES

AND DIFFERENCE SETS"

by Shalom Eliahou and Michel Kervaire

Wayne Broughton has pointed out to us that Lemma 2 in our proof of

Turyn's theorem (Theorem 1, page 354 of [EK], recalled below) is incorrect.

Indeed, for r 3, 5- 2, the element a 1 + x* e ZT3 yields a

counterexample.

The correct version of Lemma 2 should read as follows:

Lemma 2. Let a e ZTr(r > 1) be such that, for some s < r,

pvj(a) e 2J+1 Z[i\r-j] for all j 0, ...,s - 1

Then, v5(a) e 2sZTr-s.

Here, the notation is the same as in [EK], namely: p, is a primitive 2'-th
root of unity, r; is the cyclic group of order 21 with generator x,,
Vj : F/ - Ti-j is the map determined by v;(x;) 0 < y ^ i, and

p : ZT/ Z [r|/] is the map determined by p (xz) ri/.
This new version of the lemma involves stronger hypotheses and reaches

the same conclusion as the previous one. The stronger hypotheses, however,
still hold in the context of the proof of Turyn's theorem.

The proof of Lemma 2 is by induction on 5. For s 0, there is nothing
to prove. For s ^ 1, we write q s - 1, and let

v9( a)£ a,-x'r_g (a, e Z)
/ 0

By the induction hypothesis, we have vg(a) e 2qZTr_q, and hence,

az s 0 (mod 2?)

for all i 0, 2r~q - 1.
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We compute pv9(a), using r|f_J - 1 (recall s q + 1):

2r~s- 1

pv„(a) £ (fl; - «; + 2'-s)t1
i 0

By hypothesis, ç>vq (a) 6 2sZ[x\r_q]. Since 1, T\r-q, r\2r_
1 form a

Z-basis of Z[r|r_9], it follows that

ai ai + 2r-s (mod 2s)

for all i 0, 2r~s - 1.

Now, let v5(a) o~1 biXlr_f* Since v5(a) Vi(v9(a)), we have

bi cii + ai + 2r-s

for all i 0, 2r~s - 1. Thus,

bi 2ai 0 (mod 2s)

for all i 0, 2r~s - 1. It follows that vs(a) e 2sZTr_s, and the proof of
Lemma 2 is complete.

Turyn's theorem says that, if D C Z/vZ is a cyclic difference set with
parameters (u, k, X) (47V2, 27V2 - TV, TV2 - TV), TV 7s odd.

The hypothesis that D is a difference set means that

ewe^-1) TV2 + x(i + x+ ••• +xy_1)

with 0(x) T,deDxd e ZCU Z[x]/(xv - 1).

We now go over the relevant part of the proof of Turyn's theorem, using
the corrected version of Lemma 2.

Given any element z in some ring A such that zv 1, we denote by 0(z)
the image of 0(x) under the map $ : ZCV -> A determined by 0(jt) «= z.

Let TV 2tNl with Nx odd, and r 2t + 2; thus 2r is the highest power
of 2 dividing v 47V2. We can suppose t ^ 1, for if t 0 there is nothing
to do.

Now, let a 0(xr) e ZTr.

Assertion: pvy(a) e 2^+1Z[rir_y] for all j 0,..., t - 1.

Indeed, pv/(a) 0(T|r_y). Now

0(71,-7)0(ÏÏ~) 0(T1 r-jMT\7-j) TV2 0 (mod 22t) in Z[y\r_j]

This implies, as claimed, that 0(rir_j) is divisible by 2', hence by 2j+l, in

Z[rjr_y] (by Lemma 1, page 354 of [EK]).
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Applying the corrected version of Lemma 2 with s t, we conclude

QOG + 2) v,(a) 0 (mod 2') in ZT[ + 1

The remainder of the proof of the theorem (following line 2 on page 356

of [EK]) remains unchanged.
For more comments on [EK], the reader is referred to a note by Wayne

Broughton in this same volume, [B].
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