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L'Enseignement Mathématique, t. 40 (1994), p. 313-344

A QUOTIENT OF THE AFFINE HECKE ALGEBRA
IN THE BRAUER ALGEBRA

by V.F.R. Jones1)

Abstract. The structure of a certain subalgebra of Brauer's centralizer

algebra is given for all values of the parameter for which it is semisimple. The

algebra admits a trace functional whose weights on the simple components of
the algebra are calculated. The algebra may be exhibited as a quotient of the

affine Hecke algebra of type Ani using generators and relations.

Brauer's centralizer algebra is defined abstractly as having a basis of
diagrams as below, multiplied in a rather obvious fashion (see [B]) which
involves a parameter 5. This algebra is an abstract model for the commutants
of the tensor powers of the defining representations of (odd) orthogonal
and symplectic groups, the parameter ô in the algebra being ± the dimension
of the space. For generic values of the parameter the Brauer algebra is

semisimple and its structure is known (see [W], [HW]).

The Brauer algebra on n points contains certain subalgebras defined by
"topological" conditions. The most obvious is the so-called Temperley-Lieb

l) Partially supported by National Science Foundation grant DMS-91111411, U.S. Air
Force grant F49620-92-J-0067, and the Swiss Fonds National.
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A basis element of the Brauer algebra on four points.
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algebra spanned by diagrams that are planar (have no crossings). It is a much
smaller algebra than the Brauer algebra and its structure is easy and extremely
well known, at least when semisimple (see [GHJ], [GW]). In this paper we

analyse a slightly larger subalgebra of the Brauer algebra, namely that spanned

by diagrams that can be realised without crossings in an annulus; see below.

If we call ß the Brauer representation into the commutant of 0(k)
on (g)nCk, it is known that the restriction of ß to the Temperley-Lieb algebra
is faithful for k ^ 2. We show that the restriction to our annular algebra is

faithful for k > 3 (but not for k 2). This shows that the annular algebra
is generically semisimple. For a value of ô for which the annular algebra is

semisimple we show that the irreducible representations of the annular algebra
(over C) are parametrised by

(1) an integer t, 0 ^ t ^ n with n + t even,

(2) a t-th root of unity.

(i)The dimension of the corresponding representation, called ntf(ù, is

— (n\for t > 0 and » I « for t 0 so that the dimension of the algebra is

(_J_ / n \ 12 / n \i
\"-+1 F + S 'kzi

^2 \ 2 / J t + n even \ 2 /
0 < t ^ n

which is the same as the number of annular diagrams.
There is a trace functional on the annular algebra which can be defined

either via the Brauer representation or by counting the number of closed loops
when a diagram is closed by identifying the inside and outside circles. This
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trace is determined by its values on idempotents ptt(ù whose principal left

ideals define the representations n{t(û. Call the trace of such an idempotent

//(co, T). Then we show that t«#(co, t) is the integer valued polynomial
in 8 given by 2 £^corcos(GC£>(T, r)0), 2cos 0 - ô. These also give the

multiplicities of nt>(ù in ß. In appendix 1 we give a table of the dimensions of
the irreducible representations of the annular algebra for n > 9, and a table

of the weights of the above trace.
The key to the analysis of the annular algebra is the observation that it is

filtered by ideals corresponding to the number of "through-strings". This idea

occurs in [B] (see [HW]) and we have taken the terminology from [MW]. For
us it was inspired by the first way of counting annular diagrams presented
in § 1, which was discovered by F. Jaeger, to whom the author is most grateful.
It was necessary to use this "through string" technique, which is,
technologically speaking, a backwards step from Wenzl's paper [W], since the annular
algebras are not unitally included in one another. This means that the "basic
construction" technique is not available.

A special system of generators of the annular algebra exhibits it as a

quotient of the affine Hecke algebra of type Än with parameter
q{h 2 + q + q~x) (see remarks after Theorem 2.8).

The original motivation for this work was to help calculate centraliser
towers in subfactors. Given an extremal (see [PP]) subfactor TV of a IIi
factor M, one forms the tower Mt as in [J] with Mi+l <M/,e/+1>,
M0 M, M_ j TV. Then there is an action of an affine Hecke quotient
on TV' n Mn according to the generators fx, f2, f2n + 2 defined by:

They satisfy: f] - fl, ± i/,- - t/,-, fjj - fjf} if j ^ i ± 1, where the
indices are taken in Z/(2n + 2)Z, and where x -1 is the index of TV in M.
The result of this paper gives the structure of the algebra in the example
M TV (x) Mk(C) — it is the oriented subalgebra of the annular algebra. In
general the affine Hecke modules occurring in TV' n Mn depend sensitively on
the subfactor. We will present more results on this elsewhere.

left multiplication by et, 1^/^/2
for i n + 1

n + 2 ^ i ^ In + 1

for i 2n + 2.

EMn x (conditional expectation),
right multiplication by e2n-i + 2

Em't
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