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UNIMODULAR LATTICES 63

The existence of a mere metabolizer for (7'(R), b), perhaps not admissible,
is already a strong restriction on R. We study this condition in the next
Section 3.

We give some necessary conditions for the existence of an admissible
metabolizer using coding theory in Section 4.

In Section 6, after explaining the notations used in the tables, we list the
even unimodular lattices with complete root systems in dimension 32.

3. THE WITT CLASS ASSOCIATED
WITH A ROOT SYSTEM

Recall the Witt group W(Q/Z) of finite scalar product modules: If 7T°
and 7' are two finite abelian groups with non-degenerate bilinear forms
b:TXxT—>Q/Z,b':T"X T - Q/Z, then T and T’ are said to be Witt
equivalent if there exist finite scalar product modules H, H’ each with a
metabolizer M = M+ C H M’ = M'+ C H' such that TH Hand 7' H H’
are isometric. The Witt equivalence classes of finite scalar product modules
form an abelian group W (Q/Z) under the operation induced by orthogonal
direct sum Hl.

We recall below the explicit determination of W(Q/Z).

Let R C Q" be a root system. As before, we denote by T(R) the
associated finite scalar product module. As a group, T(R) = (ZR)*/ZR,
where

ZR)* ={veQR=Q":(v,R) CZ}.

The bilinear form b: T(R) X T(R) — Q/Z is induced from the scalar
product in Q”, restricted to (ZR)*.

The Witt class of (T'(R), b) is an element of W (Q/Z) which we call the
Witt class associated with the root system R and denote by w(R) € W (Q/Z).

As we saw in Section 2, if R is the root system of a unimodular lattice
L CQ", and R is complete in L, i.e. QR = QL = Q”, then (T(R), b)
possesses a metabolizer and therefore w(R) must be 0 in W (Q/Z).

If R =R,H R, is an orthogonal decomposition of the root system R,

i.e. if R is the disjoint union R, Ll R, of two mutually orthogonal root
systems R, R,, then

W(R) = w(R)) + w(R>) .
Indeed,
(ZR)* = (ZR,)* H (ZRy)* ,
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and T(R) is the direct product of the two subgroups 7'(R,) and 7T (R,) which
are mutually orthogonal under the form b.

Now, any root system is an orthogonal sum of uniquely determined
indecomposable root systems. It is therefore sufficient to calculate the Witt
class associated with the indecomposable orthogonal summands.

As is well known, the list of indecomposable root systems (in which every
root has scalar square 2) consists of the two infinite families A;, / > 1
and D,, / > 4 and of three exceptional systems E¢, E;, Eg. In each case the
index indicates the rank, i.e. dimgQR. (See [B].)

If the decomposition of the root system R contains a; copies of the
indecomposable system R;,i =1, ..., r, we write

R=qg R HaR,H..HaR,.
By the above, we have
w(R) = ¥i_,a;w(R) e W(Q/Z),

and w(R) = 0 is a necessary condition for R to be the complete root system
of a unimodular lattice.

In order to evaluate w(R) for a given root system R, we have to determine
the Witt classes w(A;), w(D,;) and w(E,) in W(Q/Z) associated with the
indecomposable root systems. This is the purpose of this section.

We first briefly recall the calculation of W(Q/Z). (See [Sch], p. 166-170
for more details.)

THEOREM. W(Q/Z) = @ ,.p W(¥,), where P =1{2,3,5,...} s the
set of prime numbers, and where W (F,) is the Witt group of the finite
Jield F,.

W, =2/27Z ,

where the generator, denoted (1), is represented by the finite group
T =27/2Z endowed with the bilinear form b:T X T — Q/Z determined
by b(l,1) =; modZ.

For p an odd prime, we have

WEF,) =Z/2LDZL/2Z if p=1 mod4.

The group W(¥,) is generated in this case by the classes, denoted (1)
and (&), of (T,b), (T',b"), where as finite groups T =T =F,
and b, b’ are respectively determined by

b(1,1) =+ modZ, b'(1,1)=% modZ,

P
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where € e Z is a non-square modpZ. (The class of b’ is of course
independent of the choice of ¢.)

WE,) =2Z/4Z if p= -1 mod 4 .

The group W (F,) is generated in this case by the class, denoted (1),
" of (T,b), where T=F, and b is the bilinear form determined by

b(1,1) =, modZ.

Proof. For every finite scalar product module (7, b), we have an obvious

orthogonal sum decomposition
(T, b) = p eP(T)(Tp, bp) s

where P(T) is the set of primes dividing the order of 7 and T, is the
p-primary subgroup of T (consisting of the elements whose order is a power
of p), and where b, is the restriction of b to the subgroup 7,.

It follows that

WQ/Z) = @perW,,

where W, is the Witt group of finite scalar product modules (7, b), where T’
is a p-group and b: T X T~ Z [fj] /Z C Q/Z is a non-degenerate bilinear
form.

The isomorphism W, = W(F,), where W(F,) is the Witt group of the
finite field ¥, is a consequence of the following lemma: If (7, ) is a finite
scalar product module and U C T is a subgroup of 7, let U+ denote the
orthogonal subgroup of U, i.e. U+ ={xe T:b(x,U) =0} .

LEMMA. With these notations, suppose that U C T is a self-orthogonal
subgroup of T, ie. UCU*. Let T =U+/U. Then the form b
induces on T' a non-degenerate bilinear form b :T' X T — Q/Z
and (T, b), (T',b") represent the same Witt class.

Proof. Consider the scalar product module
(T,D)H (T, =b)=(TO®T',bD(-b")).

The subgroup M = f(U*t), where f:UL—>T® T’ is given by
S(x) = (x,x"), with x’ the class of x € Ut modulo U, is a metabolizer.
It follows that (7, b) H (T, — b") ~ O, where ~ denotes Witt equivalence

and O on the right hand side is the trivial scalar product module.
Hence,

(T,0) H(T", =b"YH(T",b") ~(T", b") .
Since (7', —b"YH (T’, b’) ~ O, the lemma follows. [
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It is easy to see by induction on the order of T that this lemma implies
w,= W(E,).

Finally, the asserted values of W (F,) for the various primes p result from
the classification of inner product spaces over finite fields. See for instance
[MH, p. 87, Lemma 1.5]. [

In concrete examples, such as the scalar product module (7(R), b)
associated with a root system R, the above lemma enables us to find the Witt
class w(R) € W(Q/Z) by explicit calculation.

CASE R = A,.
Here,
ZA, = {Zﬁzoxie,-:x,-eZ, Zézoxiz 0} C Ql+1 ,

where eg, ey, ..., e, is the standard basis of Q/*!, such that (e;, e;) = J;;.
The root system proper A, is the set {e; — e;:i # j} of vectors in ZA,
with square length 2.
It is well known and easy to verify that the coset decomposition
of (ZA,)# modulo ZA, reads

@A) =11, _ @A, +x,),

where

r l-r [-r+1 [
T Zic0@ ~ Iyl lici-red

.Xr: ej.

Whenever the root system A, has to be specified in the notation, we
denote x, by x,(A)).

The group T(A,) = (ZA))*/ZA, is cyclic of order / + 1, generated by
the class of x; modulo ZA,.

An easy calculation shows that

(xra X,) = %r_l) >

and .in fact, this number is the minimum of the scalar square of any vector
in the class of x, modulo ZA,. Thus n(x,) = % for r=0,1,...,1,
where n(x,) is the norm of x,, as defined in Section 2.

Let p be a prime and let e be the exponent of the largest power of p
dividing / + 1. Set ¢ = p¢ and s = ([ + 1)/g, prime to p.

The p-primary subgroup 7, of T(A)) is cyclic of order g generated by the
class of x; modulo ZA,. The scalar square of this element is

_s(-s+1) §
(XssXs) ==37 = — 4 modZ.
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Thus we have to calculate the Witt class represented by a cyclic p-group
with non-degenerate bilinear form.

Let T be the cyclic group Z/gZ, where g = p¢is a power of the prime p.
Let a be an integer prime to p and let

b:Tx T—Z[;]/2Z
be the bilinear form on T determined by
b(1,1) =% modZ .
Then the Witt class of (7, b) in W (F,) is given by
(a) if e is odd,

0 if e is even,

w(T, b) = {

where (a) is the Witt class in W(F,) of the form b on F, given by
b(1,1) = 5 mod Z.

Indeed, if e is even, e = 2 f, then the subgroup generated by p/ in Z/qZ
is a metabolizer. If e = 2f — 1, let U = p/Z/qZ be the subgroup generated
by p/. Then, Ut =p¢~7Z/qZ = p/~'Z/qZ. The quotient T = U+/U
with the induced form is isomorphic, as a scalar product module, to F, with
the form given by (1,1) = 7. By the lemma above, (T,b) and (7", ")
belong to the same Witt class. The result follows.

Applying this to our example arising from the root system A, with
TA)=2Z/(l+1)Z,q = p¢ the exact power of p dividing /+ 1 and
s=({+1)/q, we get:

The p-component of the Witt class associated with A is
(—=s) ife=v,(I+1)is odd,
0 if e=v,(/+ 1) is even,

Wp(Al) = {

where e = v,(/ + 1) i1s the exponent of the exact power of p dividing / + 1.
Note that for p = 1 mod 4,
(—=s) =(s)=(1), resp. g)

in WF¥,) =2/2Z{1) @ Z/2Z{e) depending on whether s is or is not a
square mod p respectively.
For p = — 1 mod 4, then

(—=s)=(1)in W(,) =Z/4Z{1) ,
if —s is a square mod p, and

(=s8)=(—-1)= (1) in W(,) = Z/4Z(1) ,
if — s is a non-square mod p.
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CASE R = D,.
By definition
ZD,={Y!_,xie;:x;€Z, ¥ _ xi=0 mod2Z}.
It is easy to check that

(ZDI)#Z{Egzléieiiﬁieézyélziz . =& modl},

and thus

7/27 ©® Z/2Z if | is even,

TD)) = (ZD)*/ZD, =
D) = (D) /2D { Z/47 i Iis odd.

In this case, the associated finite scalar product module 7'(D;) always
represents 0 in the Witt group W(Q/Z).
The coset decomposition of (ZD;)# modulo ZD, is

(ZD))* = ZD, L1 (ZD;+ y,) LU (ZD;+ y,) U (ZD; + y3) ,
with
Y1 = % Eﬁzl €,
y2 = €,
Y3 = %(Eﬁ;i e;— ey,

and y,, y,, V3 as above are of minimal square length in their class mod ZD,.

Therefore, n(y;) = n(y3) = ﬁ and n(y,) = 1.
When we need to include the root system in the notations, we write

xi (D) for yi.
CASE R = Eg.
Recall that
ZE; = {Zlexie,-:Zx,-eZ,xi—xjeZ, Zlex,-=x7+xg =0}.
(ZEg)* = ZEg Ul (ZE¢ + 77) U (ZEg — z1) ,
where
zi =3 (e + e+ e+ es—2(es + eg))

and (z1,21) = ‘3—‘ Here again, z; has minimal square length in its class

modulo ZE¢ and hence n(z;) = (21, 21) = %
We write x;(E¢) for z; when convenient.
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The associated Witt class is

W(E6) = <1> in W(F3) i

CASE R = E;.
The definition is
ZE, ={Y% xie;:2x;€eZ,xi—x;€Z, ¥;_, x;=0}.
Here,
(ZE)* = ZE; Ul (ZE; + 24) ,
where
zi=;(er+testes+est+es+es—3(er+e))

satisfies (z1, 21) = % and is of minimal scalar square in its class mod ZE;.
Again, z, is noted x,(E4) if convenient.
The Witt class w(E;) is the generator (1) of W (¥F,) = Z/2Z.

CASE R = Egs.

Here, T(Eg) = 0. The associated Witt class is 0.

4. WEIGHT ENUMERATORS
OF FINITE SCALAR PRODUCT MODULES

Let 7 be a finite abelian group with a non-degenerate bilinear form
b:TXT—Q/Z.

Suppose that we have a decomposition of 7T as an orthogonal direct sum
of subgroups 7, ..., Ts:
T=T1 T2 TS.

Then we can define the weight x¥® e Z[x,,...,x;] of an element
ue T by tabulating its non-zero components in the decomposition
U=u, + U, + ...+ u;, u,T;, as

xw@) = x‘;"(m) . x;’(llz) - xW(”s)

N b

where

( ) 0 ifui=0,
wilu;) =
1 ifu,-th.
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